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INSTRUCTIONS: 

  Answer Question One and Any Other Two Questions 

QUESTION ONE (30 MARKS) 

a) Let A be a subset of a topological space X. Define the following terms: 

i. An open cover for a set A.                (1  mark) 

ii. Finite subcover of a set A.                (1  mark) 

iii. A compact set A in X.              (2  marks) 

b) State the Heine-Borel theorem.               (2  marks) 

c) Show in details that the open interval  ( )1,0=A  on ℜ with the usual topology is not 

compact.                (4  marks) 

d) When is a class { }iA  of subsets of a topological space X said to have the finite 

intersection property?  Give an example of a class that has the finite intersection property. 

                                                  (5  marks) 

e) Let f be a one to one continuous function from a compact space X into a Hausdorff 

space Y. Prove that X and )(xf  are homeomorphic.                    (5  marks) 

f) Let A be a subset of a topological space X. Define the following terminologies: 

i. Sequentially compact set A in X.               (1 mark) 

ii. Countably compact set A in X.               (1 mark) 

iii. Locally compact set  X.               (1 marks) 

g) Show that a locally compact space need not be compact but that every compact space is 

locally compact.                 (3  marks) 
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h) Distinguish between a connected space and a space that can be separated. Hence give an 

example of a connected topological space.             (4  marks) 

QUESTION TWO (20 MARKS) 

a) Prove that a continuous image of a compact set is also compact.          (8  marks) 

b) Let A be a subset of a topological space ( )τ,X . Prove that A is compact with respect to 

τ if and only if A is compact with respect to the relative topology Aτ  on A.     (12  marks) 

QUESTION THREE (20 MARKS) 

a) Show that if A is a connected subspace of a topological space X and  ABA ⊂⊂ , then B 

is also connected.                 (8  marks) 

b) Let X be a topological space. Prove that the following statements are equivalent. 

• X is compact. 

• For every collection { }iF  of closed subsets of X,I
∞

=1i

iF   implies that { }iF  contains 

a finite subcollection { },,,,,
321 miiii FFFF L   with  

miiii FFFF ∩∩∩∩ L
321

.  

      (12 marks) 

QUESTION FOUR (20 MARKS) 

a) Let X be a topological space. Define what is meant by a set E is a component of X.    

                   (2 marks) 

b) Consider the following topology on { }edcbaX ,,,,= . 

{ } { } { } { }{ }edcbdcaedaX ,,,,,,,,,,,Φ=τ . Find all the components of X.          (6 marks) 

c) Show that the subset ( ){ }4:, 22 ≤−= yxyxA   of ℜ  is disconnected.         (6  marks) 

d) Show that every discrete space X is locally connected.            (6  marks) 

QUESTION FIVE (20 MARKS) 

a) Let ( )1,0=A  , ( )2,1=B   and  [ )3,2=C  be intervals on ℜ . Show that A and B are 

separated but B and C are not.              (5  marks) 

b) Consider the following topology on { }edcbaX ,,,,= . { } { } { }{ }cedccbaX ,,,,,,,,Φ=τ . 

Show that { }edaA ,,=  is disconnected.             (3  marks) 

c) Show that if A and B are non-empty separated sets, then BA ∪ is disconnected.  

          (4 marks) 

d) Let A be a non-empty set. If HG ∪  is a disconnection of A, show that GA ∩  and 

HA ∩  are separated.               (8  marks) 


