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Preface

This book is intended for a first year graduate course in econometrics. I tried to strike a balance
between a rigorous approach that proves theorems, and a completely empirical approach where
no theorems are proved. Some of the strengths of this book lie in presenting some difficult
material in a simple, yet rigorous manner. For example, Chapter 12 on pooling time-series of
cross-section data is drawn from my area of expertise in econometrics and the intent here is to
make this material more accessible to the general readership of econometrics.

This book teaches some of the basic econometric methods and the underlying assumptions
behind them. Estimation, hypotheses testing and prediction are three recurrent themes in
this book. Some uses of econometric methods include (i) empirical testing of economic the-
ory, whether it is the permanent income consumption theory or purchasing power parity, (ii)
forecasting, whether it is GNP or unemployment in the U.S. economy or future sales in the com-
puter industry. (iii) Estimation of price elasticities of demand, or returns to scale in production.
More importantly, econometric methods can be used to simulate the effect of policy changes
like a tax increase on gasoline consumption, or a ban on advertising on cigarette consumption.

It is left to the reader to choose among the available econometric/statistical software to use,
like EViews, SAS, Stata, TSP, SHAZAM, Microfit, PcGive, LIMDEP, and RATS, to mention
a few. The empirical illustrations in the book utilize a variety of these software packages but
mostly with Stata and EViews. Of course, these packages have different advantages and disad-
vantages. However, for the basic coverage in this book, these differences may be minor and more
a matter of what software the reader is familiar or comfortable with. In most cases, I encourage
my students to use more than one of these packages and to verify these results using simple
programming languages like GAUSS, OX, R and MATLAB.

This book is not meant to be encyclopedic. I did not attempt the coverage of Bayesian
econometrics simply because it is not my comparative advantage. The reader should consult
Koop (2003) for a more recent treatment of the subject. Nonparametrics and semiparametrics
are popular methods in today’s econometrics, yet they are not covered in this book to keep
the technical difficulty at a low level. These are a must for a follow-up course in econometrics,
see Li and Racine (2007). Also, for a more rigorous treatment of asymptotic theory, see White
(1984). Despite these limitations, the topics covered in this book are basic and necessary in the
training of every economist. In fact, it is but a ‘stepping stone’, a ‘sample of the good stuft’ the
reader will find in this young, energetic and ever evolving field.

I hope you will share my enthusiasm and optimism in the importance of the tools you will
learn when you are through reading this book. Hopefully, it will encourage you to consult the
suggested readings on this subject that are referenced at the end of each chapter. In his inaugural
lecture at the University of Birmingham, entitled “Econometrics: A View from the Toolroom,”
Peter C.B. Phillips (1977) concluded:

“the toolroom may lack the glamour of economics as a practical art in government
or business, but it is every bit as important. For the tools (econometricians) fashion
provide the key to improvements in our quantitative information concerning matters
of economic policy.”



VIII Preface

As a student of econometrics, I have benefited from reading Johnston (1984), Kmenta (1986),
Theil (1971), Klein (1974), Maddala (1977), and Judge, et al. (1985), to mention a few. As a
teacher of undergraduate econometrics, I have learned from Kelejian and Oates (1989), Wallace
and Silver (1988), Maddala (1992), Kennedy (1992), Wooldridge (2003) and Stock and Watson
(2003). As a teacher of graduate econometrics courses, Greene (1993), Judge, et al. (1985),
Fomby, Hill and Johnson (1984) and Davidson and MacKinnon (1993) have been my regular
companions. The influence of these books will be evident in the pages that follow. Courses
requiring matrix algebra as a pre-requisite to econometrics can start with Chapter 7. Chapter 2
has a quick refresher on some of the required background needed from statistics for the proper
understanding of the material in this book.

For an advanced undergraduate/masters class not requiring matrix algebra, one can structure
a course based on Chapter 1; Section 2.6 on descriptive statistics; Chapters 3—6; Section 11.1
on simultaneous equations; and Chapter 14 on time-series analysis.

The exercises contain theoretical problems that should supplement the understanding of the
material in each chapter. Some of these exercises are drawn from the Problems and Solutions
series of Econometric Theory (reprinted with permission of Cambridge University Press). In
addition, the book has a set of empirical illustrations demonstrating some of the basic results
learned in each chapter. Data sets from published articles are provided for the empirical exer-
cises. These exercises are solved using several econometric software packages and are available
in the Solution Manual. This book is by no means an applied econometrics text, and the reader
should consult Berndt’s (1991) textbook for an excellent treatment of this subject. Instructors
and students are encouraged to get other data sets from the internet or journals that provide
backup data sets to published articles. The Journal of Applied Econometrics and the Jour-
nal of Business and Economic Statistics are two such journals. In fact, the Journal of Applied
Econometrics has a replication section for which I am serving as an editor. In my econometrics
course, I require my students to replicate an empirical paper. Many students find this experience
rewarding in terms of giving them hands on application of econometric methods that prepare
them for doing their own empirical work.

I would like to thank my teachers Lawrence R. Klein, Roberto S. Mariano and Robert Shiller
who introduced me to this field; James M. Griffin who provided some data sets, empirical
exercises and helpful comments, and many colleagues who had direct and indirect influence
on the contents of this book including G.S. Maddala, Jan Kmenta, Peter Schmidt, Cheng
Hsiao, Tom Wansbeek, Walter Kramer, Maxwell King, Peter C. B. Phillips, Alberto Holly, Essie
Maasoumi, Aris Spanos, Farshid Vahid, Heather Anderson, Arnold Zellner and Bryan Brown.
Also, T would like to thank my students Wei-Wen Xiong, Ming-Jang Weng, Kiseok Nam, Dong
Li, Gustavo Sanchez, Long Liu and Liu Tian who read parts of this book and solved several of
the exercises. Martina Bihn at Springer for her continuous support and professional editorial
help. I have also benefited from my visits to the University of Arizona, University of California
San-Diego, Monash University, the University of Zurich, the Institute of Advanced Studies in
Vienna, and the University of Dortmund, Germany. A special thanks to my wife Phyllis whose
help and support were essential to completing this book.
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CHAPTER 1
What Is Econometrics?

1.1 Introduction

What is econometrics? A few definitions are given below:

The method of econometric research aims, essentially, at a conjunction of economic
theory and actual measurements, using the theory and technique of statistical infer-
ence as a bridge pier.

Trygve Haavelmo (1944)

FEconometrics may be defined as the quantitative analysis of actual economic phe-
nomena based on the concurrent development of theory and observation, related by
appropriate methods of inference.

Samuelson, Koopmans and Stone (1954)

FEconometrics is concerned with the systematic study of economic phenomena using

observed data.
Aris Spanos (1986)

Broadly speaking, econometrics aims to give empirical content to economic relations
for testing economic theories, forecasting, decision making, and for ex post deci-
sion/policy evaluation.

J. Geweke, J. Horowitz, and M.H. Pesaran (2008)

For other definitions of econometrics, see Tintner (1953).

An econometrician has to be a competent mathematician and statistician who is an economist
by training. Fundamental knowledge of mathematics, statistics and economic theory are a nec-
essary prerequisite for this field. As Ragnar Frisch (1933) explains in the first issue of Econo-
metrica, it is the unification of statistics, economic theory and mathematics that constitutes
econometrics. Each view point, by itself is necessary but not sufficient for a real understanding
of quantitative relations in modern economic life.

Ragnar Frisch is credited with coining the term ‘econometrics’ and he is one of the founders
of the Econometrics Society, see Christ (1983). Econometrics aims at giving empirical content
to economic relationships. The three key ingredients are economic theory, economic data, and
statistical methods. Neither ‘theory without measurement’, nor ‘measurement without theory’
are sufficient for explaining economic phenomena. It is as Frisch emphasized their union that is
the key for success in the future development of econometrics.

Lawrence R. Klein, the 1980 recipient of the Nobel Prize in economics “for the creation of
econometric models and their application to the analysis of economic fluctuations and economic
policies,”! has always emphasized the integration of economic theory, statistical methods and
practical economics. The exciting thing about econometrics is its concern for verifying or refuting
economic laws, such as purchasing power parity, the life cycle hypothesis, the quantity theory of
money, etc. These economic laws or hypotheses are testable with economic data. In fact, David
F. Hendry (1980) emphasized this function of econometrics:

B.H. Baltagi, Econometrics, Springer Texts in Business and Economics, DOI 10.1007/978-3-642-20059-5 1, 3
© Springer-Verlag Berlin Heidelberg 2011



4 CHAPTER 1: What Is Econometrics?

The three golden rules of econometrics are test, test and test; that all three rules are
broken regularly in empirical applications is fortunately easily remedied. Rigorously
tested models, which adequately described the available data, encompassed previous
findings and were derived from well based theories would enhance any claim to be
scientific.

Econometrics also provides quantitative estimates of price and income elasticities of demand,
returns to scale in production, technical efficiency in cost functions, wage elasticities, etc. These
are important for policy decision making. What is the effect of raising the tax on a pack of
cigarettes by 10% in reducing smoking? How much will it generate in tax revenues? What is the
effect of raising minimum wage by $1 per hour on unemployment? What is the effect of raising
beer tax on motor vehicle fatality?

Econometrics also provides predictions about future interest rates, unemployment, or GNP
growth. Lawrence Klein (1971) emphasized this last function of econometrics:

FEconometrics had its origin in the recognition of empirical reqularities and the sys-
tematic attempt to generalize these reqularities into “laws” of economics. In a broad
sense, the use of such “laws” is to make predictions — about what might have or what
will come to pass. Econometrics should give a base for economic prediction beyond
experience if it is to be useful. In this broad sense it may be called the science of
economic prediction.

Econometrics, while based on scientific principles, still retains a certain element of art. According
to Malinvaud (1966), the art in econometrics is trying to find the right set of assumptions
which are sufficiently specific, yet realistic to enable us to take the best possible advantage of
the available data. Data in economics are not generated under ideal experimental conditions
as in a physics laboratory. This data cannot be replicated and is most likely measured with
error. In some cases, the available data are proxies for variables that are either not observed or
cannot be measured. Many published empirical studies find that economic data may not have
enough variation to discriminate between two competing economic theories. Manski (1995, p. 8)
argues that

Social scientists and policymakers alike seem driven to draw sharp conclusions, even
when these can be generated only by imposing much stronger assumptions than can
be defended. We need to develop a greater tolerance for ambiguity. We must face up
to the fact that we cannot answer all of the questions that we ask.

To some, the “art” element in econometrics has left a number of distinguished economists doubt-
ful of the power of econometrics to yield sharp predictions. In his presidential address to the
American Economic Association, Wassily Leontief (1971, pp. 2-3) characterized econometrics
work as:

an attempt to compensate for the glaring weakness of the data base available to us
by the widest possible use of more and more sophisticated techniques. Alongside the
mounting pile of elaborate theoretical models we see a fast growing stock of equally
intricate statistical tools. These are intended to stretch to the limit the meager supply
of facts.
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Economic data can be of the cross-section type, for e.g., a sample of firms or households or
countries at a particular point in time. An important data source is the Current Population
Survey. This is a monthly survey of 50,000 households in the U.S. which is used to estimate the
unemployment rate. Data can also be of the time-series type, for e.g., macroeconomic variables
like Gross Domestic Product (GDP), Personal Disposable Income, Consumption, Government
Expenditures, etc. for the U.S. observed over the last 40 years. These can be found in the
Economic Report of the President. See Chapter 14 for some basic time-series methods in econo-
metrics. Data can also be following a group of households, firms, or countries over time, i.e.,
Longitudinal data or panel data. The National Longitudinal Survey of Youth, 1979 consists of a
nationally representative sample of 12686 young men and women who were 14-22 years old in
1979. These individuals were interviewed annually through 1994 and currently interviewed on
a biennial basis. The list of variables include information on schooling and career transitions,
marriage and fertility, training investments, child care usage and drug and alcohol use. See
Chapter 12 for some basic panel data methods in econometrics.

Most of the time the data collected are not ideal for the economic question at hand because
they were posed to answer legal requirements or comply to regulatory agencies. Griliches (1986,
p. 1466) describes the situation as follows:

FEconometricians have an ambivilant attitude towards economic data. At one level,
the ‘data’ are the world that we want to explain, the basic facts that economists
purport to elucidate. At the other level, they are the source of all our trouble. Their
imperfections make our job difficult and often impossible... We tend to forget that
these imperfections are what gives us our legitimacy in the first place... Given that
it is the ‘badness’ of the data that provides us with our living, perhaps it is not all
that surprising that we have shown little interest in tmproving it, in getting involved
i the grubby task of designing and collecting original data sets of our own. Most of
our work is on ‘found’ data, data that have been collected by somebody else, often
for quite different purposes.

FEven though economists are increasingly getting involved in collecting their data and measuring
variables more accurately and despite the increase in data sets and data storage and computa-
tional accuracy, some of the warnings given by Griliches (1986, p. 1468) are still valid today:

The encounters between econometricians and data are frustrating and ultimately
unsatisfactory both because econometricians want too much from the data and hence
tend to be dissappointed by the answers, and because the data are incomplete and
imperfect. In part it is our fault, the appetite grows with eating. As we get larger
samples, we keep adding variables and expanding our models, until on the margin,
we come back to the same insignificance levels.

1.2 A Brief History

For a brief review of the origins of econometrics before World War II and its development in the
1940-1970 period, see Klein (1971). Klein gives an interesting account of the pioneering works
of Moore (1914) on economic cycles, Working (1927) on demand curves, Cobb and Douglas
(1928) on the theory of production, Schultz (1938) on the theory and measurement of demand,
and Tinbergen (1939) on business cycles. As Klein (1971, p. 415) adds:
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The works of these men mark the beginnings of formal econometrics. Their analysis
was systematic, based on the joint foundations of statistical and economic theory,
and they were aiming at meaningful substantive goals - to measure demand elasticity,
marginal productivity and the degree of macroeconomic stability.

The story of the early progress in estimating economic relationships in the U.S. is given in Christ
(1985). The modern era of econometrics, as we know it today, started in the 1940’s. Klein (1971)
attributes the formulation of the econometrics problem in terms of the theory of statistical
inference to Haavelmo (1943, 1944) and Mann and Wald (1943). This work was extended later by
T.C. Koopmans, J. Marschak, L. Hurwicz, T.W. Anderson and others at the Cowles Commission
in the late 1940’s and early 1950’s, see Koopmans (1950). Klein (1971, p. 416) adds:

At this time econometrics and mathematical economics had to fight for academic
recognition. In retrospect, it is evident that they were growing disciplines and becom-
ing increasingly attractive to the new generation of economic students after World
War II, but only a few of the largest and most advanced universities offered formal
work in these subjects. The mathematization of economics was strongly resisted.

This resistance is a thing of the past, with econometrics being an integral part of economics,
taught and practiced worldwide. Econometrica, the official journal of the Econometric Society
is one of the leading journals in economics, and today the Econometric Society boast a large
membership worldwide. Today, it is hard to read any professional article in leading economics
and econometrics journals without seeing mathematical equations. Students of economics and
econometrics have to be proficient in mathematics to comprehend this research. In an Econo-
metric Theory interview, professor J. D. Sargan of the London School of Economics looks back
at his own career in econometrics and makes the following observations: “... econometric theo-
rists have really got to be much more professional statistical theorists than they had to be when
I started out in econometrics in 1948... Of course this means that the starting econometrician
hoping to do a Ph.D. in this field is also finding it more difficult to digest the literature as a
prerequisite for his own study, and perhaps we need to attract students of an increasing de-
gree of mathematical and statistical sophistication into our field as time goes by,” see Phillips
(1985, pp. 134-135). This is also echoed by another giant in the field, professor T.W. Anderson
of Stanford, who said in an Econometric Theory interview: “These days econometricians are
very highly trained in mathematics and statistics; much more so than statisticians are trained
in economics; and I think that there will be more cross-fertilization, more joint activity,” see
Phillips (1986, p. 280).

Research at the Cowles Commission was responsible for providing formal solutions to the
problems of identification and estimation of the simultaneous equations model, see Christ
(1985).2 Two important monographs summarizing much of the work of the Cowles Commis-
sion at Chicago, are Koopmans and Marschak (1950) and Koopmans and Hood (1953).3 The
creation of large data banks of economic statistics, advances in computing, and the general
acceptance of Keynesian theory, were responsible for a great flurry of activity in econometrics.
Macroeconometric modelling started to flourish beyond the pioneering macro models of Klein
(1950) and Klein and Goldberger (1955).

For the story of the founding of Econometrica and the Econometric Society, see Christ (1983).
Suggested readings on the history of econometrics are Pesaran (1987), Epstein (1987) and
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Morgan (1990). In the conclusion of her book on The History of Econometric Ideas, Morgan
(1990; p. 264) explains:

In the first half of the twentieth century, econometricians found themselves carrying
out a wide range of tasks: from the precise mathematical formulation of economic
theories to the development tasks needed to build an econometric model; from the ap-
plication of statistical methods in data preperation to the measurement and testing
of models. Of necessity, econometricians were deeply involved in the creative devel-
opment of both mathematical economic theory and statistical theory and techniques.
Between the 1920s and the 1940s, the tools of mathematics and statistics were in-
deed used in a productive and complementary union to forge the essential ideas of the
econometric approach. But the changing nature of the econometric enterprise in the
1940s caused a return to the division of labour favoured in the late nineteenth cen-
tury, with mathematical economists working on theory building and econometricians
concerned with statistical work. By the 1950s the founding ideal of econometrics, the
union of mathematical and statistical economics into a truly synthetic economics,
had collapsed.

In modern day usage, econometrics have become the application of statistical methods to eco-
nomics, like biometrics and psychometrics. Although, the ideals of Frisch still live on in Econo-
metrica and the Econometric Society, Maddala (1999) argues that: “In recent years the issues
of Econometrica have had only a couple of papers in econometrics (statistical methods in eco-
nomics) and the rest are all on game theory and mathematical economics. If you look at the
list of fellows of the Econometric Society, you find one or two econometricians and the rest
are game theorists and mathematical economists.” This may be a little exagerated but it does
summarize the rift between modern day econometrics and mathematical economics. For a world
wide ranking of econometricians as well as academic institutions in the field of econometrics,
see Baltagi (2007).

1.3 Critiques of Econometrics

Econometrics has its critics. Interestingly, John Maynard Keynes (1940, p. 156) had the following
to say about Jan Tinbergen’s (1939) pioneering work:

No one could be more frank, more painstaking, more free of subjective bias or parti
pris than Professor Tinbergen. There is no one, therefore, so far as human qualities
go, whom it would be safer to trust with black magic. That there is anyone I would
trust with it at the present stage or that this brand of statistical alchemy is ripe to
become a branch of science, I am not yet persuaded. But Newton, Boyle and Locke
all played with alchemy. So let him continue.*

In 1969, Jan Tinbergen shared the first Nobel Prize in economics with Ragnar Frisch.
Well cited critiques of econometrics include the Lucas (1976) critique which is based on the
Rational Expectations Hypothesis (REH). As Pesaran (1990, p. 17) puts it:

The message of the REH for econometrics was clear. By postulating that economic
agents form their expectations endogenously on the basis of the true model of the
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economy and a correct understanding of the processes generating exogenous variables
of the model, including government policy, the REH raised serious doubts about the
inwvariance of the structural parameters of the mainstream macroeconometric models
i face of changes in government policy.

Responses to this critique include Pesaran (1987). Other lively debates among econometricians
include Ed Leamer’s (1983) article entitled “Let’s Take the Con Out of Econometrics,” and the
response by McAleer, Pagan and Volker (1985). Rather than leave the reader with criticisms
of econometrics especially before we embark on the journey to learn the tools of the trade, we
conclude this section with the following quote from Pesaran (1990, pp. 25-26):

There is no doubt that econometrics is subject to important limitations, which stem
largely from the incompleteness of the economic theory and the non-experimental
nature of economic data. But these limitations should not distract us from recog-
nizing the fundamental role that econometrics has come to play in the development
of economics as a scientific discipline. It may not be possible conclusively to re-
ject economic theories by means of econometric methods, but it does not mean that
nothing useful can be learned from attempts at testing particular formulations of a
given theory against (possible) rival alternatives. Similarly, the fact that economet-
ric modelling is inevitably subject to the problem of specification searches does not
mean that the whole activity is pointless. Econometric models are important tools for
forecasting and policy analysis, and it is unlikely that they will be discarded in the
future. The challenge is to recognize their limitations and to work towards turning
them into more reliable and effective tools. There seem to be no viable alternatives.

1.4 Looking Ahead

Econometrics have experienced phenomenal growth in the past 50 years. There are six volumes
of the Handbook of FEconometrics, most of it dealing with post 1960’s research. A lot of the
recent growth reflects the rapid advances in computing technology. The broad availability of
micro data bases is a major advance which facilitated the growth of panel data methods (see
Chapter 12) and microeconometric methods especially on sample selection and discrete choice
(see Chapter 13) and that also lead to the award of the Nobel Prize in Economics to James
Heckman and Daniel McFadden in 2000. The explosion in research in time series econometrics
which lead to the development of ARCH and GARCH and cointegration (see Chapter 14)
which also lead to the award of the Nobel Prize in Economics to Clive Granger and Robert
Engle in 2003. It is a different world than it was 30 years ago. The computing facilities changed
dramatically. The increasing accessibility of cheap and powerful computing facilities are helping
to make the latest econometric methods more readily available to applied researchers. Today,
there is hardly a field in economics which has not been intensive in its use of econometrics in
empirical work. Pagan (1987, p. 81) observed that the work of econometric theorists over the
period 1966-1986 have become part of the process of economic investigation and the training
of economists. Based on this criterion, he declares econometrics as an “outstanding success.”
He adds that:

The judging of achievement inevitably involves contrast and comparison. Quver a
period of twenty years this would be best done by interviewing a time-travelling
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economist displaced from 1966 to 1986. I came into econometrics just after the be-
ginning of this period, so have some appreciation for what has occurred. But because
I have seen the events gradually unfolding, the effects upon me are not as dramatic.
Nevertheless, let me try to be a time-traveller and comment on the perceptions of a
1966’er landing in 1986. My first impression must be of the large number of people
who have enough econometric and computer skills to formulate, estimate and sim-
ulate highly complex and non-linear models. Someone who could do the equivalent
tasks in 1966 was well on the way to a Chair. My next impression would be of the
widespread use and purchase of econometric services in the academic, government,
and private sectors. Quantification is now the morm rather than the exception. A
third impression, gleaned from a sounding of the job market, would be a persistent
tendency towards an excess demand for well-trained econometricians. The economist
i me would have to acknowledge that the market judges the products of the discipline
as a Success.

The challenge for the 215 century is to narrow the gap between theory and practice. Many
feel that this gap has been widening with theoretical research growing more and more abstract
and highly mathematical without an application in sight or a motivation for practical use.
Heckman (2001) argues that econometrics is useful only if it helps economists conduct and
interpret empirical research on economic data. He warns that the gap between econometric
theory and empirical practice has grown over the past two decades. Theoretical econometrics
becoming more closely tied to mathematical statistics. Although he finds nothing wrong, and
much potential value, in using methods and ideas from other fields to improve empirical work
in economics, he does warn of the risks involved in uncritically adopting the methods and mind
set of the statisticians:

Econometric methods uncritically adapted from statistics are not useful in many re-
search activities pursued by economists. A theorem-proof format is poorly suited for
analyzing economic data, which requires skills of synthesis, interpretation and em-
pirical tnvestigation. Command of statistical methods is only a part, and sometimes
a very small part, of what is required to do first class empirical research.

In an Econometric Theory interview with Jan Tinbergen, Magnus and Morgan (1987, p. 117)
describe Tinbergen as one of the founding fathers of econometrics, publishing in the field from
1927 until the early 1950s. They add: “Tinbergen’s approach to economics has always been a
practical one. This was highly appropriate for the new field of econometrics, and enabled him
to make important contributions to conceptual and theoretical issues, but always in the context
of a relevant economic problem.” The founding fathers of econometrics have always had the
practitioner in sight. This is a far cry from many theoretical econometricians who refrain from
applied work.

Geweke, Horowitz, and Pesaran (2008) provide the following recommendations for the future:

Econometric theory and practice seek to provide information required for informed
decision-making in public and private economic policy. This process is limited not
only by the adequacy of econometrics, but also by the development of economic theory
and the adequacy of data and other information. Effective progress, in the future as
in the past, will come from simultaneous improvements in econometrics, economic
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theory, and data. Research that specifically addresses the effectiveness of the interface
between any two of these three in improving policy — to say nothing of all of them
— necessarily transcends traditional subdisciplinary boundaries within economics.
But it is precisely these combinations that hold the greatest promise for the social
contribution of academic economics.

Notes

1. See the interview of Professor L.R. Klein by Mariano (1987). Econometric Theory publishes inter-
views with some of the giants in the field. These interviews offer a wonderful glimpse at the life
and work of these giants.

2. Simultaneous equations model is an integral part of econometrics and is studied in Chapter 11.

3. Tjalling Koopmans was the joint recipient of the Nobel Prize in Economics in 1975. In addition
to his work on the identification and estimation of simultaneous equations models, he received the
Nobel Prize for his work in optimization and economic theory.

4. T encountered this attack by Keynes on Tinbergen in the inaugural lecture that Peter C.B. Phillips
(1977) gave at the University of Birmingham entitled “Econometrics: A View From the Toolroom,”
and David F. Hendry’s (1980) article entitled “Econometrics - Alchemy or Science?”

References
Baltagi, B.H. (2007), “Worldwide Econometrics Rankings: 1989-2005,” Econometric Theory, 23: 952
1012.

Christ, C.F. (1983), “The Founding of the Econometric Society and Econometrica,” Econometrica, 51:
3-6.

Christ, C.F. (1985), “Early Progress in Estimating Quantiative Economic Relations in America,” Amer-
ican Economic Review, 12: 39-52.

Cobb, C.W. and P.H. Douglas (1928), “A Theory of Production,” American Economic Review, Supple-
ment 18: 139-165.

Epstein, R.J. (1987), A History of Econometrics (North-Holland: Amsterdam).
Frisch, R. (1933), “Editorial,” Econometrica, 1: 1-14.

Geweke, J., J. Horowitz, and M.H. Pesaran (2008), “Econometrics,” entry in S. Durlauf and L. Blume,
eds., The New Palgrave Dictionary of Economics, 2nd Edition, (Palgrave Macmillan: Basingstoke).

Griliches, Z. (1986), “Economic Data Issues,” in Z. Griliches and M.D. Intriligator (eds), Handbook of
Econometrics Vol. III (North Holland: Amsterdam).

Haavelmo, T. (1943), “The Statistical Implications of a System of Simultaneous Equations,” Economet-
rica, 11: 1-12.

Haavelmo, T. (1944), “The Probability Approach in Econometrics,” Econometrica, Supplement to Vol-
ume 12: 1-118.

Heckman, J.J. (2001), “Econometrics and Empirical Economics,” Journal of Econometrics, 100: 3-5.



References 11

Hendry, D.F. (1980), “Econometrics - Alchemy or Science?” Economica, 47: 387-406.
Keynes, J.M. (1940), “On Method of Statistical Research: Comment,” Economic Journal, 50: 154-156.

Klein, L.R. (1971), “Whither Econometrics?” Journal of the American Statistical Association, 66: 415—
421.

Klein, L.R. (1950), Economic Fluctuations in the United States 1921-1941, Cowles Commission Mono-
graph, No. 11 (John Wiley: New York).

Klein, L.R. and A.S. Goldberger (1955), An Econometric Model of the United States 1929-1952 (North-
Holland: Amsterdam).

Koopmans, T.C. (1950), ed., Statistical Inference in Dynamic Economic Models (John Wiley: New York).
Koopmans, T.C. and W.C. Hood (1953), Studies in Econometric Method (John Wiley: New York).

Koopmans, T.C. and J. Marschak (1950), eds., Statistical Inference in Dynamic Economic Models (John
Wiley: New York).

Leamer, E.E. (1983), “Lets Take the Con Out of Econometrics,” American Economic Review, 73: 31-43.

Leontief, W. (1971), “Theoretical Assumptions and Nonobserved Facts,” American Economic Review,
61: 1-7.

Lucas, R.E. (1976), “Econometric Policy Evaluation: A Critique,” in K. Brunner and A.M. Meltzer,
eds., The Phillips Curve and Labor Markets, Carnegie Rochester Conferences on Public Policy, 1:
19-46.

Maddala, G.S. (1999), “Econometrics in the 21%¢ Century,” in C.R. Rao and R. Szekeley, eds., Statistics
for the 215" Century (Marcel Dekker: New York).

Magnus , J.R. and M.S. Morgan (1987), “The ET Interview: Professor J. Tinbergen,” FEconometric
Theory, 3: 117-142.

Malinvaud, E. (1966), Statistical Methods of Econometrics (North-Holland: Amsterdam).

Manski, C.F. (1995), Identification Problems in the Social Sciences (Harvard University Press: Cam-
bridge).

Mann, H.B. and A. Wald (1943), “On the Statistical Treatment of Linear Stochastic Difference Equa-
tions,” Fconometrica, 11: 173-220.

Mariano, R.S. (1987), “The ET Interview: Professor L.R. Klein,” Econometric Theory, 3: 409-460.

McAleer, M., A.R. Pagan and P.A. Volker (1985), “What Will Take The Con Out of Econometrics,”
American Economic Review, 75: 293-307.

Moore, H.L. (1914), Economic Cycles: Their Law and Cause (Macmillan: New York).
Morgan, M. (1990), The History of Econometric Ideas (Cambridge University Press: Cambridge, MA).

Pagan, A. (1987), “Twenty Years After: Econometrics, 1966—-1986,” paper presented at CORE’s 20th
Anniversary Conference, Louvain-la-Neuve.

Pesaran, M.H. (1987), The Limits to Rational Expectations (Basil Blackwell: Oxford, MA).

Pesaran, M.H. (1990), “Econometrics,” in J. Eatwell, M. Milgate and P. Newman; The New Palgrave:
Econometrics (W.W. Norton and Company: New York).

Phillips, P.C.B. (1977), “Econometrics: A View From the Toolroom,” Inaugural Lecture, University of
Birmingham, Birmingham, England.



12 CHAPTER 1: What Is Econometrics?

Phillips, P.C.B. (1985), “ET Interviews: Professor J. D. Sargan,” FEconometric Theory, 1: 119-139.
Phillips, P.C.B. (1986), “The ET Interview: Professor T. W. Anderson,” Econometric Theory, 2: 249-288.

Samuelson, P.A., T.C. Koopmans and J.R.N. Stone (1954), “Report of the Evaluative Committee for
Econometrica,” Econometrica, 22: 141-146.

Schultz, H. (1938), The Theory and Measurement of Demand (University of Chicago Press: Chicago,
1L).

Spanos, A. (1986), Statistical Foundations of Econometric Modelling (Cambridge University Press: Cam-
bridge, MA).

Tinbergen, J. (1939), Statistical Testing of Business Cycle Theories, Vol. II: Business Cycles in the USA,
1919-1952 (League of Nations: Geneva).

Tintner, G. (1953), “The Definition of Econometrics,” Econometrica, 21: 31-40.

Working, E.J. (1927), “What Do Statistical ‘Demand Curves’ Show?” Quarterly Journal of Economics,
41: 212-235.



CHAPTER 2
Basic Statistical Concepts

2.1 Introduction

One chapter cannot possibly review what one learned in one or two pre-requisite courses in
statistics. This is an econometrics book, and it is imperative that the student have taken at
least one solid course in statistics. The concepts of a random variable, whether discrete or contin-
uous, and the associated probability function or probability density function (p.d.f.) are assumed
known. Similarly, the reader should know the following statistical terms: Cumulative distribu-
tion function, marginal, conditional and joint p.d.f.’s. The reader should be comfortable with
computing mathematical expectations, and familiar with the concepts of independence, Bayes
Theorem and several continuous and discrete probability distributions. These distributions in-
clude: the Bernoulli, Binomial, Poisson, Geometric, Uniform, Normal, Gamma, Chi-squared
(x?), Exponential, Beta, t and F' distributions.

Section 2.2 reviews two methods of estimation, while section 2.3 reviews the properties of
the resulting estimators. Section 2.4 gives a brief review of test of hypotheses, while section 2.5
discusses the meaning of confidence intervals. These sections are fundamental background for
this book, and the reader should make sure that he or she is familiar with these concepts. Also,
be sure to solve the exercises at the end of this chapter.

2.2 Methods of Estimation

Consider a Normal distribution with mean z and variance o2. This is the important “Gaussian”
distribution which is symmetric and bell-shaped and completely determined by its measure
of centrality, its mean p and its measure of dispersion, its variance o2. p and o2 are called
the population parameters. Draw a random sample Xi,..., X, independent and identically
distributed (IID) from this population. We usually estimate x by 7i = X and o? by

s* = Do (X — X)Q/(n —1).

For example, 1 = mean income of a household in Houston. X = sample average of incomes of
100 households randomly interviewed in Houston.

This estimator of p could have been obtained by either of the following two methods of
estimation:

(i) Method of Moments

Simply stated, this method of estimation uses the following rule: Keep equating population
moments to their sample counterpart until you have estimated all the population parameters.

B.H. Baltagi, Econometrics, Springer Texts in Business and Economics, DOI 10.1007/978-3-642-20059-5 2, 13
© Springer-Verlag Berlin Heidelberg 2011
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Population Sample
BE(X)=pn i Xijn=X
E(X?) = p® + o Sy X /m
E(X") i Xi/n

The normal density is completely identified by p and o2, hence only the first 2 equations are
needed

=X and PP+t =3", X2/n
Substituting the first equation in the second one obtains

5% = Z?:lXiQ/”—XQ = Z?:1(Xi - X)2/”

(ii) Maximum Likelihood Estimation (MLE)

For a random sample of size n from the Normal distribution X; ~ N(u,0?), we have
fi(Xisp,0%) = (1/oV2r) exp {—(Xi — p)?/20%}  — 00 < X; < +00

Since X1, ..., X, are independent and identically distributed, the joint probability density func-
tion is given as the product of the marginal probability density functions:

F(X1, o, Xy py0%) = E[l fi(Xis p, 0%) = (1/2m0%)"/ exp {— > (X; — p)?/20°} (2.1)

Usually, we observe only one sample of n households which could have been generated by any
pair of (1, 0%) with —0o < 1 < +00 and 62 > 0. For each pair, say (g, 02), f(X1, ..., Xn; fg, 03)
denotes the probability (or likelihood) of obtaining that sample. By varying (11, 02) we get differ-
ent probabilities of obtaining this sample. Intuitively, we choose the values of ;1 and ¢ that max-
imize the probability of obtaining this sample. Mathematically, we treat f(X1,..., X,; i, 0?) as
L(p,0?) and we call it the likelihood function. Maximizing L(yu,o?) with respect to x4 and o2,
one gets the first-order conditions of maximization:

(OL/ou) =0 and (OL/d5?) =0

Equivalently, we can maximize logL(u, 0?) rather than L(u,o?) and still get the same answer.
Usually, the latter monotonic transformation of the likelihood is easier to maximize and the
first-order conditions become

(OlogL/0u) =0 and (dlogL/dc?) =0
For the Normal distribution example, we get
logL (115 0%) = —(n/2)log 0 — (n/2)log 27 — (1/20%) X7, (X; — )2
OlogL(p;0%)/0p = (1/0?) 32011 (Xi — p) = 0= fippp = X
DlogL(; 02)/0? = —(n/2)(1/02) + Y1y (Xi — w)%/204 = 0

= 3?\/[LE = i (X — Liynp)®/n = > (X — X)*/n
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Note that the moments estimators and the maximum likelihood estimators are the same for
the Normal distribution example. In general, the two methods need not necessarily give the
same estimators. Also, note that the moments estimators will always have the same estimating
equations, for example, the first two equations are always

E(X):,LLEE?:lXZ'/TL:X and E(X2):u2+0252?:1Xi2/n.

For a specific distribution, we need only substitute the relationship between the population
moments and the parameters of that distribution. Again, the number of equations needed
depends upon the number of parameters of the underlying distribution. For e.g., the exponential
distribution has one parameter and needs only one equation whereas the gamma distribution has
two parameters and needs two equations. Finally, note that the maximum likelihood technique
is heavily reliant on the form of the underlying distribution, but it has desirable properties when
it exists. These properties will be discussed in the next section.

So far we have dealt with the Normal distribution to illustrate the two methods of estima-
tion. We now apply these methods to the Bernoulli distribution and leave other distributions
applications to the exercises. We urge the student to practice on these exercises.

Bernoulli Example: In various cases in real life the outcome of an event is binary, a worker may
join the labor force or may not. A criminal may return to crime after parole or may not. A
television off the assembly line may be defective or not. A coin tossed comes up head or tail,
and so on. In this case § = Pr[Head] and 1 — # = Pr[Tail] with 0 < # < 1 and this can be
represented by the discrete probability function

f(X:0) =6X(1-6)"%X X=01
=0 elsewhere

The Normal distribution is a continuous distribution since it takes values for all X over the real
line. The Bernoulli distribution is discrete, because it is defined only at integer values for X.
Note that P[X = 1] = f(1;0) = 6 and P[X = 0] = f(0;6) = 1 — @ for all values of 0 < 0 < 1.
A random sample of size n drawn from this distribution will have a joint probability function

L(O) = f(X1,..., Xn:0) = 0221 Xi (1 — g)n—2ima X

with X; = 0,1 for ¢ = 1,...,n. Therefore,

logL(f) = (31 Xi)logh + (n — Y7y X;i)log(1 —6)
OlogL(0) — Yi, Xi (n—>1,X)

90 0 1-0)

Solving this first-order condition for 6, one gets

(i X)) (1 =0) = 0(n—>21, Xi) =0

which reduces to

Orre = X /n=X.

This is the frequency of heads in n tosses of a coin.
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For the method of moments, we need
E(X) = Yx—o Xf(X,0) = L.f(1,0) + 0.£(0,6) = f(1,6) = 0

and this is equated to X to get 9 = X. Once again, the MLE and the method of moments yield
the same estimator. Note that only one parameter 6 characterizes this Bernoulli distribution
and one does not need to equate second or higher population moments to their sample values.

2.3 Properties of Estimators

(i) Unbiasedness

1 is said to be unbiased for p if and only if E(j) = p

For i = X, we have F(X) = > | E(X;)/n = p and X is unbiased for y. No distributional
assumption is needed as long as the X;’s are distributed with the same mean p. Unbiasedness
means that “on the average” our estimator is on target. Let us explain this last statement. If
we repeat our drawing of a random sample of 100 households, say 200 times, then we get 200
X’s. Some of these X ’s will be above i some below p, but their average should be very close
to u. Since in real life situations, we observe only one random sample, there is little consolation
if our observed X is far from p. But the larger n is the smaller is the dispersion of this X, since
var(X) = 02 /n and the lesser is the likelihood of this X to be very far from . This leads us to
the concept of efficiency.

(ii) Efficiency

For two unbiased estimators, we compare their efficiencies by the ratio of their variances. We say
that the one with lower variance is more efficient. For example, taking 7i; = X7 versus jiy = X,
both estimators are unbiased but var(fi;) = o2 whereas, var(fiy) = 02/n and {the relative
efficiency of j1; with respect to 1y} = var(py)/var(fi;) = 1/n, see Figure 2.1. To compare all
unbiased estimators, we find the one with minimum variance. Such an estimator if it exists is
called the MVU (minimum variance unbiased estimator). A lower bound for the variance of
any unbiased estimator 1 of u, is known in the statistical literature as the Cramér-Rao lower
bound, and is given by

var(fi) > 1/n{E(logf(X; 1) /0u)}* = —1/{nE(8logf (X; ) /0u*)} (2:2)

where we use either representation of the bound on the right hand side of (2.2) depending on
which one is the simplest to derive.

Example 1: Consider the normal density
log f(Xi; ) = (=1/2)logo? — (1/2)log2m — (1/2)(X; — p)*/o®
Aog f(Xi; ) /0 = (X; — p)/o”

Plogf(Xi;p)/0p* = —(1/0?)
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)

Figure 2.1 Efficiency Comparisons

with E{0%ogf(X;;p)/0pu?} = —(1/0?). Therefore, the variance of any unbiased estimator of s,
say [ satisfies the property that var(ji) > o2/n.
Turning to o?; let § = o2, then

log f(Xi;0) = —(1/2)logh — (1/2)log2m — (1/2)(X; — n)?/0
Alogf(X;:0)/00 = —1/20 + (X; — 11)?/20% = {(X; — p)> — 6} /267

8?logf(Xi;0)/00% = 1/20° — (X; — n)?/0° = {0 — 2(X; — p)?}/20°

E[9logf(X;; 0)/00%] = —(1/20%), since E(X; — u)? = 0. Hence, for any unbiased estimator of
0, say 0, its variance satisfies the following property var(6) > 262 /n, or var(°%) > 2¢*/n.

Note that, if one finds an unbiased estimator whose variance attains the Cramér-Rao lower
bound, then this is the MVU estimator. It is important to remember that this is only a lower
bound and sometimes it is not necessarily attained. If the X;’s are normal, X ~ N(u,o2/n).
Hence, X is unbiased for ;1 with variance 0 /n equal to the Cramér-Rao lower bound. Therefore,
X is MVU for p. On the other hand,

3%\4LE = Z?:1(Xi - X)Q/”a

and it can be shown that (nga;; z)/(n—1) = s is unbiased for ¢2. In fact, (n—1)s?/o% ~ x2_,
and the expected value of a Chi-squared variable with (n — 1) degrees of freedom is exactly its
degrees of freedom. Using this fact,

2

E{(n—1)s*/0”} = B(:C_y) =n— L.

Therefore, F(s?) = 02.! Also, the variance of a Chi-squared variable with (n — 1) degrees of
freedom is twice these degrees of freedom. Using this fact,

var{(n — 1)s%/0?} = var(x2_;) = 2(n — 1)
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{(n—1)?/o*}var(s®) = 2(n — 1).

Hence, the var(s?) = 20*/(n—1) and this does not attain the Cramér-Rao lower bound. In fact,
it is larger than (20*/n). Note also that var(6a;, ) = {(n—1)2/n?}var(s?) = {2(n —1)}o*/n?.
This is smaller than (20*/n)! How can that be? Remember that 63, ;; is a biased estimator
of 02 and hence, var(G4;; ;) should not be compared with the Cramér-Rao lower bound. This
lower bound pertains only to unbiased estimators.

Warning: Attaining the Cramér-Rao lower bound is only a sufficient condition for efficiency.
Failing to satisfy this condition does not necessarily imply that the estimator is not efficient.

Example 2: For the Bernoulli case

logf(Xi;0) = X;logh + (1 — X;)log(1 — )
dlogf(X;,0)/00 = (X;/0) — (1 — X;)/(1 - 0)

8%logf(Xi;0)/06% = (=Xi/6%) — (1 — X;)/(1 — 6)?

and E[8210gf(Xi;9)A/692] =(-1/0) —1/(1 —0) = —1/[0(1 — 0)]. Therefore, for any unbiased
estimator of 0, say 0, its variance satisfies the following property:
var(6) > 6(1 — ) /n.

For the Bernoulli random sample, we proved that u = E(X;) = 6. Similarly, it can be easily
verified that o2 = var(X;) = 0(1—0). Hence, X has mean p = 6 and var(X) = 02/n = 6(1-0)/n.
This means that X is unbiased for § and it attains the Cramér-Rao lower bound. Therefore, X
is MV U for 6.

Unbiasedness and efficiency are finite sample properties (in other words, true for any finite
sample size n). Once we let n tend to co then we are in the realm of asymptotic properties.

Example 3: For a random sample from any distribution with mean p it is clear that g =
(X 4 1/n) is not an unbiased estimator of x4 since E(p) = E(X 4+ 1/n) = u+ 1/n. However, as
n — oo the lim F(p) is equal to p. We say, that p is asymptotically unbiased for p.

Example 4: For the Normal case
cap=m—1)s*/n and EG3,5) = (n—1)0?/n.

But as n — oo, lim E(6%;; ) = 0. Hence, 63,7 5 is asymptotically unbiased for o2,

Similarly, an estimator which attains the Cramér-Rao lower bound in the limit is asymp-
totically efficient. Note that var(X) = o2/n, and this tends to zero as n — oo. Hence, we
considery/nX which has finite variance since var(y/nX) = n var(X) = o2, We say that the
asymptotic variance of X denoted by asymp.var(X) = 02/n and that it attains the Cramér-
Rao lower bound in the limit. X is therefore asymptotically efficient. Similarly,

var(vnoa ) = n var(Girp) = 2(n — 1)t /n

which tends to 20* as n — oo. This means that asymp.var(Ga;; ) = 20 /n and that it attains
the Cramér-Rao lower bound in the limit. Therefore, 63;; ; is asymptotically efficient.
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(iii) Consistency

Another asymptotic property is consistency. This says that as n — oo lim Pr[|X — pu| > ¢] =0
for any arbitrary positive constant c. In other words, X will not differ from p as n — oo.
Proving this property uses the Chebyshev’s inequality which states in this context that

Pr(|X — p| > kog] < 1/k%

If we let ¢ = kog then 1/k* = 0% /¢® = 0 /nc? and this tends to 0 as n — oo, since 0% and ¢
are finite positive constants. A sufficient condition for an estimator to be consistent is that it is
asymptotically unbiased and that its variance tends to zero as n — 00.2

Example 1: For a random sample from any distribution with mean y and variance 02, E(X) = u
and var(X) = 0%/n — 0 as n — oo, hence X is consistent for .

Example 2: For the Normal case, we have shown that E(s?) = 0% and var(s?) = 20%/(n—1) — 0
as n — oo, hence s? is consistent for 2.

Example 3: For the Bernoulli case, we know that E(X) = 6 and var(X) = (1 — 0)/n — 0 as
n — oo, hence X is consistent for 6.

Warning: This is only a sufficient condition for consistency. Failing to satisfy this condition
does not necessarily imply that the estimator is inconsistent.

(iv) Sufficiency

X is sufficient for p, if X contains all the information in the sample pertaining to p. In other
words, f(X1,...,X,/X) is independent of u. To prove this fact one uses the factorization
theorem due to Fisher and Neyman. In this context, X is sufficient for u, if and only if one can
factorize the joint p.d.f.

FX1, e Xy ) = WX ) - g(Xa, 0, Xo)
where h and g are any two functions with the latter being only a function of the X’s and
independent of p in form and in the domain of the X'’s.
Example 1: For the Normal case, it is clear from equation (2.1) that by subtracting and adding
X in the summation we can write after some algebra

F(X1s o X 1 6%) = (1/2m02) 12— 41/20%) YL (K= X)%) o ~{(n/20%) (X =107}

Hence, h(X; ) = e~ (/20X =1%) and ¢(X1,..., X,) is the remainder term which is independent
of p in form. Also —oo < X; < 0o and hence independent of i in the domain. Therefore, X is
sufficient for pu.

Example 2: For the Bernoulli case,

FX1, . X 0) =0 (1 —0)"X) X;=0,1 fori=1,...,n.

Therefore, h(X,0) = 6% (1—0)"1=%) and g(X, ..., X,) = 1 which is independent of @ in form
and domain. Hence, X is sufficient for 6.
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Under certain regularity conditions on the distributions we are sampling from, one can show
that the MVU of any parameter 6 is an unbiased function of a sufficient statistic for 6.> Advan-
tages of the maximum likelihood estimators is that (i) they are sufficient estimators when they
exist. (ii) They are asymptotically efficient. (iii) If the distribution of the MLE satisfies certain
regularity conditions, then making the MLE unbiased results in a unique MVU estimator. A
prime example of this is s> which was shown to be an unbiased estimator of o2 for a random
sample drawn from the Normal distribution. It can be shown that s? is sufficient for o2 and that
(n—1)s%/0% ~ x2_,. Hence, s? is an unbiased sufficient statistic for o2 and therefore it is MVU
for 02, even though it does not attain the Cramér-Rao lower bound. (iv) Maximum likelihood
estimates are invariant with respect to continuous transformations. To explain the last property,
consider the estimator of e#. Given fiy;; p = X, an obvious estimator is e#mMzE = ¢ This is in
fact the MLE of e#. In general, if g(u) is a continuous function of p, then ¢g(fiy, 1 ;) is the MLE of
g(). Note that E(efare) £ ¢PEaLe) = el in other words, expectations are not invariant to all
continuous transformations, especially nonlinear ones and hence the resulting MLE estimator
may not be unbiased. eX is not unbiased for e# even though X is unbiased for s.

In summary, there are two routes for finding the MVU estimator. One is systematically
following the derivation of a sufficient statistic, proving that its distribution satisfies certain
regularity conditions, and then making it unbiased for the parameter in question. Of course,
MLE provides us with sufficient statistics, for example,

Xty Xp ~TIN(p,0%) = Tipgpp = X and Gypp = >0 (X — X)/n

are both sufficient for u and o2, respectively. X is unbiased for g and X ~ N(u,0%/n). The
Normal distribution satisfies the regularity conditions needed for X to be MVU for u. 53,7 5 is
biased for 02, but s> = noa;;/(n — 1) is unbiased for o2 and (n — 1)s2/0? ~ x2_, which also
satisfies the regularity conditions for s? to be a MVU estimator for o2.

Alternatively, one finds the Cramér-Rao lower bound and checks whether the usual estimator
(obtained from say the method of moments or the maximum likelihood method) achieves this
lower bound. If it does, this estimator is efficient, and there is no need to search further. If it
does not, the former strategy leads us to the MVU estimator. In fact, in the previous example
X attains the Cramér-Rao lower bound, whereas s? does not. However, both are MVU for u
and o respectively.

(v) Comparing Biased and Unbiased Estimators

Suppose we are given two estimators 51 and @2 of @ where the first is unbiased and has a large
variance and the second is biased but with a small variance. The question is which one of these
two estimators is preferable? 0, is unbiased whereas 0 is biased. This means that if we repeat
the sampling procedure many times then we expect 61 to be on the average correct, whereas
02 would be on the average different from 6. However, in real life, we observe only one sample.
With a large variance for ¢y, there is a great likelihood that the sample drawn could result in
a 91 far away from ¢. However, with a small variance for 02, there is a better chance of getting
a 05 close to 0. If our loss function is L(H 9) (0 6)? then our risk is

R(0,0) = E[L(®, )]A (0A 0)* = g) =
= E[0—E®6)+ E®) — 67 —var(e) + (Bias(6))>.
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Minimizing the risk when the loss function is quadratic is equivalent to minimizing the Mean
Square Error (MSE). From its definition the MSE shows the trade-off between bias and variance.
MVU theory, sets the bias equal to zero and minimizes var(f). In other words, it minimizes the
above risk function but only over 6’s that are unbiased. If we do not restrict ourselves to
unbiased estimators of ¢, minimizing MSE may result in a biased estimator such as /9\2 which
beats 01 because the gain from its smaller variance outweighs the loss from its small bias, see

Figure 2.2.

1(6)

f6) —>

E(6,)

Figure 2.2 Bias Versus Variance

2.4 Hypothesis Testing

The best way to proceed is with an example.

Example 1: The Economics Departments instituted a new program to teach micro-principles.
We would like to test the null hypothesis that 80% of economics undergraduate students will
pass the micro-principles course versus the alternative hypothesis that only 50% will pass. We
draw a random sample of size 20 from the large undergraduate micro-principles class and as
a simple rule we accept the null if x, the number of passing students is larger or equal to 13,
otherwise the alternative hypothesis will be accepted. Note that the distribution we are drawing
from is Bernoulli with the probability of success #, and we have chosen only two states of the
world Hg; g = 0.80 and Hy;6; = 0.5. This situation is known as testing a simple hypothesis
versus another simple hypothesis because the distribution is completely specified under the null
or alternative hypothesis. One would expect (E(x) = n#p) 16 students under Hy and (nf) 10
students under H; to pass the micro-principles exams. It seems then logical to take x > 13 as
the cut-off point distinguishing Hy from H;. No theoretical justification is given at this stage
to this arbitrary choice except to say that it is the mid-point of [10, 16]. Figure 2.3 shows that
one can make two types of errors. The first is rejecting Hy when in fact it is true, this is known
as type I error and the probability of committing this error is denoted by «. The second is
accepting Hy when it is false. This is known as type II error and the corresponding probability
is denoted by 3. For this example
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a = Prlrejecting Hyo/Hy is true] = Prjz < 13/0 = 0.8]
= b(n =20z =0;0=08)+..+bn=20z=120=0.8)
= b(n =202 =200 =0.2) +..+b(n = 20;z = 8;0 = 0.2)
= 0+..+ 04 0.0001 + 0.0005 + 0.0020 + 0.0074 + 0.0222 = 0.0322

where we have used the fact that b(n;x;60) = b(n;n — x;1—0) and b(n; x;0) = (7)6%(1 —6)"*
denotes the binomial distribution for = 0,1, ..., n, see problem 4.

True World

0p = 0.80 0, =0.50

Decision | 0y | No error Type II error

01 | Type I error | No Error

Figure 2.3 Type I and II Error

B = Prlaccepting Hy/Hy is false] = Pr[z > 13/6 = 0.5]
= b(n=20;x=13;0 =0.5) + .. + b(n = 20; x = 20;60 = 0.5)
= 0.0739 4 0.0370 + 0.0148 4 0.0046 + 0.0011 + 0.0002 4 0 + 0 = 0.1316

The rejection region for Hy, x < 13, is known as the critical region of the test and o = Pr[Falling
in the critical region/Hj is true| is also known as the size of the critical region. A good test
is one which minimizes both types of errors o and (. For the above example, « is low but
is high with more than a 13% chance of happening. This § can be reduced by changing the
critical region from x < 13 to = < 14, so that Hy is accepted only if x > 14. In this case, one
can easily verify that

a = Prlr<14/0=08]=0b(n=20;2=0;0=0.8)+..+b(n=20,z=13,0 =0.8)
= 0.0322 + b(n = 20;z = 13; § = 0.8) = 0.0322 4 0.0545 = 0.0867

and

B = Prlz>14/0 =0.5] =b(n =20; x = 14;0 = 0.5) + .. + b(n = 20; x = 20;6 = 0.5)
= 0.1316 — b(n = 20;z = 13; 6 = 0.5) = 0.0577

By becoming more conservative on accepting Hy and more liberal on accepting H1, one reduces
(B from 0.1316 to 0.0577 but the price paid is the increase in o from 0.0322 to 0.0867. The only
way to reduce both « and 3 is by increasing n. For a fixed n, there is a tradeoff between o and
(8 as we change the critical region. To understand this clearly, consider the real life situation of
trial by jury for which the defendant can be innocent or guilty. The decision of incarceration
or release implies two types of errors. One can make o = Pr[incarcerating/innocence] = 0 and
f = its maximum, by releasing every defendant. Or one can make = Pr[release/guilty] = 0
and « = its maximum, by incarcerating every defendant. These are extreme cases but hopefully
they demonstrate the trade-off between « and (.
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The Neyman-Pearson Theory

The classical theory of hypothesis testing, known as the Neyman-Pearson theory, fixes a =
Pr(type I error) < a constant and minimizes 3 or maximizes (1 — ). The latter is known as
the Power of the test under the alternative.

The Neyman-Pearson Lemma: If C'is a critical region of size a and k is a constant such that
(Lo/L1) < k inside C

and
(Lo/L1) > k outside C

then C'is a most powerful critical region of size « for testing Hy; 0 = 0y, against Hy;60 = 6.
Note that the likelihood has to be completely specified under the null and alternative. Hence,
this lemma applies only to testing a simple versus another simple hypothesis. The proof of this
lemma is given in Freund (1992). Intuitively, Lo is the likelihood function under the null Hy
and L is the corresponding likelihood function under Hj. Therefore, (Lo/L1) should be small
for points inside the critical region C' and large for points outside the critical region C'. The
proof of the theorem shows that any other critical region, say D, of size o cannot have a smaller
probability of type II error than C'. Therefore, C' is the best or most powerful critical region of
size . Its power (1 — () is maximum at H;. Let us demonstrate this lemma with an example.

Example 2: Given a random sample of size n from N(u,0? = 4), use the Neyman-Pearson
lemma to find the most powerful critical region of size o = 0.05 for testing Hy; iy = 2 against
the alternative Hy; u; = 4.

Note that this is a simple versus simple hypothesis as required by the lemma, since 02 = 4
is known and p is specified by Hy and H;. The likelihood function for the N(u,4) density is
given by

L(p) = f(a1, . @ni p,4) = (1/2V2m) exp { = 0L, (21 — p)*/8}
so that
Lo = L(po) = (1/2v2m)"exp { = 31, (s — 2)°/8}
and
Ly = L) = (1/2V2m)"exp { = Y1, (7 — 4)*/8}
Therefore
Lo/Ly = exp {— [Xiy (wi — 2)* = X0y (w1 — 4)%] /8} = exp {— 20 @i/2 + 3n/2}
and the critical region is defined by
exp{— >, xi/2+3n/2} <k inside C
Taking logarithms of both sides, subtracting (3/2)n and dividing by (—1/2)n one gets

> K inside C
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In practice, one need not keep track of K as long as one keeps track of the direction of the
inequality. K can be determined by making the size of C' = o = 0.05. In this case

o =Prfe > K/u=2] = Prz > (K - 2)/(2/v/n)]

where z = (z — 2)/(2/+/n) is distributed N (0, 1) under Hy. From the N(0,1) tables, we have

= 1.645

K =2+ 1.645(2/v/n)

and T > 2+ 1.645(2/y/n) defines the most powerful critical region of size v = 0.05 for testing
Hy; g = 2 versus Hy; iy = 4. Note that, in this case
B = Pr[z <2+ 1.645(2/v/n)/p = 4]
= Pr[z < [-2+ 1.645(2/v/n)]/(2/v/n)] = Pr[z < 1.645 — /n]

For n = 4; § = Pr[z < —0.355] = 0.3613 shown by the shaded region in Figure 2.4. For n = 9;
B = Pr[z < —1.355] = 0.0877, and for n = 16; § = Pr[z < —2.355] = 0.00925.

B=03613

=1

Uy =2 3.645 u, =4
Figure 2.4 Critical Region for Testing p, = 2 against p; =4 for n =4

This gives us an idea of how, for a fixed o = 0.05, the minimum 3 decreases with larger sample
size n. As n increases from 4 to 9 to 16, the var(z) = 0?/n decreases and the two distributions
shown in Figure 2.4 shrink in dispersion still centered around py = 2 and py = 4, respectively.
This allows better decision making (based on larger sample size) as reflected by the critical
region shrinking from Z > 3.65 for n = 4 to T > 2.8225 for n = 16, and the power (1 — () rising
from 0.6387 to 0.9908, respectively, for a fixed o < 0.05. The power function is the probability
of rejecting Hy. It is equal to a under Hy and 1 — 3 under H;. The ideal power function is zero
at Hyp and one at H;. The Neyman-Pearson lemma allows us to fix «, say at 0.05, and find the
test with the best power at H;.

In example 2, both the null and alternative hypotheses are simple. In real life, one is more
likely to be faced with testing Hg; u = 2 versus Hi;u # 2. Under the alternative hypothesis,
the distribution is not completely specified, since the mean p is not known, and this is referred
to as a composite hypothesis. In this case, one cannot compute the probability of type II error
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since the distribution is not known under the alternative. Also, the Neyman-Pearson lemma
cannot be applied. However, a simple generalization allows us to compute a Likelihood Ratio
test which has satisfactory properties but is no longer uniformly most powerful of size . In this
case, one replaces L1, which is not known since H; is a composite hypothesis, by the maximum
value of the likelihood, i.e.,

maxL

max/L

Since max Lg is the maximum value of the likelihood under the null while max/Z is the maximum
value of the likelihood over the whole parameter space, it follows that maxLy < maxL and A < 1.
Hence, if Hy is true, A is close to 1, otherwise it is smaller than 1. Therefore, A < k defines the
critical region for the Likelihood Ratio test, and k is determined such that the size of this test
is a.

Example 3: For a random sample x1,...,z, drawn from a Normal distribution with mean p
and variance o2 = 4, derive the Likelihood Ratio test for Hy; u = 2 versus Hy;pu # 2. In this
case

maxLo = (1/2v27)"exp {— 1" | (z; — 2)?/8} = Lg
and

maxL = (1/2V2m)"exp { = Y1 (i — )*/8} = L(fiyp)
where use is made of the fact that 1, = Z. Therefore,

A=exp{[- 20" (v — 2%+ X0 (v — 2)?] /8} = exp {—n(z — 2)?/8}

Hence, the region for which A < k, is equivalent after some simple algebra to the following
region

(z—-2?%>K or |z—2>K?
where K is determined such that
Pr[|z —2| > KY?/u=2=a

We know that & ~ N(2,4/n) under Hy. Hence, z = (Z — 2)/(2/y/n) is N(0,1) under Hp, and
the critical region of size o will be based upon |z| > 2,/o where z, 5 is given in Figure 2.5 and
is the value of a N (0, 1) random variable such that the probability of exceeding it is a/2. For
a = 0.05, z, /5 = 1.96, and for v = 0.10, 2,/ = 1.645. This is a two-tailed test with rejection of
Hy obtained in case z < —2,/3 O 2 > 24 /2.

Note that in this case

LR = —2log\ = ( — 2)%/(4/n) = 2*

which is distributed as x? under Hy. This is because it is the square of a N(0, 1) random variable
under Hy. This is a finite sample result holding for any n. In general, other examples may lead
to more complicated A statistics for which it is difficult to find the corresponding distributions
and hence the corresponding critical values. For these cases, we have an asymptotic result
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Reject Ho Do not reject Ho Reject Ho

Za2 0 Zar

Figure 2.5 Critical Values

which states that, for large n, LR = —2log) will be asymptotically distributed as x? where v
denotes the number of restrictions that are tested by Hy. For example 2, v = 1 and hence, LR
is asymptotically distributed as x?. Note that we did not need this result as we found LR is
exactly distributed as x7 for any n. If one is testing Ho; 4 = 2 and 02 = 4 against the alternative
that Hy; ju # 2 or 0% # 4, then the corresponding LR will be asymptotically distributed as x3,
see problem 5, part (f).

Likelihood Ratio, Wald and Lagrange Multiplier Tests

Before we go into the derivations of these three tests we start by giving an intuitive graphical
explanation that will hopefully emphasize the differences among these tests. This intuitive
explanation is based on the article by Buse (1982).

Consider a quadratic log-likelihood function in a parameter of interest, say p. Figure 2.6
shows this log-likelihood logL(u), with a maximum at . The Likelihood Ratio test, tests the
null hypothesis Ho; = pg by looking at the ratio of the likelihoods A = L(ug)/L(ji) where

logL(w)

>

logL(f)

log L, (i) _ logL (W)

logZ, (1,)

— logL, (1)

Mo [ 1

Figure 2.6 Wald Test
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—2log), twice the difference in log-likelihood, is distributed asymptotically as x2 under Hy. This
test differentiates between the top of the hill and a preassigned point on the hill by evaluating
the height at both points. Therefore, it needs both the restricted and unrestricted maximum
of the likelihood. This ratio is dependent on the distance of y from i and the curvature of
the log-likelihood, C(u) = |0*logL(u)/0p?|, at fi. In fact, for a fixed (ji — ug), the larger C(1i),
the larger is the difference between the two heights. Also, for a given curvature at i, the larger
(1L — pg) the larger is the difference between the heights. The Wald test works from the top of
the hill, i.e., it needs only the unrestricted maximum likelihood. It tries to establish the distance
to 1, by looking at the horizontal distance (f — pg), and the curvature at u. In fact the Wald
statistic is W = (i — py)?C(fi) and this is asymptotically distributed as x? under Hy. The usual
form of W has I(u) = —E[0%logL(p)/0u?] the information matrix evaluated at ji, rather than
C(1), but the latter is a consistent estimator of I(x). The information matrix will be studied
in details in Chapter 7. It will be shown, under fairly general conditions, that 1 the MLE of
w, has var(ii) = I-1(ji). Hence W = (1i — pio)?/var(fi) all evaluated at the unrestricted MLE.
The Lagrange-Multiplier test (LM), on the other hand, goes to the preassigned point , i.e.,
it only needs the restricted maximum likelihood, and tries to determine how far it is from the
top of the hill by considering the slope of the tangent to the likelihood S(u) = dlogL(u)/0p at
o, and the rate at which this slope is changing, i.e., the curvature at p,. As Figure 2.7 shows,
for two log-likelihoods with the same S(p), the one that is closer to the top of the hill is the
one with the larger curvature at p.

7

logL(t) /

log Ll (‘[Ll) ..................................... 1Og ’ (‘u)
: 1

log L, (fy) | f :
log L(‘uo) .................... i :
: log Z,(1)

\%
=

A A

My i, H

Figure 2.7 LM Test

This suggests the following statistic: LM = S?(j1){C(119)} ! where the curvature appears in
inverse form. In the Appendix to this chapter, we show that the E[S(u)] = 0 and var[S(u)] =
I(p). Hence LM = S?(ug)I (1) = S?(ug)/var[S(pg)] all evaluated at the restricted MLE.
Another interpretation of the LM test is that it is a measure of failure of the restricted estimator,
in this case p, to satisfy the first-order conditions of maximization of the unrestricted likelihood.
We know that S(1z) = 0. The question is: to what extent does S(u) differ from zero? S(u) is
known in the statistics literature as the score, and the LM test is also referred to as the score
test. For a more formal treatment of these tests, let us reconsider example 3 of a random sample
Z1,...,Ty from a N(u,4) where we are interested in testing Ho; pg = 2 versus Hy; u # 2. The
likelihood function L(u) as well as LR = —2log\ = n(Z — 2)?/4 were given in example 3. In
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fact, the score function is given by

_ OlogL(p) _ Yoiq(wi—p) _ n(@ —p)

S(p)

o 1 1
and under Hy

Sy) = S(2)= "=

o) = (P ==
and I(p) = —E 821‘;‘5;(“)] - % = C(p).

The Wald statistic is based on
W = (s — 221 Gines) = @ =22+ (5)

The LM statistic is based on
LM = S*(po) I~ (po) =

Therefore, W = LM = LR for this example with known variance o2 = 4. These tests are all
based upon the |z — 2| > k critical region, where k is determined such that the size of the test
is a.. In general, these test statistics are not always equal, as is shown in the next example.

Example 4: For a random sample z1, ..., x, drawn from a N (u,0?) with unknown o2, test the
hypothesis Hy; = 2 versus Hy; pu # 2. Problem 5, part (c), asks the reader to verify that

S (s — 2)? REo2? oz -2y
S (i = 7)° STz MM = e

One can easily show that LM /n = (W/n)/[1+(W/n)] and LR/n =log[14+(W/n)]. Let y = W/n,
then using the inequality y > log(1 4+ y) > y/(1 + y), one can conclude that W > LR > LM.
This inequality was derived by Berndt and Savin (1977), and will be considered again when we
study test of hypotheses in the general linear model. Note, however that all three test statistics
are based upon |Z — 2| > k and for finite n, the same exact critical value could be obtained
from the Normally distributed Z. This section introduced the W, LR and LM test statistics, all
of which have the same asymptotic distribution. In addition, we showed that using the normal
distribution, when o2 is known, W = LR = LM for testing Ho;p = 2 versus Hy;pu # 2.
However, when o2 is unknown, we showed that W > LR > LM for the same hypothesis.

LR = nlog [ } whereas W =

Example 5: For a random sample x1, ..., x, drawn from a Bernoulli distribution with parameter
0, test the hypothesis Hy; 0 = 0y versus Hy; 0 # 6y, where 0 is a known positive fraction. This
example is based on Engle (1984). Problem 4, part (i), asks the reader to derive LR, W and
LM for Hy; 0 = 0.2 versus Hy; 0 # 0.2. The likelihood L(6) and the Score S(f) were derived in
section 2.2. One can easily verify that

DT M Y T

2R (1—6)2

0?logL(0)

C(6) = |—3
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and

1(0) = -E [8210gL(9)] - n

06> 1—6)
The Wald statistic is based on

W = (Bare — 600)*1(Onre) = (& — 60)°- gz(1n_ 7). x(({i :io))/Qn

using the fact that EMLE = Z. The LM statistic is based on
(f‘ — 00)2 ‘ 90(1 — 00) (f — 90)2

[(90(1 — 90)/77,]2 n - 90(1 — 90)/%
Note that the numerator of the W and LM are the same. It is the denomillator which is the
var(z) = 6(1 — 0)/n that is different. For Wald, this var(z) is evaluated at 6,15, whereas for
LM, this is evaluated at 0.

The LR statistic is based on

logL(Oyzp) = 32, zilogZ 4 (n — 31, 2)log(1 — Z)

LM = 5%(00)11(6y) =

and

logL(0o) = > iy wilogby + (n — > i, xi)log(1 — 0o)
so that

LR = —2logL(y) + 2logL(Orrr) = —2[3", zi(loghy — logi)

+(n =32 @i)(log(1 — bo) — log(1 — 7))]

For this example, LR looks different from W and LM. However, a second-order Taylor-Series
expansion of LR around 0y = T yields the same statistic. Also, for n — oo, plim Z = 6 and if
Hj is true, then all three statistics are asymptotically equivalent. Note also that all three test
statistics are based upon |Z — | > k and for finite n, the same exact critical value could be
obtained from the binomial distribution. See problem 19 for more examples of the conflict in
test of hypotheses using the W, LR and LM test statistics.

Bera and Permaratne (2001, p. 58) tell the following amusing story that can bring home
the interrelationship among the three tests: “Once around 1946 Ronald Fisher invited Jerzy
Neyman, Abraham Wald, and C.R. Rao to his lodge for afternoon tea. During their conversation,
Fisher mentioned the problem of deciding whether his dog, who had been going to an “obedience
school” for some time, was disciplined enough. Neyman quickly came up with an idea: leave
the dog free for some time and then put him on his leash. If there is not much difference in
his behavior, the dog can be thought of as having completed the course successfully. Wald,
who lost his family in the concentration camps, was adverse to any restrictions and simply
suggested leaving the dog free and seeing whether it behaved properly. Rao, who had observed
the nuisances of stray dogs in Calcutta streets did not like the idea of letting the dog roam
freely and suggested keeping the dog on a leash at all times and observing how hard it pulls
on the leash. If it pulled too much, it needed more training. That night when Rao was back
in his Cambridge dormitory after tending Fisher’s mice at the genetics laboratory, he suddenly
realized the connection of Neyman and Wald’s recommendations to the Neyman-Pearson LR
and Wald tests. He got an idea and the rest is history.”



30 CHAPTER 2: Basic Statistical Concepts
2.5 Confidence Intervals

Estimation methods considered in section 2.2 give us a point estimate of a parameter, say pu,
and that is the best bet, given the data and the estimation method, of what p might be. But
it is always good policy to give the client an interval, rather than a point estimate, where with
some degree of confidence, usually 95% confidence, we expect u to lie. We have seen in Figure
2.5 that for a N(0, 1) random variable z, we have

Prl—z40 <2< 2400 =1 -«

and for a = 5%, this probability is 0.95, giving the required 95% confidence. In fact, z,/ = 1.96
and

Pr[—1.96 < z < 1.96] = 0.95

This says that if we draw 100 random numbers from a N (0, 1) density, (using a normal random
number generator) we expect 95 out of these 100 numbers to lie in the [-1.96,1.96] interval.
Now, let us get back to the problem of estimating p from a random sample x1,...,z, drawn
from a N(u,0?) distribution. We found out that fiy;;z = @ and Z ~ N(u,02/n). Hence,
z=(T—p)/(c/y/n)is N(0,1). The point estimate for p is Z observed from the sample, and the
95% confidence interval for u is obtained by replacing z by its value in the above probability
statement:

T—p
a/v/n
Assuming o is known for the moment, one can rewrite this probability statement after some
simple algebraic manipulations as

PI‘[.CE - Za/Q(U/\/ﬁ) SpsT+ Za/Q(O-/\/ﬁ)] =l-a

Note that this probability statement has random variables on both ends and the probability that
these random variables sandwich the unknown parameter p is 1 — . With the same confidence
of drawing 100 random N (0, 1) numbers and finding 95 of them falling in the (—1.96, 1.96) range
we are confident that if we drew a 100 samples and computed a 100 Z’s, and a 100 intervals
(Z +£1.96 o/+y/n), p will lie in these intervals in 95 out of 100 times.

If o is not known, and is replaced by s, then problem 12 shows that this is equivalent to
dividing a N(0,1) random variable by an independent X%_l random variable divided by its
degrees of freedom, leading to a t-distribution with (n — 1) degrees of freedom. Hence, using the
t-tables for (n — 1) degrees of freedom

PI‘[—Z&/Q < < Za/2] =l-a

Pr[_ta/Q;n—l Stp < ta/Qm—l] =1-a
and replacing t,,—1 by (Z — u)/(s/+/n) one gets
Pr[:f — ta/g;n_l(s/\/ﬁ) Spu<szT+ toz/Z;n—l(s/\/ﬁ)] =1l-a

Note that the degrees of freedom (n—1) for the ¢-distribution come from s and the corresponding
critical value t,,_1.q /2 is therefore sample specific, unlike the corresponding case for the normal
density where z,/, does not depend on n. For small n, the t,/, values differ drastically from
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Table 2.1 Descriptive Statistics for the Earnings Data

Sample: 1 595

LWAGE WKS ED EX MS FEM BLK  UNION
Mean 6.9507  46.4520 12.8450  22.8540 0.8050 0.1126 0.0723 0.3664
Median 6.9847  48.0000 12.0000  21.0000 1.0000 0.0000 0.0000 0.0000
Maximum 8.5370  52.0000  17.0000  51.0000 1.0000 1.0000 1.0000 1.0000
Minimum 5.6768 5.0000 4.0000 7.0000 0.0000 0.0000 0.0000 0.0000
Std. Dev. 0.4384 5.1850 2.7900  10.7900 0.3965 0.3164 0.2592 0.4822
Skewness -0.1140 -2.7309 -0.2581 0.4208  —-1.5400 2.4510 3.3038 0.5546
Kurtosis 3.3937  13.7780 2.7127 2.0086 3.3715 7.0075  11.9150 1.3076
Jarque-Bera 5.13  3619.40 8.65 41.93 238.59 993.90 3052.80 101.51
Probability 0.0769 0.0000 0.0132 0.0000 0.0000 0.0000 0.0000 0.0000
Observations 595 595 595 595 595 595 595 595

Zq /2, €mphasizing the importance of using the ¢-density in small samples. When n is large the
difference between z, /5 and t, /5 diminishes as the ¢-density becomes more like a normal density.
For n = 20, and o = 0.05, 1, /9,,—1 = 2.093 as compared with z,/, = 1.96. Therefore,

Pr[—2.093 < t, 1 < 2.093] = 0.95

and p lies in & £ 2.093(s/+/n) with 95% confidence.
More examples of confidence intervals can be constructed, but the idea should be clear.

Note that these confidence intervals are the other side of the coin for tests of hypotheses. For
example, in testing Hy; = 2 versus Hy; u # 2 for a known o, we discovered that the Likelihood
Ratio test is based on the same probability statement that generated the confidence interval
for p. In classical tests of hypothesis, we choose the level of confidence a = 5% and compute
z = (% —p)/(o/y/n). This can be done since o is known and g = 2 under the null hypothesis
Hy. Next, we do not reject Hy if z lies in the (_Za/27 Za/z) interval and reject Hy otherwise. For
confidence intervals, on the other hand, we do not know p, and armed with a level of confidence
(1 — @)% we construct the interval that should contain p with that level of confidence. Having
done that, if ;1 = 2 lies in that 95% confidence interval, then we cannot reject Hy; u = 2 at the
5% level. Otherwise, we reject Hy. This highlights the fact that any value of p that lies in this
95% confidence interval (assuming it was our null hypothesis) cannot be rejected at the 5% level
by this sample. This is why we do not say “accept Hy”, but rather we say “do not reject Hy”.

2.6 Descriptive Statistics

In Chapter 4, we will consider the estimation of a simple wage equation based on 595 individuals
drawn from the Panel Study of Income Dynamics for 1982. This data is available on the Springer
web site as EARN.ASC. Table 2.1 gives the descriptive statistics using EViews for a subset of
the variables in this data set.
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Figure 2.9 Weeks Worked Histogram

The average log wage is $6.95 for this sample with a minimum of $5.68 and a maximum of
$8.54. The standard deviation of log wage is 0.44. A plot of the log wage histogram is given
in Figure 2.8. Weeks worked vary between 5 and 52 with an average of 46.5 and a standard
deviation of 5.2. This variable is highly skewed as evidenced by the histogram in Figure 2.9.
Years of education vary between 4 and 17 with an average of 12.8 and a standard deviation
of 2.79. There is the usual bunching up at 12 years, which is also the median, as is clear from
Figure 2.10.

Experience varies between 7 and 51 with an average of 22.9 and a standard deviation of 10.79.
The distribution of this variable is skewed to the left, as shown in Figure 2.11.

Marital status is a qualitative variable indicating whether the individual is married or not.
This information is recoded as a numeric (1, 0) variable, one if the individual is married and zero
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otherwise. This recoded variable is also known as a dummy variable. It is basically a switch
turning on when the individual is married and off when he or she is not. Female is another
dummy variable taking the value one when the individual is a female and zero otherwise. Black
is a dummy variable taking the value one when the individual is black and zero otherwise. Union
is a dummy variable taking the value one if the individual’s wage is set by a union contract and
zero otherwise. The minimum and maximum values for these dummy variables are obvious. But
if they were not zero and one, respectively, you know that something is wrong. The average is a
meaningful statistic indicating the percentage of married individuals, females, blacks and union
contracted wages in the sample. These are 80.5, 11.3,7.2 and 30.6%, respectively. We would
like to investigate the following claims: (i) women are paid less than men; (ii) blacks are paid
less than non-blacks; (iii) married individuals earn more than non-married individuals; and (iv)
union contracted wages are higher than non-union wages.
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Table 2.2 Test for the Difference in Means

Average

log wage Difference
Male $7,004 0.474
Female $6,530 (-8.86)
Non-Black $6,978 -0.377
Black $6,601 (-5.57)
Not Married $6,664 0.356
Married $7,020 (8.28)
Non-Union $6,945 0.017
Union $6,962 (0.45)

Table 2.3 Correlation Matrix

LWAGE WKS ED EX MS FEM BLK UNION
LWAGE 1.0000 0.0403 0.4566 0.0873 0.3218  -0.3419  -0.2229 0.0183
WKS 0.0403 1.0000 0.0002  -0.1061 0.0782  -0.0875  —0.0594 -0.1721
ED 0.4566 0.0002 1.0000  -0.2219 0.0184  -0.0012  —0.1196 -0.2719
EX 0.0873  -0.1061  —-0.2219 1.0000 0.1570  —0.0938 0.0411 0.0689
MS 0.3218 0.0782 0.0184 0.1570 1.0000  -0.7104  -0.2231 0.1189
FEM -0.3419  -0.0875  -0.0012  -0.0938  -0.7104 1.0000 0.2086 -0.1274
BLK -0.2229  -0.0594  -0.1196 0.0411  -0.2231 0.2086 1.0000 0.0302

UNION 0.0183  -0.1721  -0.2719 0.0689 0.1189  -0.1274 0.0302 1.0000

A simple first check could be based on computing the average log wage for each of these cat-
egories and testing whether the difference in means is significantly different from zero. This
can be done using a t-test, see Table 2.2. The average log wage for males and females is given
along with their difference and the corresponding t¢-statistic for the significance of this differ-
ence. Other rows of Table 2.2 give similar statistics for other groupings. In Chapter 4, we will
show that this t-test can be obtained from a simple regression of log wage on the categorical
dummy variable distinguishing the two groups. In this case, the Female dummy variable. From
Table 2.2, it is clear that only the difference between union and non-union contracted wages are
insignificant.

One can also plot log wage versus experience, see Figure 2.12, log wage versus education, see
Figure 2.13, and log wage versus weeks, see Figure 2.14.

The data shows that, in general, log wage increases with education level, weeks worked, but
that it exhibits a rising and then a declining pattern with more years of experience. Note that
the t-tests based on the difference in log wage across two groupings of individuals, by sex, race or
marital status, or the figures plotting log wage versus education, log wage versus weeks worked
are based on pairs of variables in each case. A nice summary statistic based also on pairwise com-
parisons of these variables is the correlation matrix across the data. This is given in Table 2.3.

The signs of this correlation matrix give the direction of linear relationship between the
corresponding two variables, while the magnitude gives the strength of this correlation. In
Chapter 3, we will see that these simple correlations when squared give the percentage of
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variation that one of these variables explain in the other. For example, the simple correlation
coeflicient between log wage and marital status is 0.32. This means that marital status explains
(0.32)% or 10% of the variation in log wage.

One cannot emphasize enough how important it is to check one’s data. It is important to
compute the descriptive statistics, simple plots of the data and simple correlations. A wrong
minimum or maximum could indicate some possible data entry errors. Troughs or peaks in these
plots may indicate important events for time series data, like wars or recessions, or influential
observations. More on this in Chapter 8. Simple correlation coefficients that equal one indicate
perfectly collinear variables and warn of the failure of a linear regression that has both variables
included among the regressors, see Chapter 4.
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Notes

1.

Actually E(s?) = o2 does not need the normality assumption. This fact along with the proof of
(n —1)s?/0? ~ x%_,, under Normality, can be easily shown using matrix algebra and is deferred
to Chapter 7.

. This can be proven using the Chebyshev’s inequality, see Hogg and Craig (1995).

. See Hogg and Craig (1995) for the type of regularity conditions needed for these distributions.

Problems

1.

Variance and Covariance of Linear Combinations of Random Variables. Let a,b,c,d,e and f be
arbitrary constants and let X and Y be two random variables.

(a) Show that var(a + bX) = b? var(X).

(b) var(a+ bX + cY) = b?*var(X) + ¢ var(Y) + 2bc cov(X,Y).

(¢) covl(a+bX +¢Y), (d+eX + fY)] = be var(X) + ¢f var(Y) + (bf + ce) cov(X,Y).

. Independence and Simple Correlation.

(a) Show that if X and Y are independent, then E(XY') = E(X)E(Y) = p,p, where j1, = E(X)
and 1, = E(Y). Therefore, cov(X,Y) = E(X — 1, )(Y — p,) = 0.

(b) Show that if Y = a + X, where a and b are arbitrary constants, then p,, = 1if b > 0 and
—-1if b <0.

. Zero Covariance Does Not Necessarily Imply Independence. Let X = —2,—1,0,1,2 with Pr[X =

x] = 1/5. Assume a perfect quadratic relationship between Y and X, namely Y = X2. Show that
cov(X,Y) = E(X?) = 0. Deduce that pyy = correlation (X,Y’) = 0. The simple correlation coef-
ficient pyy measures the strength of the linear relationship between X and Y. For this example,
it is zero even though there is a perfect nonlinear relationship between X and Y. This is also an
example of the fact that if pyy = 0, then X and Y are not necessarily independent. p,, =0 is a
necessary but not sufficient condition for X and Y to be independent. The converse, however, is
true, i.e., if X and Y are independent, then py, = 0, see problem 2.

. The Binomial Distribution is defined as the number of successes in n independent Bernoulli trials

with probability of success 6. This discrete probability function is given by

n

f(X;0) = <X>9X(1—9)”—X X=0,1,...,n

and zero elsewhere, with () = n!/[X!(n — X)].
(a) Out of 20 candidates for a job with a probability of hiring of 0.1. Compute the probabilities
of getting X =5 or 6 people hired?
(b) Show that (;):(nfx) and use that to conclude that b(n, X,0) = b(n,n — X,1 —6).
(¢c) Verity that E(X) = nf and var(X) = nf(1 — 0).

(d) For a random sample of size n drawn from the Bernoulli distribution with parameter 0, show
that X is the MLE of 6.

(e) Show that X, in part (d), is unbiased and consistent for 6.
(f) Show that X, in part (d), is sufficient for 6.
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Derive the Cramér-Rao lower bound for any unbiased estimator of . Is X, in part (d), MVU
for 67

For n = 20, derive the uniformly most powerful critical region of size o < 0.05 for testing
Hy; 0 = 0.2 versus Hq;0 = 0.6. What is the probability of type II error for this test criteria?

Form the Likelihood Ratio test for testing Hy; 0 = 0.2 versus Hy;0 # 0.2. Derive the Wald
and LM test statistics for testing Hy versus H;. When is the Wald statistic greater than the
LM statistic?

5. For a random sample of size n drawn from the Normal distribution with mean p and variance o2.

(a)
(b)

()

(d)

(e)
()
(2)

Show that s? is a sufficient statistic for o2.

Using the fact that (n — 1)s?/0? is x2_; (without proof), verify that E(s?) = o2 and that
var(s?) = 20*/(n — 1) as shown in the text.

Given that o2 is unknown, form the Likelihood Ratio test statistic for testing Ho;u = 2
versus Hi;pu # 2. Derive the Wald and Lagrange Multiplier statistics for testing Hy versus
H;. Verify that they are given by the expressions in example 4.

Another derivation of the W > LR > LM inequality for the null hypothesis given in part (c)
can be obtained as follows: Let ji, 52 be the restricted maximum likelihood estimators under
Ho; o = pg. Let f, 52 be the corresponding unrestricted maximum likelihood estimators
under the alternative Hy;p # . Show that W = —2log[L(72,6°)/L(i,5°)] and LM =
—2log[L(ji,5%)/L(fi,5°)] where L(u, 02) denotes the likelihood function. Conclude that W >
LR > LM, see Breusch (1979). This is based on Baltagi (1994).

Given that p is unknown, form the Likelihood Ratio test statistic for testing Hy; o = 3 versus
Hl; g 75 3.

Form the Likelihood Ratio test statistic for testing Hy; u = 2,02 = 4 against the alternative
that Hy;p # 2 or 02 # 4.

For n = 20, s> = 9 construct a 95% confidence interval for o2.

6. The Poisson distribution can be defined as the limit of a Binomial distribution as n — oo and
0 — 0 such that nf = X is a positive constant. For example, this could be the probability of a
rare disease and we are random sampling a large number of inhabitants, or it could be the rare
probability of finding oil and n is the large number of drilling sights. This discrete probability
function is given by

e M\X

f(X§)\):T

X =0,1,2,...

For a random sample from this Poisson distribution

Show that F(X) = A and var(X) = A.

Show that the MLE of X is Aypp = X.

Show that the method of moments estimator of \ is also X.
Show that X is unbiased and consistent for \.

Show that X is sufficient for \.

Derive the Cramér-Rao lower bound for any unbiased estimator of A\. Show that X attains
that bound.

For n = 9, derive the Uniformly Most Powerful critical region of size a < 0.05 for testing
Hy; A =2 versus Hy; A =4.
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(h) Form the Likelihood Ratio test for testing Ho; A = 2 versus Hy; A # 2. Derive the Wald and
LM statistics for testing Hy versus H;. When is the Wald test statistic greater than the LM
statistic?

7. The Geometric distribution is known as the probability of waiting for the first success in indepen-
dent repeated trials of a Bernoulli process. This could occur on the 1st, 2nd, 3rd,.. trials.

9(X;0)=0(1—0)* ! for X =1,2,3,...

(a) Show that F(X) = 1/6 and var(X) = (1 — 6)/6°.

(b) Given a random sample from this Geometric distribution of size n, find the MLE of 6 and
the method of moments estimator of 6.

(c) Show that X is unbiased and consistent for 1/6.

(d) For n = 20, derive the Uniformly Most Powerful critical region of size v < 0.05 for testing
Hy; 0 = 0.5 versus Hy; 0 = 0.3.

(e) Form the Likelihood Ratio test for testing Hy; 6 = 0.5 versus Hy; 6 # 0.5. Derive the Wald
and LM statistics for testing Hy versus H;. When is the Wald statistic greater than the LM
statistic?

8. The Uniform density, defined over the unit interval [0, 1], assigns a unit probability for all values
of X in that interval. It is like a roulette wheel that has an equal chance of stopping anywhere
between 0 and 1.

f(X)=1 0<X<1
=0 elsewhere

Computers are equipped with a Uniform (0,1) random number generator so it is important to
understand these distributions.

(a) Show that E(X) =1/2 and var(X) = 1/12.
(b) What is the Pr[0.1 < X < 0.3]7 Does it matter if we ask for the Pr[0.1 < X < 0.3]?

9. The Ezxponential distribution is given by
1
f(X;0) = ge_x/e X>0and >0

This is a skewed and continuous distribution defined only over the positive quadrant.

Show that E(X) = 6 and var(X) = 6.
Show that /éMLE = X

Show that the method of moments estimator of 6 is also X.

Show that X is sufficient for 6.

)
)
)
d) Show that X is an unbiased and consistent estimator of 6.
)
) Derive the Cramér-Rao lower bound for any unbiased estimator of 7 Is X MVU for 6?
)

For n = 20, derive the Uniformly Most Powerful critical region of size v < 0.05 for testing
Hy; 0 =1 versus Hy;0 = 2.
(h) Form the Likelihood Ratio test for testing Ho; 6 = 1 versus Hy;6 # 1. Derive the Wald and

LM statistics for testing Hy versus H;. When is the Wald statistic greater than the LM
statistic?
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10. The Gamma distribution is given by

f(X;a,0) :F(O})ﬁaXo‘flefx/ﬁ for X >0

=0 elsewhere

where o and 3 > 0 and T'(«) = (o — 1)! This is a skewed and continuous distribution.

(a)
(b)

Show that E(X) = a3 and var(X) = a8>.

For a random sample drawn from this Gamma density, what are the method of moments
estimators of o and 37

Verify that for « = 1 and 8 = 0, the Gamma probability density function reverts to the
Exponential p.d.f. considered in problem 9.

We state without proof that for a = r/2 and 3 = 2, this Gamma density reduces to a x>
distribution with r degrees of freedom, denoted by x2. Show that F(x?) = r and var(x?) = 2r.

For a random sample from the y? distribution, show that (X;Xo,...,X,,) is a sufficient
statistic for r.

One can show that the square of a N(0,1) random variable is a x? random variable with
1 degree of freedom, see the Appendix to the chapter. Also, one can show that the sum
of independent x?’s is a x? random variable with degrees of freedom equal the sum of the
corresponding degrees of freedom of the individual x?’s, see problem 15. This will prove useful
for testing later on. Using these results, verify that the sum of squares of m independent
N(0,1) random variables is a x? with m degrees of freedom.

11. The Beta distribution is defined by

12.

[(X) = lmXa_l(l —X)l for0< X <1

=0 elsewhere

where a > 0 and (8 > 0. This is a skewed continuous distribution.

(a)
(b)

For @ = 8 = 1 this reverts back to the Uniform (0,1) probability density function. Show
that E(X) = (a/a+ () and var(X) = a8/(a+ B)*(a+ 3+ 1).

Suppose that a = 1, find the estimators of § using the method of moments and the method
of maximum likelihood.

The t-distribution with r degrees of freedom can be defined as the ratio of two independent random
variables. The numerator being a N (0, 1) random variable and the denominator being the square-
root of a x2 random variable divided by its degrees of freedom. The t-distribution is a symmetric
distribution like the Normal distribution but with fatter tails. As r — o0, the t-distribution
approaches the Normal distribution.

(a)
(b)

()

Verify that if Xi,..., X, are a random sample drawn from a N(u,0?) distribution, then
2= (X — w)/(o/v/m) s N(0,1).

Use the fact that (n —1)s?/0? ~ x7_; to show that t = z//s?/0? = (X — p)/(s/y/n) has a
t-distribution with (n — 1) degrees of freedom. We use the fact that s? is independent of X
without proving it.

For n = 16, = 20 and s? = 4, construct a 95% confidence interval for pu.
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13.

14.

15.

16.
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The F-distribution can be defined as the ratio of two independent x? random variables each divided

by its corresponding degrees of freedom. It is commonly used to test the equality of variances. Let

52 be the sample variance from a random sample of size n; drawn from N(u,,0%) and let s3 be

the sample variance from another random sample of size ny drawn from N (u,,03). We know that

(ny —1)s2 /0% is X%nl—l) and (ng — 1)s3 /02 is X%ng—l)' Taking the ratio of those two independent

x? random variables divided by their appropriate degrees of freedom yields
si/ol

" 30

which under the null hypothesis Hy; 07 = 03 gives F = s7/s3 and is distributed as F with (n; —1)
and (ny — 1) degrees of freedom. Both s? and s3 are observable, so F' can be computed and
compared to critical values for the F-distribution with the appropriate degrees of freedom. Two
inspectors drawing two random samples of size 25 and 31 from two shifts of a factory producing
steel rods, find that the sampling variance of the lengths of these rods are 15.6 and 18.9 inches
squared. Test whether the variances of the two shifts are the same.

Moment Generating Function (MGF).

(a) Derive the MGF of the Binomial distribution defined in problem 4. Show that it is equal to
[(1—6)+0e]™.

(b) Derive the MGF of the Normal distribution defined in problem 5. Show that it is e/t+277%",

(¢) Derive the MGF of the Poisson distribution defined in problem 6. Show that it is e 1),

(d) Derive the MGF of the Geometric distribution defined in problem 7. Show that it is fe’/[1 —

(1—0)et].
(e) Derive the MGF of the Exponential distribution defined in problem 9. Show that it is 1/(1 —
0t).

(f) Derive the MGF of the Gamma distribution defined in problem 10. Show that it is (1—5t) ™.
Conclude that the MGF of a x2 is (1 —2t)~3.

(g) Obtain the mean and variance of each distribution by differentiating the corresponding MGF
derived in parts (a) through (f).
Moment Generating Function Method.
(a) Show that if Xy,...,X,, are independent Poisson distributed with parameters (\;) respec-
tively, then Y = Y7 | X; is Poisson with parameter > . | A;.

(b) Show that if X1, ..., X,, are independent Normally distributed with parameters (y,,07), then
Y =>" , X; is Normal with mean ", p1; and variance Y., 7.

(c) Deduce from part (b) that if X;,..., X, are IIN(u,0?), then X ~ N(u,02/n).

(d) Show that if Xi,..., X, are independent x? distributed with parameters (r;) respectively,
then Y = Y7 | X; is x? distributed with parameter > r;.

Best Linear Prediction. (Problems 16 and 17 are based on Amemiya (1994)). Let X and Y be two

random variables with means 1y and gy and variances 0% and o, respectively. Suppose that

p = correlation(X,Y) = oxy /oxoy
where oxy = cov(X,Y). Consider the linear relationship Y = o+ X where a and 3 are scalars:

(a) Show that the best linear predictor of Y based on X, where best in this case means the
minimum mean squared error predictor which minimizes F(Y — a — X)? with respect to «

and 3 is given by Y = & + BX where & = fy — ﬁﬂx and 3 = oxy /0% =poy/ox.
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(b) Show that the var(Y) = p*o% and that u =Y — Y, the prediction error, has mean zero and
variance equal to (1 — ,02)0%. Therefore, p? can be interpreted as the proportion of a%, that

is explained by the best linear predictor Y.
(¢) Show that cov(?,ﬂ) = 0.

17. The Best Predictor. Let X and Y be the two random variables considered in problem 16. Now
consider predicting Y by a general, possibly non-linear, function of X denoted by h(X).

(a) Show that the best predictor of Y based on X, where best in this case means the minimum
mean squared error predictor that minimizes E[Y — h(X)]? is given by h(X) = E(Y/X).
Hint: Write E[Y — h(X)]? as E{[Y — E(Y/X)] + [E(Y/X) — h(X)]}?. Expand the square
and show that the cross-product term has zero expectation. Conclude that this mean squared
error is minimized at h(X) = E(Y/X).

(b) If X and Y are bivariate Normal, show that the best predictor of Y based on X is identical
to the best linear predictor of Y based on X.

18. Descriptive Statistics. Using the data used in section 2.6 based on 595 individuals drawn from the
Panel Study of Income Dynamics for 1982 and available on the Springer web site as EARN.ASC,
replicate the tables and graphs given in that section. More specifically

(a) replicate Table 2.1 which gives the descriptive statistics for a subset of the variables in this
data set.

(b) Replicate Figures 2.6-2.11 which plot the histograms for log wage, weeks worked, education
and experience.

(¢) Replicate Table 2.2 which gives the average log wage for various groups and test the difference
between these averages using a t-test.

(d) Replicate Figure 2.12 which plots log wage versus experience. Figure 2.13 which plots log
wage versus education and Figure 2.14 which plots log wage versus weeks worked.

(e) Replicate Table 2.3 which gives the correlation matrix among a subset of these variables.

19. Conflict Among Criteria for Testing Hypotheses: Examples from Non-normal Distributions. This
is based on Baltagi (2000). Berndt and Savin (1977) showed that W > LR > LM for the case of
a multivariate regression model with normal distrubances. Ullah and Zinde-Walsh (1984) showed
that this inequality is not robust to non-normality of the disturbances. In the spirit of the latter
article, this problem considers simple examples from non-normal distributions and illustrates how
this conflict among criteria is affected.

(a) Consider a random sample x1, xo, ..., x, from a Poisson distribution with parameter A. Show
that for testing A = 3 versus A # 3 yields W > LM for z <3 and W < LM for = > 3.

(b) Consider a random sample z1, 22, .., %, from an Exponential distribution with parameter
0. Show that for testing 6 = 3 versus 0 # 3 yields W > LM for 0 <z <3 and W < LM for
T > 3.

(¢) Consider a random sample x1,x2,...,z, from a Bernoulli distribution with parameter 6.

Show that for testing 6 = 0.5 versus 0 # 0.5, we will always get W > LM. Show also, that
for testing 0 = (2/3) versus 0 # (2/3) we get W < LM for (1/3) <z < (2/3) and W > LM
for (2/3) <z <lor0<z<(1/3).
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Appendix

Score and Information Matriz: The likelihood function of a sample X1, ..., X,, drawn from f(X;,0)
is really the joint probability density function written as a function of 6:

LO) = f(Xq,...,X,; 0)

This probability density function has the property that [ L(#)dx = 1 where the integral is over all
Xq,..., X, written compactly as one integral over x. Differentiating this multiple integral with respect
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to 6, one gets

oL

Multiplying and dividing by L, one gets

1 0L [ (OlogL -
/(L@&) L"X‘/( 96 )Ld"‘o

But the score is by definition S(f) = dlogL/00. Hence E[S(0)] = 0. Differentiating again with respect
to 6, one gets

J1(Bt) v [ (Ze2) (55)] =0

Multiplying and dividing the second term by L one gets

- )
B 0%logL n <8logL) ] _0

96? Bl

or

= E[S(0)]”

[ 0%logL dlogL\”
Pl } _El( a0 )

But var[S(0)] = E[S(0)]? since E[S(0)] = 0. Hence 1(6) = var[S(6)].

Moment Generating Function (MGF): For the random variable X, the expected value of a special
function of X, namely eX? is denoted by

t? 3
Mx(t) = BE(e™') = B(1+ Xt + X5 + X° 5 + )

where the second equality follows from the Taylor series expansion of eX? around zero. Therefore,
t2
Mx(t) =1+ B(X)t + B(X?) 55 + E(X") 57 + .

This function of ¢ generates the moments of X as coefficients of an infinite polynomial in ¢. For example,
u = E(X) = coefficient of ¢, and E(X?)/2 is the coefficient of t2, etc. Alternatively, one can differentiate
this MGF with respect to ¢ and obtain p = E(X) = M%(0), i.e., the first derivative of Mx (t) with
respect to ¢ evaluated at ¢ = 0. Similarly, E(X") = M%(0) which is the r-th derivative of Mx (¢) with
respect to t evaluated at ¢ = 0. For example, for the Bernoulli distribution;

Mx(t) = E(eX) = Y%, eX0% (1 —0)' =X =6e! + (1 - 0)

so that M4 (t) = et and M5 (0) = 0 = E(X) and M%(t) = e’ which means that F(X?) = M%(0) = 6.
Hence,

var(X) = B(X?) — (B(X))? =60 -6 =0(1 — 0).

For the Normal distribution, see problem 14, it is easy to show that if X ~ N(u,o?), then Mx(t) =
et +37° and MY (0) = E(X) = p and MY (0) = E(X?) = 02 + p2.

There is a one-to-one correspondence between the MGF when it exists and the corresponding p.d.f.
This means that if Y has a MGF given by 24 then Y is normally distributed with mean 2 and
variance 8. Similarly, if Z has a MGF given by (e! + 1)/2, then Z is Bernoulli distributed with § = 1/2.
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Change of Variable: If X ~ N(0,1), then one can find the distribution function of ¥ = |X| by using
the Distribution Function method. By definition the distribution function of y is defined as

Gly) = PrlYy <y]=Pr[|X]|<y]=Pr[-y < X <y]
Pr[X <y] - Pr[X < —y] = F(y) — F(—y)

so that the distribution function of Y, G(y), can be obtained from the distribution function of X, F(x).
Since the N(0,1) distribution is symmetric around zero, then F(—y) = 1 — F(y) and substituting
that in G(y) we get G(y) = 2F(y) — 1. Recall, that the p.d.f. of Y is given by g(y) = G’(y). Hence,
9(y) = f(y) + f(—y) and this reduces to 2f(y) if the distribution is symmetric around zero. So that if
flx) = 6*12/2/@ for —oco < x < 400 then g(y) =2f(y) = 26’1’2/2/\/5 for y > 0.

Let us now find the distribution of Z = X2, the square of a N(0,1) random variable. Note that
dZ/dX = 2X which is positive when X > 0 and negative when X < 0. The change of variable method
cannot be applied since Z = X? is not a monotonic transformation over the entire domain of X. However,
using Y = | X|, we get Z =Y? = (|X])? and dZ/dY = 2Y which is always non-negative since Y is non-
negative. In this case, the change of variable method states that the p.d.f. of Z is obtained from that
of Y by substituting the inverse transformation Y = v/Z into the p.d.f. of Y and multiplying it by the
absolute value of the derivative of the inverse transformation:

av, 2 L
az V2 2yz \2r¢

It is clear why this transformation will not work for X since Z = X2 has two solutions for the inverse
transformation, X = £+v/Z, whereas, there is one unique solution for Y = /Z since it is non-negative.
Using the results of problem 10, one can deduce that Z has a gamma distribution with @ = 1/2 and
B = 2. This special Gamma density function is a x? distribution with 1 degree of freedom. Hence, we
have shown that the square of a N(0,1) random variable has a x? distribution.

Finally, if X;,...,X,, are independently distributed then the distribution function of ¥ = > " | X;
can be obtained from that of the X;’s using the Moment Generating Function (MGF) method:

My (t) = E(e¥?) = E[eXi= Xt = Bt E(eX2) . B(eXn?)
= Mx, (t)Mx,(t)..Mx,(t)

e_z/2| 212722 for 2 >0

h(z) =g(Vz) |

If in addition these X;’s are identically distributed, then Mx, (t) = Mx(t) fori=1,...,n and
My (t) = [Mx ()]

For example, if X1,..., X,, are IID Bernoulli (), then My, (t) = Mx(t) = e’ + (1 —6) fori=1,...,n.
Hence the MGF of Y = Y"1 | X, is given by

My (t) = [Mx (t)]" = [0e" + (1 - 0)]"

This can be easily shown to be the MGF of the Binomial distribution given in problem 14. This proves
that the sum of n independent and identically distributed Bernoulli random variables with parameter
is a Binomial random variable with same parameter 6.

X _
Central Limit Theorem: If X1, ..., X,, are IID(y,0?) from an unknown distribution, then Z = a
is asymptotically distributed as N(0,1). o/Vn

Proof: We assume that Ehe MGF of the X;’s exist and derive the MGF of Z. Next, we show that lim
My(t) as n — oo is /2" which is the MGF of N(0,1) distribution. First, note that

Y Xi—np Y —np
B o\vn  oyn

Z
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where Y = Y0 | X; with My () = [Mx(t)]". Therefore,
Mz(t) _ E(eZt) - E (e(Yt—nut)/a'\/ﬁ) _ e—nut/a\/ﬁE (eYt/U\/ﬁ)
= efnl‘t/”‘/ﬁMy(t/cr\/ﬁ) = efn“t/”‘/ﬁ[MX(t/cr\/ﬁ)]"
Taking log of both sides we get

t2 9 t3
——FE(X —FF
20%n (X5 + 6o3n/n (

2 83

Using the Taylor series expansion log(l + s) = s — 5 + 3 - we get

_npt
2 4 nlogll +

av/n

logMz(t) = E(X)+ X3+ ]

t
ovn

N t t2 5 t3 3
logMz(t) = ———t1 —+ —FE(X —FEX .
0gMz (1) o o 'uo\/ﬁ i 202n (X5 + 6o3n/n (X5 +

- - c E(X?) +
2 #U\/ﬁ 20%n
I 2 £ °
—|p——=+ ——=EX?)+ ———EX*+..| —.
+3 |:MO'\/T_7, + 202\/n (X5 + 603n/n (X + ] }
Collecting powers of ¢, we get
_ Vi (B(X?)  p*
IOgMz(t) = < T+T t+ W TCQ t
E(X%) 1 20E(X?) 1 @ N5,
6o3y/n 2 20%/n  303/n h

t?)

WE(XS) + ]

Therefore

1, (BE(XY) uBE(X?) u3> £

logM. = —¢? — [all
ogMz(t) t—l—( +3 S

2 6 2
note that the coefficient of 3 is 1/y/n times a constant. Therefore, this coefficient goes to zero as n — o0o.
Similarly, it can be shown that the coefficient of #” is 1/v/n"~? times a constant for r > 3. Hence,
lim logM(t) = 1152 and  lim My(t) = ez’
n—00 2 n—00
which is the MGF of a standard normal distribution.

The Central Limit Theorem is a powerful tool for asymptotic inference. In real life we do not know
what distribution we are sampling from, but as long as the sample drawn is random and we average (or
sum) and standardize then as n — oo, the resulting standardized statistic has an asymptotic N(0,1)
distribution that can be used for inference.

Using a random number generator from say the uniform distribution on the computer, one can generate
samples of size n = 20, 30,50 from this distribution and show how the sampling distribution of the sum
(or average) when it is standardized closely approximates the N (0, 1) distribution.

The real question for the applied researcher is how large n should be to invoke the Central Limit
Theorem. This depends on the distribution we are drawing from. For a Bernoulli distribution, a larger
n is needed the more asymmetric this distribution is i.e., if § = 0.1 rather than 0.5.

In fact, Figure 2.15 shows the Poisson distribution with mean = 15. This looks like a good approx-
imation for a Normal distribution even though it is a discrete probability function. Problem 15 shows
that the sum of n independent identically distributed Poisson random variables with parameter \ is
a Poisson random variable with parameter (n\). This means that if A = 0.15, an n of 100 will lead
to the distribution of the sum being Poisson (nA = 15) and the Central Limit Theorem seems well
approximated.
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Figure 2.15 Poisson Probability Distribution, Mean = 15
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Figure 2.16 Poisson Probability Distribution, Mean = 1.5

However, if A = 0.015, an n of 100 will lead to the distribution of the sum being Poisson (nA = 1.5)
which is given in Figure 2.16. This Poisson probability function is skewed and discrete and does not
approximate well a normal density. This shows that one has to be careful in concluding that n = 100 is a
large enough sample for the Central Limit Theorem to apply. We showed in this simple example that this
depends on the distribution we are sampling from. This is true for Poisson (A = 0.15) but not Poisson
(A =0.015), see Joliffe (1995). The same idea can be illustrated with a skewed Bernoulli distribution.

Conditional Mean and Variance: Two random variables X and Y are bivariate Normal if they have
the following joint distribution:

1 1 c—pu N\ (y—n )\
o el (52 (529
f@:9) 2o o, /1 = p? { 2(1 - p?) [( Ox Oy

) (5]
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where —00 < x < +00, —00 < y < +00, E(X) = puy, E(Y) = py, var(X) = 0%, var(Y) = 0% and p =
correlation (X,Y) = cov(X,Y)/oxoy. This joint density can be rewritten as

1 . 1 { % (s )r
- expde—  y— e — I (r—
1 1
e { g o ) = f/) A

X

flz,y) =

where fi(z) is the marginal density of X and f(y/x) is the conditional density of Y given X. In this
case, X ~ N(py,0%) and Y/X is Normal with mean E(Y/X) = uy + pg—y(x — i, ) and variance given
UX
by var(Y/X) = 0% (1 — p?).
By symmetry, the roles of X and Y can be interchanged and one can write f(z,y) = f(z/y) f2(y)
where fa(y) is the marginal density of Y. In this case, Y ~ N(y,0%) and X/Y is Normal with mean

E(X/)Y)=px + pZ—X(y — p1y) and variance given by var(X/Y) = 0% (1 — p?). If p =0, then f(y/z) =
Y

fa(y) and f(z,y) = fi(z)f2(y) proving that X and Y are independent. Therefore, if cov(X,Y) =0 and

X and Y are bivariate Normal, then X and Y are independent. In general, cov(X,Y) = 0 alone does

not necessarily imply independence, see problem 3.

One important and useful property is the law of iterated expectations. This says that the expectation
of any function of X and Y say h(X,Y’) can be obtained as follows:

E[hX,Y)] = ExEy;x[M(X,Y)]

where the subscript Y/X on E means the conditional expectation of Y given that X is treated as a
constant. The next expectation Ex treats X as a random variable. The proof is simple.

+oo +o00o
BV = [ [ b sy

where f(x,y) is the joint density of X and Y. But f(z,y) can be written as f(y/x)f1(z), hence
B Y] = 53 [[13 ha ) fly/a)dy| fu(@)de = Bx By x (X, 7))
Example: This law of iterated expectation can be used to show that for the bivariate Normal density,

the parameter p is indeed the correlation coefficient of X and Y. In fact, let h(X,Y) = XY, then
o
E(XY) = ExBEy/;x(XY/X)=ExXE(Y/X)=ExX[uy + pU—Y(X — 1ix)]
P

_ 9y 2 _
= HxHy T PO = fixlly T pOYOX
X

Rearranging terms, one gets p = [E(XY) — uypy]/oxoy = oxy/oxoy as required.
Another useful result pertains to the unconditional variance of h(X,Y") being the sum of the mean of
the conditional variance and the variance of the conditional mean:

var(h(X,Y)) = Exvary,x [h(X,Y)] + varx By, x [h(X,Y)]
Proof: We will write h(X,Y) as h to simplify the presentation
VaI‘y/X(h) = Ey/X(hQ) - [Ey/X(h)]2

and taking expectations with respect to X yields Exvary,x(h) = EXEy/X(hZ) — Ex [Ey/X(h)]2
= E(h?®) — Ex|[Ey,x(h)]*.

Also, varx By, x (h) = Ex[Ey,x (h)]> = (Ex[Ey,x (h)])? = Ex[Ey,x(h)]* — [E(h)]? adding these two
terms yields

E(h?) — [E(h)]? = var(h).
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Simple Linear Regression

3.1 Introduction

In this chapter, we study extensively the estimation of a linear relationship between two vari-
ables, Y; and X, of the form:

Yi=a+8X;4+u; i=1,2,....n (3.1)

where Y; denotes the i-th observation on the dependent variable Y which could be consumption,
investment or output, and X; denotes the i-th observation on the independent variable X which
could be disposable income, the interest rate or an input. These observations could be collected
on firms or households at a given point in time, in which case we call the data a cross-section.
Alternatively, these observations may be collected over time for a specific industry or country
in which case we call the data a time-series. n is the number of observations, which could be
the number of firms or households in a cross-section, or the number of years if the observations
are collected annually. « and 3 are the intercept and slope of this simple linear relationship
between Y and X. They are assumed to be unknown parameters to be estimated from the data.
A plot of the data, i.e., Y versus X would be very illustrative showing what type of relationship
exists empirically between these two variables. For example, if Y is consumption and X is
disposable income then we would expect a positive relationship between these variables and
the data may look like Figure 3.1 when plotted for a random sample of households. If o and
B were known, one could draw the straight line (a 4+ $X) as shown in Figure 3.1. It is clear
that not all the observations (Xj;,Y;) lie on the straight line (o 4+ SX). In fact, equation (3.1)
states that the difference between each Y; and the corresponding (« + 5X;) is due to a random
error u;. This error may be due to (i) the omission of relevant factors that could influence
consumption, other than disposable income, like real wealth or varying tastes, or unforseen
events that induce households to consume more or less, (ii) measurement error, which could be
the result of households not reporting their consumption or income accurately, or (iii) wrong
choice of a linear relationship between consumption and income, when the true relationship
may be nonlinear. These different causes of the error term will have different effects on the
distribution of this error. In what follows, we consider only disturbances that satisfy some
restrictive assumptions. In later chapters we relax these assumptions to account for more general
kinds of error terms.

In real life, & and (3 are not known, and have to be estimated from the observed data {(X;, Y;)
for i =1,2,...,n}. This also means that the true line (a« + X)) as well as the true disturbances
(the u;’s) are unobservable. In this case, a and  could be estimated by the best fitting line
through the data. Different researchers may draw different lines through the same data. What
makes one line better than another? One measure of misfit is the amount of error from the
observed Y; to the guessed line, let us call the latter Vi=a+ (X, where the hat () denotes
a guess on the appropriate parameter or variable. Each observation (X;,Y;) will have a cor-
responding observable error attached to it, which we will call e; = Y; — 5/}1’, see Figure 3.2. In

~

other words, we obtain the guessed Y;, (Y;) corresponding to each X; from the guessed line,
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a+ ﬁXZ-. Next, we find our error in guessing that Y;, by subtracting the actual Y; from the
guessed Y;. The only difference between Figure 3.1 and Figure 3.2 is the fact that Figure 3.1
draws the true consumption line which is unknown to the researcher, whereas Figure 3.2 is a
guessed consumption line drawn through the data. Therefore, while the u;’s are unobservable,
the e;’s are observable. Note that there will be n errors for each line, one error corresponding
to every observation.

Similarly, there will be another set of n errors for another guessed line drawn through the
data. For each guessed line, we can summarize its corresponding errors by one number, the sum
of squares of these errors, which seems to be a natural criterion for penalizing a wrong guess.
Note that a simple sum of these errors is not a good choice for a measure of misfit since positive
errors end up canceling negative errors when both should be counted in our measure. However,
this does not mean that the sum of squared error is the only single measure of misfit. Other
measures include the sum of absolute errors, but this latter measure is mathematically more
difficult to handle. Once the measure of misfit is chosen, o and 3 could then be estimated by
minimizing this measure. In fact, this is the idea behind least squares estimation.

3.2 Least Squares Estimation and the Classical Assumptions
Least squares minimizes the residual sum of squares where the residuals are given by
ei=Yi—a—-BX; i=1,2,...,n

and a and B denote guesses on the regression parameters o and [3, respectively. The residual
sum of squares denoted by RSS = Y"1 je? = 3" (Y; — & — $X;)? is minimized by the two
first-order conditions:

o>, e?)/aa =23 ei=0; or Y'Y, —na— EZ?:l Xi=0 (3.2)

n ~
(i €;)/08 = =2 i eiXi=0;0or 3L, YiXi—ay Xi— By, X7 =0 (3.3)
i=1
Solving the least squares normal equations given in (3.2) and (3.3) for « and (3 one gets
dors =Y — BorsX and Bors = Yy wiyi/ dojey @7 (3.4)

where Y =30 Vi/n, X =>" Xi/n, ;=Y =Y, 2, =X, — X,> 0 2?2 =>"  X? —nX?
Sl yp = i Y Y and 3wy = 30 XY — n XY

These estimators are subscripted by OLS denoting the ordinary least squares estimators. The
OLS residuals e; = Y; — @ors — BorsXi automatically satisfy the two numerical relationships
given by (3.2) and (3.3). The first relationship states that (i) >, e; = 0, the residuals sum
to zero. This is true as long as there is a constant in the regression. This numerical property
of the least squares residuals also implies that the estimated regression line passes through the
sample means | (X,Y). To see this, average the residuals, or equation (3.2), this gives immediately
Y =aors + BorsX. The second relationship states that (ii) > i, e;X; = 0, the residuals and
the explanatory variable are uncorrelated. Other numerical properties that the OLS estimators
satisfy are the following: (iii) Y ;" ; Y; = Yo Y and (iv) D0, e;Y; = 0. Property (iii) states
that the sum of the estimated Y;’s or the predicted Y;’s from the sample is equal to the sum of the
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actual Y;’s. Property (iv) states that the OLS residuals and the predicted Y;’s are uncorrelated.
The proof of (iii) and (iv) follow from (i) and (ii) see problem 1. Of course, underlying our
estimation of (3.1) is the assumption that (3.1) is the ¢rue model generating the data. In this
case, (3.1) is linear in the parameters a and 3, and contains only one explanatory variable
X; besides the constant. The inclusion of other explanatory variables in the model will be
considered in Chapter 4, and the relaxation of the linearity assumption will be considered in
Chapters 8 and 13. In order to study the statistical properties of the OLS estimators of a and
0B, we need to impose some statistical assumptions on the model generating the data.

Assumption 1: The disturbances have zero mean, i.e., E(u;) = 0 for every ¢ = 1,2,...,n. This
assumption is needed to insure that on the average we are on the true line.

To see what happens if F(u;) # 0, consider the case where households consistently under-report
their consumption by a constant amount of ¢ dollars, while their income is measured accurately,
say by cross-referencing it with their IRS tax forms. In this case,

(Observed Consumption) = (T'rue Consumption) — 6
and our regression equation is really

(True Consumption); = o + B(Income); + u;
But we observe,

(Observed Consumption); = a + F(Income); +u; — 6
This can be thought of as the old regression equation with a new disturbance term u} = u; — 6.
Using the fact that 6 > 0 and E(u;) = 0, one gets E(uf) = —6 < 0. This says that for

all households with the same income, say $20,000, their observed consumption will be on the
average below that predicted from the true line [a+/3($20, 000)] by an amount ¢. Fortunately, one
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can deal with this problem of constant but non-zero mean of the disturbances by reparametizing
the model as

(Observed Consumption); = o + S(Income); + u;

where o = a — 4. In this case, E(u;) = 0 and o* and [ can be estimated from the regression.
Note that while o* is estimable,  and § are non-estimable. Also note that for all $20,000
income households, their average consumption is [(a — 8) + 3($20, 000)].

Assumption 2: The disturbances have a constant variance, i.e., var(u;) = o2 for every i =
1,2,...,n. This insures that every observation is equally reliable.
To see what this assumption means, consider the case where var(u;) = a?, fori=1,2,...,n.

In this case, each observation has a different variance. An observation with a large variance is
less reliable than one with a smaller variance. But, how can this differing variance happen? In
the case of consumption, households with large disposable income (a large X;, say $100,000)
may be able to save more (or borrow more to spend more) than households with smaller income
(a small X, say $10,000). In this case, the variation in consumption for the $100,000 income
household will be much larger than that for the $10,000 income household. Therefore, the
corresponding variance for the $100,000 observation will be larger than that for the $10,000
observation. Consequences of different variances for different observations will be studied more
rigorously in Chapter 5.

Assumption 3: The disturbances are not correlated, i.e., E(uu;) = 0 for i # j,i,j =1,2,...,n.
Knowing the i-th disturbance does not tell us anything about the j-th disturbance, for i # j.

For the consumption example, the unforseen disturbance which caused the i-th household to
consume more, (like a visit of a relative), has nothing to do with the unforseen disturbances of
any other household. This is likely to hold for a random sample of households. However, it is
less likely to hold for a time series study of consumption for the aggregate economy, where a
disturbance in 1945, a war year, is likely to affect consumption for several years after that. In
this case, we say that the disturbance in 1945 is related to the disturbances in 1946, 1947, and
so on. Consequences of correlated disturbances will be studied in Chapter 5.

Assumption 4: The explanatory variable X is nonstochastic, i.e., fixed in repeated samples,
and hence, not correlated with the disturbances. Also, > I ; 2Z/n # 0 and has a finite limit as
n tends to infinity.

This assumption states that we have at least two distinct values for X. This makes sense, since
we need at least two distinct points to draw a straight line. Otherwise X = X, the common
value, and x = X — X = 0, which violates Yoy :n? =% 0. In practice, one always has several
distinct values of X. More importantly, this assumption implies that X is not a random variable
and hence is not correlated with the disturbances.

In section 5.3, we will relax the assumption of a non-stochastic X. Basically, X becomes
a random variable and our assumptions have to be recast conditional on the set of X’s that
are observed. This is the more realistic case with economic data. The zero mean assumption
becomes F(u;/X) = 0, the constant variance assumption becomes var(u;/X) = o2, the no serial
correlation assumption becomes E(u;u;/X) = 0 for i # j. The conditional expectation here is
with respect to every observation on X; from ¢ = 1,2,...n. Of course, one can show that if
E(u;/X) = 0 for all 7, then X; and u; are not correlated. The reverse is not necessarily true, see
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problem 3 of Chapter 2. That problem shows that two random variables, say u; and X; could be
uncorrelated, i.e., not linearly related when in fact they are nonlinearly related with u; = X,L?.
Hence, E(u;/X;) = 0 is a stronger assumption than u; and X; are not correlated. By the law of
iterated expectations given in the Appendix of Chapter 2, F(u;/X) = 0 implies that E(u;) = 0.
It also implies that u; is uncorrelated with any function of X;. This is a stronger assumption
than wu; is uncorrelated with X;. Therefore, conditional on X;, the mean of the disturbances is
zero and does not depend on Xj. In this case, E(Y;/X;) = a + (X, is linear in o and [ and is
assumed to be the true conditional mean of ¥ given X.

To see what a violation of assumption 4 means, suppose that X is a random variable and that
X and u are positively correlated, then in the consumption example, households with income
above the average income will be associated with disturbances above their mean of zero, and
hence positive disturbances. Similarly, households with income below the average income will be
associated with disturbances below their mean of zero, and hence negative disturbances. This
means that the disturbances are systematically affected by values of the explanatory variable
and the scatter of the data will look like Figure 3.3. Note that if we now erase the true line
(a + BX), and estimate this line from the data, the least squares line drawn through the data
is going to have a smaller intercept and a larger slope than those of the true line. The scatter
should look like Figure 3.4 where the disturbances are random variables, not correlated with
the X;’s, drawn from a distribution with zero mean and constant variance. Assumptions 1 and
4 insure that E(Y;/X;) = a+ (X, i.e., on the average we are on the true line. Several economic
models will be studied where X and u are correlated. The consequences of this correlation will
be studied in Chapters 5 and 11.

We now generate a data set which satisfies all four classical assumptions. Let a and [ take
the arbitrary values, say 10 and 0.5 respectively, and consider a set of 20 fixed X’s, say income
classes from $10 to $105 (in thousands of dollars), in increments of $5, i.e., $10, $15, $20,
$25,...,%105. Our consumption variable Y; is constructed as (10 4+ 0.5X; + u;) where u; is a
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Figure 3.4 Random Disturbances Around the Regression

disturbance which is a random draw from a distribution with zero mean and constant variance,
say 02 = 9. Computers generate random numbers with various distributions.

In this case, Figure 3.4 would depict our data, with the true line being (10 + 0.5X) and w;
being random draws from the computer which are by construction independent and identically
distributed with mean zero and variance 9. For every set of 20 u;’s randomly generated, given
the fixed X;’s, we obtain a corresponding set of 20 Y;’s from our linear regression model. This is
what we mean in assumption 4 when we say that the X’s are fixed in repeated samples. Monte
Carlo experiments generate a large number of samples, say a 1000, in the fashion described
above. For each data set generated, least squares can be performed and the properties of the
resulting estimators which are derived analytically in the remainder of this chapter, can be
verified. For example, the average of the 1000 estimates of a and (8 can be compared to their
true values to see whether these least squares estimates are unbiased. Note what will happen to
Figure 3.4 if F(u;) = —6 where § > 0, or var(u;) = o2 for i = 1,2,...,n. In the first case, the
mean of f(u), the probability density function of u, will shift off the true line (10+0.5X) by —é.
In other words, we can think of the distributions of the u;’s, shown in Figure 3.4 , being centered
on a new imaginary line parallel to the true line but lower by a distance ¢. This means that one
is more likely to draw negative disturbances than positive disturbances, and the observed Y;’s
are more likely to be below the true line than above it. In the second case, each f(u;) will have
a different variance, hence the spread of this probability density function will vary with each
observation. In this case, Figure 3.4 will have a distribution for the u;’s which has a different
spread for each observation. In other words, if the u;’s are say normally distributed, then wu; is
drawn from a N(0,0%) distribution, whereas uy is drawn from a N(0,03) distribution, and so
on. Violation of the classical assumptions can also be studied using Monte Carlo experiments,
see Chapter 5.
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3.3 Statistical Properties of Least Squares

(i) Unbiasedness

Given assumptions 1-4, it is easy to show that EO g is unbiased for (. In fact, using equation
(3.4) one can write

Bors = Doy Tilhi/ Yoty @y = S omq iYs/ Sr @ = B+ S wiug/ Yor @) (3.5)

where the second equality follows from the fact that y; = ¥;—Y and E?:l Y =Y Z?:l z; = 0.
The third equality follows from substituting Y; from (3.1) and using the fact that Y ;" z; = 0.
Taking expectations of both sides of (3.5) and using assumptions 1 and 4, one can show that
E(Bors) = B. Furthermore, one can derive the variance of B¢ from (3.5) since

var(Bors) = EBors —B)? = B(X1 i/ Y1 o7)? (3.6)
= var(XiL wiui/ 300 zj) =o°/ > i x;
where the last equality uses assumptions 2 and 3, i.e., that the u;’s are not correlated with each
other and that their variance is constant, see problem 4. Note that the variance of the OLS
estimator of 8 depends upon o2, the variance of the disturbances in the true model, and on
the variation in X. The larger the variation in X the larger is Y 1 ; 27 and the smaller is the
variance of 30 LS-

(ii) Consistency

Next, we show that BO g is consistent for 3. A sufficient condition for consistency is that EO LS
is unbiased and its variance tends to zero as n tends to infinity. We have already shown G5 g
to be unbiased, it remains to show that its variance tends to zero as n tends to infinity.

lim var(Bops) = Jim [( /) /(i @3 /n)] =0

n—oo

where the second equality follows from the fact that (o2/n) — 0 and (3., 2?/n) # 0 and has
a finite limit, see assumption 4. Hence, plim ﬁo Ls = 3 and ﬁo Lg is consistent for 8. Similarly
one can show that @prs is unbiased and consistent for o with variance o > | X2/n > 1 | 22,

and COV(QOLS,BOLS) = —Xo?/3 " | 22, see problem 5.

(iii) Best Linear Unbiased

Using (3.5) one can write BOLS as > i w;Y; where w; = x;/ Y ", x2. This proves that 5OLS
is a linear combination of the Y;’s, with weights w; satisfying the following properties:

2 2

Zz 1 Wi = 0 Zz lwZ [ 1;2?21 wy = 1/ E?:l Ly (37)

The next theorem shows that among all linear unbiased estimators of (3, it is BO g which has
the smallest variance. This is known as the Gauss-Markov Theorem.

Theorem 1: Consider any arbitrary linear estimator B =", a;Y; for 3, where the @;’s denote
arbitrary constants. If 5 is unbiased for (3, and assumptions 1 to 4 are satisfied, then var(3) >
var(Bors)-
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Proof: Substituting ¥; from (3.1) into 3, one gets § = o S ai+BYn aiXi+ > au;. For 3
to be unbiased for 3 it must follow that E (B) =ad. "t a+BY " a;X; = f for all observations
i =1,2,...,n. This means that Y . ;a; =0 and ) ", a;X; =1 for all i = 1,2,...,n. Hence,
B=p8+ >y aju; with var(3) = var(31 | azu;) = 023 | a? where the last equahty follows
from assumptions 2 and 3. But the a;’s are constants which differ from the w;’s, the weights of
the OLS estimator, by some other constants, say d;’s, i.e., a; = w; +d; fort = 1,2,...,n. Using
the properties of the a;’s and w; one can deduce similar properties on the d;’s i.e., Z?:l d; =0
and > " | d; X; = 0. In fact,

> e a; = > i di + > et w; + 2 Doy wid;

where >0 wid; = >0 x;d;/ Yo" 27 = 0. This follows from the definition of w; and the fact
that >, d; = > 1 | d; X; = 0. Hence,

var(B) =0’ > i al = o” > i d? + o D1 wy = Var(BOLS) +0° D1 d?

Since 02 3" | d? is non-negative, this proves that var(f3) > var(ﬁO 1.s) with the equality holding
only if d; = 0 for all ¢ = 1,2,...,n, i.e., only if a; = w;, in which case B reduces to BOLS.
Therefore, any linear estimator of 3, like B that is unbiased for ( has variance at least as large
as var(Bprg)- This proves that ;¢ is BLUE, Best among all Linear Unbiased Estimators of

G.

Similarly, one can show that dprg is linear in Y; and has the smallest variance among all
linear unbiased estimators of «, if assumptions 1 to 4 are satisfied, see problem 6. This result
implies that the OLS estimator of « is also BLUE.

3.4 Estimation of o2

The variance of the regression disturbances o2 is unknown and has to be estimated. In fact,

both the variance of B3¢ and that of @prs depend upon o2, see (3.6) and problem 5. An

unbiased estimator for o2 is s> = > | €?/(n — 2). To prove this, we need the fact that

e; =Y; —adors — BorsXi = vi — Borsti = (B — Bors)ri + (u; — )

where @ = Y1 u;/n. The second equality substitutes dors = Y — BorsX and the third
equality substitutes y; = Sz; + (u; — ). Hence,

Stie? = Bors — B Xiy 22 + S0 (ui — 1) — 2(Bops — B) iy wi(u; — ),
and

Bl el = Sr avar(Bops) + (n— 1)0* = 2B(0 ww)?/ S0y @
= 0’4+ (n—1)o*—20% = (n—2)0°

where the first equality uses the fact that E(3 1 (u; — @)?) = (n — 1)0? and BOLS —f =
S wiui/ Sor 22 The second equality uses the fact that var(Bprg) = 02/ > x? and

E(Z 1xlul> - QZ’L 1‘7;



3.5  Maximum Likelihood Estimation 57

Therefore, E(s%) = E(>_1, €?/(n —2)) = o2

Intuitively, the estimator of o could be obtained from Y7 | (u; — ©@)%/(n — 1) if the true
disturbances were known. Since the u’s are not known, consistent estimates of them are used.
These are the e;’s. Since Y1, e; = 0, our estimator of o becomes Y 1 | €?/(n — 1). Taking
expectations we find that the correct divisor ought to be (n—2) and not (n—1) for this estimator
to be unbiased for 2. This is plausible, since we have estimated two parameters o and 3 in
obtaining the e;’s, and there are only n — 2 independent pieces of information left in the data.
To prove this fact, consider the OLS normal equations given in (3.2) and (3.3). These equations
represent two relationships involving the e;’s. Therefore, knowing (n — 2) of the e;’s we can

deduce the remaining two e;’s from (3.2) and (3.3).

3.5 Maximum Likelihood Estimation

Assumption 5: The u;’s are independent and identically distributed N (0, 0?).

This assumption allows us to derive distributions of estimators and other test statistics. In
fact using (3.5) one can easily see that g is a linear combination of the u;’s. But, a linear
combination of normal random variables is itself a normal random variable, see Chapter 2,
problem 15. Hence, QOLS is N(B,0%/ 3" | 2?). Similarly dors is N(a, 0 >0 X2/n >0 22),
and Y; is N(a+3X;,0?). Moreover, we can write the joint probability density function of the u’s
as fur, ug, ..., up; e, B,02) = (1/2m0?)" 2exp(— 21, u?/20?). To get the likelihood function
we make the transformation u; = Y; —a— (6X; and note that the Jacobian of the transformation
is 1. Therefore,

f(Yl,YQ,...,Yn;a,ﬁ,a) (1/2m0 )”/Qexp{ Yo (Y —a—BX;) /202} (3.8)

Taking the log of this likelihood, we get

logL(a, B,0°%) = —(n/2)log(2mo?) — S0 (Vi — a — 8X;)?/20° (3.9)

Maximizing this likelihood with respect to «, 3 and o2 one gets the maximum likelihood esti-
mators (MLE). However, only the second term in the log likelihood contains e and 3 and that
term (without the negative sign) has already been minimized with respect to a and 3 in (3.2)
and (3.3) giving us the OLS estimators. Hence, ayre = aors and By = Borg. Similarly,
by differentiating logL with respect to o2 and setting this derivative equal to zero one gets
G Lp = Sor, e?/n, see problem 7. Note that this differs from s only in the divisor. In fact,
E(G3,15) = (n— 2)02/n # o%. Hence, 637 is biased but note that it is still asymptotically
unbiased.

So far, the gains from imposing assumption 5 are the following: The likelihood can be formed,
maximum likelihood estimators can be derived, and distributions can be obtained for these
estimators. One can also derive the Cramér-Rao lower bound for unbiased estlmators of the
parameters and show that the aprg and 50 15 attain this bound whereas s2 does not. This
derivation is postponed until Chapter 7. In fact, one can show following the theory of complete
sufﬁ(nent statistics that aprg, ﬁo s and s? are minimum varmnce unbiased estimators for «, 3
and o2, see Chapter 2. This is a stronger result (for Aprg and BO g) than that obtained using
the Gauss Markov Theorem. It says, that among all unbiased estimators of « and 3, the OLS
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estimators are the best. In other words, our set of estimators include now all unbiased estimators
and not just linear unbiased estimators. This stronger result is obtained at the expense of a
stronger distributional assumption, i.e., normality. If the distribution of the disturbances is not
normal, then OLS is no longer MLE. In this case, MLE will be more efficient than OLS as
long as the distribution of the disturbances is correctly specified. Some of the advantages and
disadvantages of MLE were discussed in Chapter 2.

We found the distributions of aprg, ﬂo LS, Now we give that of s2. In Chapter 7, it is shown
that > | €?/0? is a chi-squared with (n — 2) degrees of freedom. Also, s® is independent of
aors and BO 1g- This is useful for test of hypotheses. In fact, the major gain from assumption
5 is that we can perform test of hypotheses. R

Standardizing the normal random variable 3¢ g, one gets z = (Bprg — 8)/(0?/ >0, x?)% ~
N(0,1). Also, (n — 2)s?/a? is distributed as x2_,. Hence, one can divide 2z, a N (0, 1) random
variable, by the square root of (n — 2)s?/0? divided by its degrees of freedom (n — 2) to
get a t-statistic with (n — 2) degrees of freedom. The resulting statistic is tops = (Borg —
B)/(s?) >, w?)% ~ tp_2, see problem 8. This statistic can be used to test Hy; 3 = 3, versus
Hy; 8 # By, where (3 is a known constant. Under Hy, t,,s can be calculated and its value can be
compared to a critical value from a ¢-distribution with (n —2) degrees of freedom, at a specified
critical value of a%. Of specific interest is the hypothesis Hy; 3 = 0, which states that there is
no linear relationship between Y; and X;. Under Hy,

tobs = BOLS/(SZ/ > x7)? = BOLS/S/E(BOLS)

where 5¢(Bpps) = (s2/ oy x%)% If [tops| > ta/2:n—2, then Hy is rejected at the a% significance
level. t,/2.,—2 represents a critical value obtained from a ¢-distribution with n — 2 degrees of
freedom. It is determined such that the area to its right under a t¢,,_o distribution is equal to
af2.

Similarly one can get a confidence interval for 5 by using the fact that, Pr[—t, J2in—2 < tobs <

[N

ta/2n—2] = 1 — a and substituting for . its value derived above as (BOLS - ﬂ)/sAe(EOLS).

Since the critical values are known, BO g and sAe(BO Lg) can be calculated from the data, the
following (1 — a))% confidence interval for 3 emerges

Bors T tajom—25¢(Bors)-

Tests of hypotheses and confidence intervals on o and ¢ can be similarly constructed using the
normal distribution of a@prs and the x2_, distribution of (n — 2)s?/a2.

3.6 A Measure of Fit

We have obtained the least squares estimates of a, 3 and o2 and found their distributions
under normality of the disturbances. We have also learned how to test hypotheses regarding
these parameters. Now we turn to a measure of fit for this estimated regression line. Recall, that

=Y, — Y where Y denotes the predicted Y; from the least squares regression line at the value
XZ, ie., aors + /BOLSX Using the fact that ) ;" e; = 0, we deduce that > " | Y; =>"" Y;,

and therefore, Y = Y. The actual and predicted values of Y have the same sample mean, see
numerical properties (i) and (iii) of the OLS estimators discussed in section 2. This is true
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as long as there is a constant in the regression. Adding and subtracting Y from e;, we get
€; = Y; — i, OT y; = €; + 7;. Squaring and summing both sides:

Z?:ﬂh‘zzzz 1 HrZZ 1y2 "‘221 1€zyz—2z 1 Z+ZZ 1?71’2 (3.10)

where the last equality follows from the fact that y; = @O s and Y i e;x; = 0. In fact,

Z?zlei@\izzz 16i 1—0

means that the OLS residuals are uncorrelated with the predicted values from the regression,
see numerical properties (ii) and (iv) of the OLS estimates discussed in section 3.2. In other
words, (3.10) says that the total variation in Y;, around its sample mean Y i.e., > i, y?, can be

decomposed into two parts: the first is the regression sums of squares > 1, 2 = BO LS i X
and the second is the residual sums of squares y ;" , Z In fact, regressing Y on a constant
yields @pors = Y, see problem 2, and the unexplained residual sums of squares of this naive
model is

S (Y — dors)? = Y (Y- V)2 = Y0, o7,

Therefore, Y7, 77 in (3.10) gives the explanatory power of X after the constant is fit.

Using this decomposition, one can define the explanatory power of the regression as the
ratio of the regression sums of squares to the total sums of squares. In other words, define
R? = Z? LU2/ 30 y? and this value is clearly between 0 and 1. In fact, dividing (3.10) by
S y? one gets R2 =1 -1, Z/ZZ 1y2. The Y1 | €? is a measure of misfit which was
minimized by least squares. If > | e? is large, this means that the regression is not explaining
a lot of the variation in Y and hence, the R? value would be small. Alternatively, if the > 1 | €2
is small, then the fit is good and R? is large. In fact, for a perfect ﬁt where all the observations
lie on the fitted line, ¥; = ¥; and e; = 0, which means that Zl 1€2=0and R? = 1. The other
extreme case is where the regression sums of squares > . ; 72 = 0. In other words the linear
regression explains nothing of the variation in Y;. In this case, Y ;- , yf =y e 2 and R? = 0.
Note that since Y ;" , yZ = 0 implies y; = 0 for every 4, which in turn means that Y Y for
every i. The fitted regression line is a horizontal line drawn at Y = Y, and the independent
variable X does not have any explanatory power in a linear relationship with Y.

Note that R? has two alternative meanings: (i) It is the simple squared correlation coefficient
between Y; and 571-, see problem 9. Also, for the simple regression case, (ii) it is the simple
squared correlation between X and Y. This means that before one runs the regression of Y on
X, one can compute rgy which in turn tells us the proportion of the variation in Y that will
be explained by X. If this number is pretty low, we have a weak linear relationship between Y
and X and we know that a poor fit will result if Y is regressed on X. It is worth emphasizing
that R? is a measure of linear association between Y and X. There could exist, for example, a
perfect quadratic relationship between X and Y, yet the estimated least squares line through
the data is a flat line implying that R?> = 0, see problem 3 of Chapter 2. One should also be
suspicious of least squares regressions with R? that are too close to 1. In some cases, we may
not want to include a constant in the regression. In such cases, one should use an uncentered
R? as a measure fit. The appendix to this chapter defines both centered and uncentered R* and
explains the difference between them.
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3.7 Prediction

Let us now predict Yy given Xy. Usually this is done for a time series regression, where the
researcher is interested in predicting the future, say one period ahead. This new observation Yy
is generated by (3.1), i.e

Yo =a+ X+ ug (3.11)

What is the Best Linear Unbiased Predictor (BLUP) of E(Yp)? From (3.11), E(Yy) = o + X,
is a linear combination of a and (. Using the Gauss-Markov result, Yy = aors + BorsXo is
BLUE for a+ Xy and the variance of this predictor of E(Y) is 02[(1/n)+(Xo—X)?/ > ", 2],
see problem 10. But, what if we are interested in the BLUP for Yj itself 7 Y} differs from E(Y))
by ug, and the best predictor of ug is zero, so the BLUP for Yj is still 170. The forecast error is

Yo — Yo = [Yo — E(Y0)] + [E(Yo) — Yo] = uo + [E(Yo) — Yo

where ug is the error committed even if the true regression line is known, and E(Yy) — Y is
the difference between the sample and population regression lines. Hence, the variance of the
forecast error becomes:

var(ug) + var[E(Yp) — Yo] + 2cov[ug, E(Yo) — Yo] = o2[1 + (1/n) + (Xo — X)?/ S0, 7]

This says that the variance of the forecast error is equal to the variance of the predictor of
E(Y)) plus the var(up) plus twice the covariance of the predictor of E(Yy) and ug. But, this last
covariance is zero, since ug is a new disturbance and is not correlated with the disturbances in the
sample upon which 1/}1 is based. Therefore, the predictor of the average consumption of a $20, 000
income household is the same as the predictor of consumption for a specific household whose
income is $20,000. The difference is not in the predictor itself but in the variance attached
to it. The latter variance being larger only by o2, the variance of ug. The variance of the
predictor therefore, depends upon o2, the sample size, the variation in the X’s, and how far X
is from the sample mean of the observed data. To summarize, the smaller ¢ is, the larger n
and Y | x7 are, and the closer Xy is to X, the smaller is the variance of the predictor. One
can construct 95% confidence intervals to these predictions for every value of X(. In fact, this
is (@orLs + BOLSXO) + to2sn—2{s[l + (1/n) + (Xo — X)?/ >, x7]2} where s replaces o, and
t.025:n—2 represents the 2.5% critical value obtained from a ¢- dlstrlbution with n — 2 degrees of
freedom. Figure 3.5 shows this confidence band around the estimated regression line. This is a
hyperbola which is the narrowest at X as expected, and widens as we predict away from X.

3.8 Residual Analysis

A plot of the residuals of the regression is very important. The residuals are consistent estimates
of the true disturbances. But unlike the u;’s, these e;’s are not independent. In fact, the OLS
normal equations (3.2)and (3.3) give us two relationships between these residuals. Therefore,
knowing (n — 2) of these residuals the remaining two residuals can be deduced. If we had the
true u;’s, and we plotted them, they should look like a random scatter around the horizontal
axis with no specific pattern to them. A plot of the e;’s that shows a certain pattern like a set
of positive residuals followed by a set of negative residuals as shown in Figure 3.6(a) may be
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Figure 3.5 95% Confidence Bands

indicative of a violation of one of the 5 assumptions imposed on the model, or simply indicating
a wrong functional form. For example, if assumption 3 is violated, so that the wu;’s are say
positively correlated, then it is likely to have a positive residual followed by a positive one, and
a negative residual followed by a negative one, as observed in Figure 3.6(b). Alternatively, if
we fit a linear regression line to a true quadratic relation between Y and X, then a scatter
of residuals like that in Figure 3.6(c) will be generated. We will study how to deal with this
violation and how to test for it in Chapter 5.

Large residuals are indicative of bad predictions in the sample. A large residual could be
a typo, where the researcher entered this observation wrongly. Alternatively, it could be an
influential observation, or an outlier which behaves differently from the other data points in
the sample and therefore, is further away from the estimated regression line than the other
data points. The fact that OLS minimizes the sum of squares of these residuals means that a
large weight is put on this observation and hence it is influential. In other words, removing this
observation from the sample may change the estimates and the regression line significantly. For
more on the study of influential observations, see Belsely, Kuh and Welsch (1980). We will focus
on this issue in Chapter 8 of this book.

L Y= f(X)
¢ Y Y=o+pX, ¥y
+t
4
+_F|.+ 4’:;+
'
N F Y po
0 1
X, X
(a) (b) (©)

Figure 3.6 Positively Correlated Residuals
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Figure 3.7 Residual Variation Growing with X

One can also plot the residuals versus the X;’s. If a pattern like Figure 3.7 emerges, this could be
indicative of a violation of assumption 2 because the variation of the residuals is growing with
X; when it should be constant for all observations. Alternatively, it could imply a relationship
between the X;’s and the true disturbances which is a violation of assumption 4.

In summary, one should always plot the residuals to check the data, identify influential obser-
vations, and check violations of the 5 assumptions underlying the regression model. In the next
few chapters, we will study various tests of the violation of the classical assumptions. Most of
these tests are based on the residuals of the model. These tests along with residual plots should

help the researcher gauge the adequacy of his or her model.

Table 3.1 Simple Regression Computations

OBS Consugrjlption Inc;)@e y=Yi—Y | 2=X-X - @2 e ¢
1 4.6 ) -1.9 -2.5 4.75 6.25 4.476190 0.123810
2 3.6 4 -2.9 -3.5 10.15 | 12.25 3.666667 | —0.066667
3 4.6 6 -1.9 -1.5 2.85 2.25 5.285714 | —0.685714
4 6.6 8 0.1 0.5 0.05 0.25 6.904762 | —0.304762
5 7.6 8 1.1 0.5 0.55 0.25 6.904762 0.695238
6 5.6 7 0.9 0.5 0.45 0.25 6.095238 | —0.495238
7 5.6 6 -0.9 -1.5 1.35 2.25 5.285714 0.314286
8 8.6 9 2.1 1.5 3.15 2.25 7.714286 0.885714
9 8.6 10 2.1 2.5 5.25 6.25 8.523810 0.076190
10 9.6 12 3.1 4.5 13.95 | 20.25 | 10.142857 | —0.542857

SUM 6.5 75 0 0 42.5 52.5 65 0

MEAN 6.5 7.5 6.5
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3.9 Numerical Example

Table 3.1 gives the annual consumption of 10 households each selected randomly from a group of
households with a fixed personal disposable income. Both income and consumption are measured
in $10,000, so that the first household earns $50,000 and consumes $46,000 annually. It is
worthwhile doing the computations necessary to obtain the least squares regression estimates
of consumption on income in this simple case and to compare them with those obtained from
a regression package. In order to do this, we first compute Y = 6.5 and X = 7.5 and form two
new columns of data made up of y; = Y; — Y and z; = X; — X. To get BOLS we need Z?:l TiYi,
so we multiply these last two columns by each other and sum to get 42.5. The denominator of
ﬁo g is given by > 22, This is why we square the z; column to get z? and sum to obtain
52.5. Our estimate of BOLS = 42.5/52.5 = 0.8095 which is the estimated marginal propensity to
consume. This is the extra consumption brought about by an extra dollar of disposable income.

dons =Y — BopgX = 6.5 — (0.8095)(7.5) = 0.4286

This is the estimated consumption at zero personal disposable income. The fitted values or
predicted values from this regression are computed from }Afz = aors + BoLSXi = 0.4286 +
0.8095X; and are given in Table 3.1. Note that the mean of }A/Z is equal to the mean of Y;
confirming one of the numerical properties of least squares. The residuals are computed from
e; =Y; —Y; and they satisfy Y ", e; = 0. It is left to the reader to verify that > ; ¢;X; = 0.
The residual sum of squares is obtained by squaring the column of residuals and summing it.
This gives us Y 1 ; €2 = 2.495238. This means that s> = > | €?/(n—2) = 0.311905. Its square
root is given by s = 0.558. This is known as the standard error of the regression. In this case,
the estimated var(Borg) is s2/ 1, 22 = 0.311905/52.5 = 0.005941 and the estimated
72
var(@) = s* [1 - 75( 2] = 0.311905 [
nooY T

Taking the square root of these estimated variances, we get the estimated standard errors of
aors and Bopg given by se(aors) = 0.60446 and se(Sorg) = 0.077078.

Since the disturbances are normal, the OLS estimators are also the maximum likelihood
estimators, and are normally distributed themselves. For the null hypothesis H{; 3 = 0; the
observed t-statistic is

1, (15
10 " 525

] = 0.365374

tons = (Bors — 0)/5e(Borg) = 0.809524/0.077078 = 10.50

and this is highly significant, since Pr[|ts] > 10.5] < 0.0001. This probability can be obtained
using most regression packages. It is also known as the p-value or probability value. It shows
that this ¢-value is highly unlikely and we reject H{j that 8 = 0. Similarly, the null hypothesis
HY: oo = 0, gives an observed t-statistic of t,ps = (Qors — 0)/5e(Aors) = 0.428571/0.604462 =
0.709, which is not significant, since its p-value is Pr[|tg| > 0.709] < 0.498. Hence, we do not
reject the null hypothesis Hg that o = 0.

The total sum of squares is > " ; yi2 =y (Yi— Y)? which can be obtained by squaring the
y; column in Table 3.1 and summing. This yields > 7" | y? = 36.9. Also, the regression sum of

squares = > 1 | 42 = Z?:l(i}z — Y)?2 which can be obtained by subtracting ¥ =Y = 6.5 from
the Y; column, squaring that column and summing. This yields 34.404762. This could have also
been obtained as
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SR = B S0, a2 = (0.800524)2(52.5) = 34.404762.

A final check is that Z" =3 y? — 3% | e? =36.9 — 2.495238 = 34.404762 as required.

Recall, that R? = 7‘ = ziy)?/ O ) (O 1yz) (42.5)2/(52.5)(36.9) = 0.9324.
This could have also been obtained as R? =1 — (3.1 €2/ 3" y?) = 1 — (2.495238/36.9) =
0.9324, or as

R =2, =30 07/ S0 yi = 34.404762/36.9 = 0.9324.

This means that personal disposable income explains 93.24% of the variation in consumption.
A plot of the actual, predicted and residual values versus time is given in Figure 3.8. This was
done using EViews.
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Figure 3.8 Residual Plot

3.10 Empirical Example

Table 3.2 gives (i) the logarithm of cigarette consumption (in packs) per person of smoking age
(> 16 years) for 46 states in 1992, (ii) the logarithm of real price of cigarettes in each state,
and (iii) the logarithm of real disposable income per capita in each state. This is drawn from
Baltagi and Levin (1992) study on dynamic demand for cigarettes. It can be downloaded as
Cigarett.dat from the Springer web site.



Table 3.2 Cigarette Consumption Data

LNC:
LNP:
LNY:

OBS

W DU =W

35
36
37
38
39
40
41
42
43
44
45
46

log of consumption (in packs) per person of smoking age (>16)

log of real price (1983%/pack)

log of real disposable income per-capita (in thousand 1983$)

STATE

AL
AZ
AR
CA
CT
DE
DC
FL
GA
ID
IL
IN
IA
KS
KY
LA
ME
MD
MA
MI
MN
MS
MO
MT
NE
NV
NH
NJ
NM
NY
ND
OH
OK
PA
RI
SC
SD
TN
X
uT
VT
VA
WA
WV
WI
WY

LNC

4.96213
4.66312
5.10709
4.50449
4.66983
5.04705
4.65637
4.80081
4.97974
4.74902
4.81445
5.11129
4.80857
4.79263
5.37906
4.98602
4.98722
477751
473877
4.94744
4.69589
4.93990
5.06430
473313
477558
4.96642
5.10990
4.70633
4.58107
4.66496
4.58237
4.97952
4.72720
4.80363
4.84693
5.07801
4.81545
5.04939
4.65398
4.40859
5.08799
4.9306%
4.66134
4.82454
4.83026
5.00087

Data: Cigarette Consumption of 46 States in 1992

LNP

0.20487
0.16640
0.23406
0.36399
0.32149
0.21929
0.28946
0.28733
0.12826
0.17541
0.24806
0.08992
0.24081
0.21642

-0.03260

0.23856
0.29106
0.12575
0.22613
0.23067
0.34297
0.13638
0.08731
0.15303
0.18907
0.32304
0.15852
0.30901
0.16458
0.34701
0.18197
0.12889
0.19554
0.22784
0.30324
0.07944
0.13139
0.15547
0.28196
0.19260
0.18018
0.11818
0.35053
0.12008
0.22954
0.10029

3.10

Empirical Example

LNY

4.64039
4.68389
4.59435
4.88147
5.09472
4.87087
5.05960
4.81155
4.73299
4.64307
4.90387
4.72916
4.74211
4.79613
4.64937
4.61461
4.75501
4.94692
4.99998
4.80620
4.81207
4.52938
4.78189
4.70417
4.79671
4.83816
5.00319
5.10268
4.58202
4.96075
4.69163
4.75875
4.62730
4.83516
4.84670
4.62549
4.67747
4.72525
4.73437
4.55586
4.77578
4.85490
4.85645
4.56859
4.75826
4.71169

65
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Table 3.3 Cigarette Consumption Regression

Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Prob > F
Model 1 0.48048 0.48048 18.084 0.0001
Error 44 1.16905 0.02657
Root MSE 0.16300 R-square 0.2913
Dep Mean 4.84784 Adj R-sq 0.2752
C.V. 3.36234

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 5.094108 0.06269897 81.247 0.0001
LNP 1 —1.198316 0.28178857 ~4.253 0.0001
4
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Figure 3.9 Residuals Versus LNP

Table 3.3 gives the SAS output for the regression of logC' on logP. The price elasticity of
demand for cigarettes in this simple model is (dlogC'/logP) which is the slope coefficient. This
is estimated to be —1.198 with a standard error of 0.282. This says that a 10% increase in real
price of cigarettes has an estimated 12% drop in per capita consumption of cigarettes. The R?
of this regression is 0.29, s? is given by the Mean Square Error of the regression which is 0.0266.
Figure 3.9 plots the residuals of this regression versus the independent variable, while Figure
3.10 plots the predictions along with the 95% confidence interval band for these predictions.
One observation clearly stands out as an influential observation given its distance from the
rest of the data and that is the observation for Kentucky, a producer state with very low real
price. This observation almost anchors the straight line fit through the data. More on influential
observations in Chapter 8.
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Figure 3.10 95% Confidence Band for Predicted Values

Problems

1. For the simple regression with a constant ¥; = « + 8X; + u;, given in equation (3.1) verify the
following numerical properties of the OLS estimator:

Zz 161_021 lez _Ozz 16 1_021 IY Z’L 1Y

2. For the regression with only a constant Y; = a + u; with u; ~ IID(0, 0?), show that the least
squares estimate of @ is aprs = Y, var(Apors) = o2/n, and the residual sums of squares is

2?21 yz2 = Z?:l(yz - Y)Q
3. For the simple regression without a constant Y; = 3X; + u;, with u; ~ IID(0, 02).

(a) Derive the OLS estimator of 5 and find its variance.

(b) What numerical properties of the OLS estimators described in problem 1 still hold for this
model?

(c) derive the maximum likelihood estimator of 3 and ¢ under the assumption u; ~ IIN(0, 02).
(d) Assume o2 is known. Derive the Wald, LM and LR tests for Hy; 3 = 1 versus Hy; 3 # 1.

4. Use the fact that E(> ", zu)? = Y0, > i— @ixjE(ujuy); and assumptions 2 and 3 to prove
equation (3.6).

5. Using the regression given in equation (3.1):

(a) Show that aprs =a+ (8 — @OLS)X + @; and deduce that E(aprs) = a.

(b) Using the fact that BOLS — B =" wu;/ Y i, x%; use the results in part (a) to show that
var(Gors) = o?[(1/n) + (X2/ 3001 2f)] = 0 301 X2 /n 3ol .

(¢) Show that @prs is consistent for a.

(d) Show that cov(@ors, Bors) = —Xvar(Bpopg) = —0?X /Y 7, «}. This means that the sign

of the covariance is determined by the sign of X. If X is s_positive, this covariance will be
negative. This also means that if @prg is over-estimated, ﬂo s Will be under-estimated.
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6.

10.

11.

CHAPTER 3: Simple Linear Regression

Using the regression given in equation (3.1):
(a) Prove that dors = Y 1y A;Y; where \; = (1/n) — Xw; and w; = x;/ Y 1, 22
(b) Show that > ; A\; =1 and >, \;X; =0.

(c) Prove that any other linear estimator of a, say @ = >, b;Y; must satisfy > ., b; = 1 and
Yo, biX; =0 for & to be unbiased for o

) Let b; = A\; + f;; show that Y." | fi=0and Y., f;X; = 0.

(e) Prove that var(@) = o230 b2 = 0230 N + 023" | f2 =var(Aors) + o2 S0, f7.

(a) Differentiate (3.9) with respect to a and 3 and show that arpe = dors, Bare = BoLs-
(b) Differentiate (3.9) with respect to o2 and show that G35 = Yo, €2/n.

The t-Statistic in a Simple Regression. It is well known that a standard normal random variable

N(0,1) divided by a square root of a chi-squared random variable divided by its degrees of freedom

(x2/v)? results in a randorn variable that is ¢-distributed with v degrees of freedom, provided
the N(0,1) and the x? variables are independent, see Chapter 2. Use this fact to show that

(BOLS B)/[s/ (i, @ )7] ~tn—2.

. Relationship Between R* and rg

(a) Using the fact that R* =30 92/ 301979 = Borstis and Bors = Yoy Tivi/ Yiq T
show that R? = 7" Where

Tazcy = (21:1 miyi) /(Z?:l %2)(27:1 y?)

(b) Using the fact that y; = 7; + ¢;, show that >\, gy; = > ., ¥7, and hence, deduce that

oy = (i vili)? /(i w7 (i, U7) is equal to R?.
Prediction. Consider the problem of predicting Y from (3.11). Given Xj,

(a) Show that E(Yy) = a + 8X.

(b) Show that Y is unbiased for E(Yp).

(¢) Show that var(Yy) = var(Qors) —&—ngar(BOLS)+2X0cov(&0Ls, Bors). Deduce that var(Yp)
=o?[(1/n) + (Xo — X)?/ 320, #i].

(d) Consider a linear predictor of FE(Yp), say Yo = i, a;Y;, show that " ja;, = 1 and
S, a;X; = X for this predictor to be unbiased for E(YO).

(e) Show that the var(Yy) = o237 a?. Minimize 31", a2
in (d). Prove that the resulting predictor is YO = aors + ﬂOLSXO and that the minimum
variance is 02[(1/n) + (Xo — X)?/ > i, 2.

Optimal Weighting of Unbiased Estimators. This is based on Baltagi (1995). For the simple re-
gression without a constant Y; = 8X; +u;,i = 1,2,..., N; where 3 is a scalar and u; ~ IID(0, 0?)
independent of X;. Consider the following three unbiased estimators of §:

Bl = Z?:l X%Yl/zzl:1 Xiza 32 = Y/X

bubJect to the restrictions given

and
By = TiL(Xi = X)(% = V)/ I, (X; = X2,
where X =Y"  X;/nand Y =31 | Y;/n.
(a) Show that cov(ﬁl,ﬁz) = V&I‘(,Bl) > 0, and that p;, = (the correlation coefficient of ,31 and
,QQ) = [var(ffl)/var(ﬁz)]2 with 0 < p;5 < 1. Show that the optimal combination of 61 and

B4, given by B= aﬁl (1- a)ﬁQ where —oo < a < oo occurs at a* = 1. Optimality here
refers to minimizing the variance. Hint: Read the paper by Samuel-Cahn (1994).
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(b) Similarly, show that cov(f;,35) = var(3,) > 0, and that p,5 = (the correlation coefficient of
B, and B3) = [var(B3,)/var(Bs)]2 = (1 — p2,)% with 0 < p;5 < 1. Conclude that the optimal
combination 31 and B?) is again o = 1.

(c) Show that cov(BQ, 53) = 0 and that optimal combination of BQ and 33 is B = (1- pfg)gg +
03585 = (1. This exercise demonstrates a more general result, namely that the BLUE of
[ in this case Bl, has a positive correlation with any other linear unbiased estimator of 3,

and that this correlation can be easily computed from the ratio of the variances of these two
estimators.

12. Efficiency as Correlation. This is based on Oksanen (1993). Let E denote the Best Linear Unbiased
Estimator of # and let E denote any linear unbiased estimator of 3. Show that the relative efficiency
of ﬂ with respect to ﬁ is the squared correlation coefficient between ﬁ and ﬁ Hint: Compute the
variance of ﬁ + /\(6 B) for any A. This variance is minimized at A = 0 since ﬁ is BLUE. This

~2
should give you the result that E(5 ) = (ﬁﬂ) which in turn proves the required result, see Zheng
(1994).

13. For the numerical illustration given in section 3.9, what happens to the least squares regression
coefficient estimates (Qors, Bors), 52, the estimated se(Aors) and se(Bog), t-statistic for dors
and B¢ for H¢;a =0, and HY; 3 = 0 and R? when:

(a) Y; is regressed on X; + 5 rather than X;. In other words, we add a constant 5 to each
observation of the explanatory variable X; and rerun the regression. It is very instructive to
see how the computations in Table 3.1 are affected by this simple transformation on Xj.

(b) Y; + 2 is regressed on X;. In other words, a constant 2 is added to Y;.
(c) Y; is regressed on 2X;. (A constant 2 is multiplied by X;).

14. For the cigarette consumption data given in Table 3.2.

(a) Give the descriptive statistics for logC, logP and logY . Plot their histogram. Also, plot logC'
versus logY and logC' versus logP. Obtain the correlation matrix of these variables.

(b) Run the regression of logC' on logy. What is the income elasticity estimate? What is its
standard error? Test the null hypothesis that this elasticity is zero. What is the s and R? of
this regression?

(¢) Show that the square of the simple correlation coefficient between logC' and logY” is equal to
R?. Show that the square of the correlation coefficient between the fitted and actual values
of logC' is also equal to R?.

(d) Plot the residuals versus income. Also, plot the fitted values along with their 95% confidence
band.
15. Consider the simple regression with no constant: Y; = 6X; +u; i=1,2,...,n

where u; ~ 1ID(0, 0?) independent of X;. Theil (1971) showed that among all linear estimators in
Y;, the minimum mean square estimator for 3, i.e., that which minimizes E(3 — 3)? is given by

B=3 Y, XY/ (B2 X, X7 + o).

(a) Show that E(3) = 8/(1+ ¢), where ¢ = 02 /323", X2 > 0.
(b) Conclude that the Bias (3) = E(3) — 8 = —[¢/(1 + ¢)]B. Note that this bias is positive

(negative) when 3 is negative (positive). This also means that [ is biased towards zero.
(¢) Show that MSE(3) = E(3— )% = o2 />0 X2+ (0/3%)]. Conclude that it is smaller than
the MSE(Bo.s).
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Table 3.4 FEnergy Data for 20 countries

RGDP EN
Country (in 10% 1975 U.S.$’s) 10% Kilograms Coal Equivalents
Malta 1251 456
Iceland 1331 1124
Cyprus 2003 1211
Ireland 11788 11053
Norway 27914 26086
Finland 28388 26405
Portugal 30642 12080
Denmark 34540 27049
Greece 38039 20119
Switzerland 42238 23234
Austria 45451 30633
Sweden 59350 45132
Belgium 62049 58894
Netherlands 82804 84416
Turkey 91946 32619
Spain 159602 88148
Italy 265863 192453
U.K. 279191 268056
France 358675 233907
W. Germany 428888 352.677

16. Table 3.4 gives cross-section Data for 1980 on real gross domestic product (RGDP) and aggregate
energy consumption (EN) for 20 countries

(a) Enter the data and provide descriptive statistics. Plot the histograms for RGDP and EN.
Plot EN versus RGDP.

(b) Estimate the regression:
log(En) = a+ flog(RGDP) + u.
Be sure to plot the residuals. What do they show?

(¢) Test Hp; 8 = 1.

(d) One of your Energy data observations has a misplaced decimal. Multiply it by 1000. Now
repeat parts (a), (b) and (c).

(e) Was there any reason for ordering the data from the lowest to highest energy consumption?
Explain.

Lesson Learned: Always plot the residuals. Always check your data very carefully.

17. Using the Energy Data given in Table 3.4, corrected as in problem 16 part (d), is it legitimate to
reverse the form of the equation?

log(RDGP) = v+ blog(En) + €

(a) Economically, does this change the interpretation of the equation? Explain.

(b) Estimate this equation and compare R? of this equation with that of the previous problem.
Also, check if 6 = 1/3. Why are they different?
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(c) Statistically, by reversing the equation, which assumptions do we violate?
(d) Show that 63 = R2.
(e) Effects of changing units in which variables are measured. Suppose you measured energy in

BTU’s instead of kilograms of coal equivalents so that the original series was multiplied by
60. How does it change o and ( in the following equations?

log(En) = a+ Blog(RDGP)+u En=a"+ 3"RGDP +v

Can you explain why a changed, but not B for the log-log model, whereas both a*and
[ changed for the linear model?

(f) For the log-log specification and the linear specification, compare the GDP elasticity for
Malta and W. Germany. Are both equally plausible?

(g) Plot the residuals from both linear and log-log models. What do you observe?
(h) Can you compare the R? and standard errors from both models in part (g)? Hint: Retrieve

log(En) and I?)Tg(En) in the log-log equation, exponentiate, then compute the residuals and
s. These are comparable to those obtained from the linear model.

18. For the model considered in problem 16: log(En) = a + Blog(RGDP) + u and measuring energy
in BTU’s (like part (e) of problem 17).

(a) What is the 95% confidence prediction interval at the sample mean?
(b) What is the 95% confidence prediction interval for Malta?
(¢) What is the 95% confidence prediction interval for West Germany?
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Appendix
Centered and Uncentered R?

From the OLS regression on (3.1) we get

Vi=Yi4+e i=12,...,n (A.1)
where 2 =aors + XZ-BO 15 Squaring and summing the above equation we get

S YR =20 Y2+ S € (A.2)
since Y ;' )A/,-ei = 0. The uncentered R? is given by

uncentered R” =1 — 30 e2/ S0, V2 = Y0 Y2/ 30,0, V7 (A.3)
Note that the total sum of squares for Y; is not expressed in deviation from the sample mean Y.
In other words, the uncentered R? is the proportion of variation of Sy Yf that is explained
by the regression on X. Regression packages usually report the centered R? which was defined
in section 3.6 as 1 — (31, €2/ > | y?) where y; = Y; — Y. The latter measure focuses on
explaining the variation in Y; after fitting the constant.

From section 3.6, we have seen that a naive model with only a constant in it gives Y as the
estimate of the constant, see also problem 2. The variation in Y; that is not explained by this
naive model is Y, y? = >, (V; — Y)?. Subtracting nY? from both sides of (A.2) we get

2 52 92 2
DY =i Y YT T e

and the centered R? is
centered R* =1 — (30 2/ S0 y?) = (X0, Y2 —nY?)/ S0 o2 (A4)

If there is a constant in the model ¥ = Y, see section 3.6, and LU= Z:LZI(}AQ —Y)2? =
Yo 1?12 — nY?2. Therefore, the centered R* = Y"1, 2/ >°" | y? which is the R? reported by
regression packages. If there is no constant in the model, some regression packages give you the
option of (no constant) and the R? reported is usually the uncentered R?. Check your regression
package documentation to verify what you are getting. We will encounter uncentered R? again

in constructing test statistics using regressions, see for example Chapter 11.



CHAPTER 4
Multiple Regression Analysis

4.1 Introduction

So far we have considered only one regressor X besides the constant in the regression equation.
Economic relationships usually include more than one regressor. For example, a demand equa-
tion for a product will usually include real price of that product in addition to real income as
well as real price of a competitive product and the advertising expenditures on this product. In
this case

Yi=a+ ByXoi + B3 Xsi + ..+ B Xki+u i=12,...,n (4.1)

where Y; denotes the i-th observation on the dependent variable Y, in this case the sales of
this product. X}; denotes the i-th observation on the independent variable X for k =2,..., K
in this case, own price, the competitor’s price and advertising expenditures. « is the intercept

and [y, O3, ..., B are the (K — 1) slope coefficients. The u;’s satisfy the classical assumptions
1-4 given in Chapter 3. Assumption 4 is modified to include all the X’s appearing in the
regression, i.e., every X for k= 2,..., K, is uncorrelated with the w;’s with the property that

S (Xgi — Xi)?/n where X = Y Xg;/n has a finite probability limit which is different
from zero.

Section 4.2 derives the OLS normal equations of this multiple regression model and discovers
that an additional assumption is needed for these equations to yield a unique solution.

4.2 Least Squares Estimation

As explained in Chapter 3, least squares minimizes the residual sum of squares where the
residuals are now given by ¢; = Y; — a — Zszz B Xk and @ and (3, denote guesses on the
regression parameters o and [, respectively. The residual sum of squares

RSS =0 e =50 (Y —a— BoXoi — .. — BxXki)?

is minimized by the following K first-order conditions:

O €f)/0a=—230  e; =0

O €2)/08), = =23 eiXp =0, for k=2,..., K. (4.2)
or, equivalently

Sy Yi=an+ By 30y Xoi+ -+ B iy X

Soimy YiXai = @Y, Xoi+ 8o 200y X3+ + B iy Xoi Xk (4.3)

n ~ ) n 2 n 2
doic YiXki =@yl X+ B2 3 g XoiX ki + -+ Br i X
B.H. Baltagi, Econometrics, Springer Texts in Business and Economics, DOI 10.1007/978-3-642-20059-5 4, 73
© Springer-Verlag Berlin Heidelberg 2011
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where the first equation multiplies the regression equation by the constant and sums, the second
equation multiplies the regression equation by Xs and sums, and the K-th equation multiplies
the regression equation by Xx and sums. Z?:l u; = 0 and Z?:l w; X, =0fork=2,....K
are implicitly imposed to arrive at (4.3). Solving these K equations in K unknowns, we get the
OLS estimators. This can be done more succinctly in matrix form, see Chapter 7. Assumptions
1-4 insure that the OLS estimator is BLUE. Assumption 5 introduces normality and as a result
the OLS estimator is also (i) a maximum likelihood estimator, (ii) it is normally distributed,
and (iii) it is minimum variance unbiased. Normality also allows test of hypotheses. Without
the normality assumption, one has to appeal to the Central Limit Theorem and the fact that
the sample is large to perform hypotheses testing.

In order to make sure we can solve for the OLS estimators in (4.3) we need to impose one
further assumption on the model besides those considered in Chapter 3.

Assumption 6: No perfect multicollinearity, i.e., the explanatory variables are not perfectly
correlated with each other. This assumption states that, no explanatory variable X for k =
2,...,K is a perfect linear combination of the other X’s. If assumption 6 is violated, then
one of the equations in (4.2) or (4.3) becomes redundant and we would have K — 1 linearly
independent equations in K unknowns. This means that we cannot solve uniquely for the OLS
estimators of the K coefficients.

Example 1: If Xy, = 3Xy; — 2X5; + X7; for i = 1,...,n, then multiplying this relationship by
e; and summing over i we get

Yoy Xoie; =330 Xueg — 231 1 Xsiei + >y Xre.

This means that the second OLS normal equation in (4.2) can be represented as a perfect linear
combination of the fourth, fifth and seventh OLS normal equations. Knowing the latter three
equations, the second equation adds no new information. Alternatively, one could substitute
this relationship in the original regression equation (4.1). After some algebra, Xy would be
eliminated and the resulting equation becomes:

Yi = a+ 33Xz + (38 + B4)Xui + (B85 — 209) Xsi + B6Xei + (8o + B7) X7 (4.4)
+.. + B Xki + u;.

Note that the coefficients of X4;, X5; and X7; are now (385 + 54), (85 — 28,) and (89 + (7).
respectively. All of which are contaminated by (5. These linear combinations of 35, 34, 85 and
B~ can be estimated from regression (4.4) which excludes Xo;. In fact, the other X’s, not con-
taminated by this perfect linear relationship, will have coefficients that are not contaminated
by 5 and hence are themselves estimable using OLS. However, 35, 3,4, 85 and 3, cannot be
estimated separately. Perfect multicollinearity means that we cannot separate the influence on
Y of the independent variables that are perfectly related. Hence, assumption 6 of no perfect
multicollinearity is needed to guarantee a unique solution of the OLS normal equations. Note
that it applies to perfect linear relationships and does not apply to perfect non-linear relation-
ships among the independent variables. In other words, one can include X;; and X 122 like (years
of experience) and (years of experience)? in an equation explaining earnings of individuals. Al-
though, there is a perfect quadratic relationship between these independent variables, this is
not a perfect linear relationship and therefore, does not cause perfect multicollinearity.
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4.3 Residual Interpretation of Multiple Regression Estimates

Although we did not derive an explicit solution for the OLS estimators of the 3’s, we know
that they are the solutions to (4.2) or (4.3). Let us focus on one of these estimators, say 3,, the
OLS estimator of 35, the partial derivative of ¥; with respect to X»;. As a solution to (4.2) or
(4.3), ﬂQ is a multiple regression coefficient estimate of [3,. Alternatively, we can interpret 62
as a simple linear regression coefficient.

Claim 1: (i) Run the regression of Xs on all the other X’s in (4.1), and obtain the residuals
Vo, le., Xo = X5 —i—Aﬁg. (ii) Run the simple regression of Y on vy, the resulting estimate of the
slope coefficient is (5.

The first regression essentially cleans out the effect of the other X’s from Xy, leaving the vari-
ation unique to Xy in 7y. Claim 1 states that 5 can be interpreted as a simple linear regression
coefficient of Y on this residual. This is in line with the partial derivative interpretation of 3.
The proof of claim 1 is given in the Appendix. Using the results of the simple regression given
in (3.4) with the regressor X; replaced by the residual vy, we get

By = i 72Yi/ i 7, (4.5)
and from (3.6) we get
var(B,) = 0%/ S0, 7, (46)

An alternative interpretation of BQ as a simple regression coefficient is the following:

Claim 2: (i) Run Y on all the other X’s and get the predicted Y and the residuals, say @. (ii)
Run the simple linear regression of w on vs. 52 is the resulting estimate of the slope coeflicient.
This regression cleans both Y and X3 from the effect of the other X’s and then regresses the
cleaned out residuals of Y on those of X5. Once again this is in line with the partial derivative
interpretation of 5. The proof of claim 2 is simple and is given in the Appendix.

These two interpretations of BQ are important in that they provide an easy way of looking at
a multiple regression in the context of a simple linear regression. Also, it says that there is no
need to clean the effects of one X from the other X’s to find its unique effect on Y. All one has
to do is to include all these X’s in the same multiple regression. Problem 1 verifies this result
with an empirical example. This will also be proved using matrix algebra in Chapter 7.

Recall that R? = 1 — RSS/TSS for any regression. Let R3 be the R? for the regression
of X2 on all the other X’s, then R = 1 — >, 331/ S, a3, where m9; = X9 — Xo and
Xy = ZZ 1 Xoi/n; TSS = Zl [(Xo; — X9)2 = 327 23, and RSS = Y | D3;. Equivalently,
i1 Vs = iy 5;(1 — R3) and the

Var(ﬂz) = ‘72/ dic 2z = ‘72/ doic x%z(l - R%) (4.7)

This means that the larger R3, the smaller is (1 — R3) and the larger is var(f35) holding o>
and » ", x%l fixed. This shows the relationship between multicollinearity and the variance of
the OLS estimates. High multicollinearity between X3 and the other X’s will result in high
R?% which in turn implies high variance for ﬁz Perfect multlcolhnearlty is the extreme case
where R3 = 1. This in turn implies an infinite variance for 52. In general, high multicollinearity
among the regressors yields imprecise estimates for these highly correlated variables. The least
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squares regression estimates are still unbiased as long as assumptions 1 and 4 are satisfied,
but these estimates are unreliable as reflected by their high variances. However, it is important
to note that a low ¢ and a high > 7 23, could counteract the effect of a high R3 leading
to a significant t-statistic for BQ. Maddala (2001) argues that high intercorrelation among the
explanatory variables are neither necessary nor sufficient to cause the multicollinearity problem.
In practice, multicollinearity is sensitive to the addition or deletion of observations. More on
this in Chapter 8. Looking at high intercorrelations among the explanatory variables is useful
only as a complaint. It is more important to look at the standard errors and t-statistics to assess
the seriousness of multicollinearity.

Much has been written on possible solutions to the multicollinearity problem, see Hill and
Adkins (2001) for a good summary. Credible candidates include: (i) obtaining new and better
data, but this is rarely available; (ii) introducing nonsample information about the model pa-
rameters based on previous empirical research or economic theory. The problem with the latter
solution is that we never truly know whether the information we introduce is good enough to
reduce estimator Mean Square Error.

4.4 Overspecification and Underspecification of the Regression
Equation

So far we have assumed that the true linear regression relationship is always correctly specified.
This is likely to be violated in practice. In order to keep things simple, we consider the case
where the true model is a simple regression with one regressor Xj.

True model: V; = o + 3, X1, + u;

with u; ~ IID(0, 02), but the estimated model is overspecified with the inclusion of an additional
irrelevant variable X5, i.e.,

Estimated model: Y; = @ + Blei + B2X22-

From the previous section, it is clear that El = Y0 DY/ S, DY, where Dy is the OLS
residuals of X1 on X5. Substituting the true model for Y we get

B =5 Z?:l v1:X1i/ Zz 1 Vlz + Zz—l viiui/ Zz 1 Vu

since 22:?:1 /I/\h‘ = 0. But, Xh‘ == 5(:11‘ + /V\li and Z?:l 5(:11‘/1;11‘ =0 implying that 2?21 ﬁh-Xh» =
> vy, Hence,

ﬁl + Zz 1 Vllul/ Zz 1 Vl?, (48)
and E(Bl) = (3, since 71 is a linear combination of the X’s, and E(Xyu) = 0 for k = 1,2. Also,
var(By) = 0/ L, 0 = 0%/ Sy 2ty (1 — RY) (4.9)

where z1; = X1; — X1 and R% is the R? of the regression of X; on X,. Using the true model
to estimate (3;, one would get by = Y., w15/ >y a3, with E(b1) = B, and var(b;) =
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0?2/ > | a2, Hence, var(3;) > var(by). Note also that in the overspecified model, the estimate
for 85 which has a true value of zero is given by

By = S0 DaiYi) S0, (4.10)

where Uy is the OLS residual of X5 on X;. Substituting the true model for Y we get

By = S0 Dojui) S0, U3 (4.11)

since > ' U2, X1; = 0 and )", Uy = 0. Hence, E(B,) = 0 since Dy is a linear combination
of the X’s and E(Xiu) = 0 for £ = 1,2. In summary, overspecification still yields unbiased
estimates of 3; and (4, but the price is a higher variance.

Similarly, the true model could be a two-regressors model

True model: Y; = a + 8, X1; + B39 X2 + u;
where u; ~ IID(0, o?) but the estimated model is
Estimated model: Y; = a + Blei

The estimated model omits a relevant variable Xo and underspecifies the true relationship. In
this case

By =0 @Y S 2 (4.12)

where z1; = X1; — X;. Substituting the true model for Y we get
By = By + Be Yooy wuiXai/ Yoy @t + Yoy wiiwi/ Yo o (4.13)

Hence, E(Bl) = By + Bybiz since E(zju) = 0 with bjp = > 1 21, X2/ > v, #%;. Note that by2
is the regression slope estimate obtained by regressing X5 on X; and a constant. Also, the

Val"(Bl) = E(Bl - E(Bl))z = B30 mu/ D0 x%z)g = 02/ die x%z

which understates the variance of the estimate of 3, obtained from the true model, i.e., b =
S oY/ S8 D3, with

var(b) = 0%/ YL, 9 = 07/ o1 afi(1 — RY) = var(B). (4.14)

In summary, underspecification yields biased estimates of the regression coefficients and under-
states the variance of these estimates. This is also an example of imposing a zero restriction
on 3, when in fact it is not true. This introduces bias, because the restriction is wrong, but
reduces the variance because it imposes more information even if this information may be false.
We will encounter this general principle again when we discuss distributed lags in Chapter 6.
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4.5 R-Squared Versus R-Bar-Squared

Since OLS minimizes the residual sums of squares, adding one or more variables to the regres-
sion cannot increase this residual sums of squares. After all, we are minimizing over a larger
dimension parameter set and the minimum there is smaller or equal to that over a subset of the
parameter space, see problem 4. Therefore, for the same dependent variable Y, adding more vari-
ables makes > | €? non-increasing and R? non-decreasing, since R = 1— (31 €2/ Y1 | y?).
Hence, a criteria of selecting a regression that “maximizes R?” does not make sense, since we
can add more variables to this regression and improve on this R? (or at worst leave it the same).
In order to penalize the researcher for adding an extra variable, one computes

R =1- [l e/(n—K)/[Ciy v/ (n—1)] (4.15)

where Y ", e? and Yoy y? have been adjusted by their degrees of freedom. Note that the
numerator is the s of the regression and is equal to > i ; €?/(n — K). This differs from the
s? in Chapter 3 in the degrees of freedom. Here, it is n — K, because we have estimated K
coefficients, or because (4.2) represents K relationships among the residuals. Therefore knowing
(n — K) residuals we can deduce the other K residuals from (4.2). Y1 | €? is non-increasing as
we add more variables, but the degrees of freedom decrease by one with every added variable.
Therefore, s? will decrease only if the effect of the Yo 612 decrease outweighs the effect of the
one degree of freedom loss on s2. This is exactly the idea behind R?, i.e., penalizing each added
variable by decreasing the degrees of freedom by one. Hence, this variable will increase R? only
if the reduction in Y 7 ; e? outweighs this loss, i.e., only if s? is decreased. Using the definition
of R?, one can relate it to R? as follows:

(1-R%) =(1-R)[(n—-1)/(n-K) (4.16)

4.6 Testing Linear Restrictions

In the simple linear regression chapter, we proved that the OLS estimates are BLUE provided
assumptions 1 to 4 were satisfied. Then we imposed normality on the disturbances, assumption
5, and proved that the OLS estimators are in fact the maximum likelihood estimators. Then we
derived the Cramér-Rao lower bound, and proved that these estimates are efficient. This will
be done in matrix form in Chapter 7 for the multiple regression case. Under normality one can
test hypotheses about the regression. Basically, any regression package will report the OLS esti-
mates, their standard errors and the corresponding ¢-statistics for the null hypothesis that each
individual coefficient is zero. These are tests of significance for each coefficient separately. But
one may be interested in a joint test of significance for two or more coefficients simultaneously,
or simply testing whether linear restrictions on the coefficients of the regression are satisfied.
This will be developed more formally in Chapter 7. For now, all we assume is that the reader can
perform regressions using his or her favorite software like EViews, Stata, SAS, TSP, SHAZAM,
LIMDEP or GAUSS. The solutions to (4.2) or (4.3) result in the OLS estimates. These multiple
regression coefficient estimates can be interpreted as simple regression estimates as shown in
section 4.3. This allows a simple derivation of their standard errors. Now, we would like to use
these regressions to test linear restrictions. The strategy followed is to impose these restrictions
on the model and run the resulting restricted regression. The corresponding Restricted Residual
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Sums of Squares is denoted by RRSS. Next, one runs the regression without imposing these
linear restrictions to obtain the Unrestricted Residual Sums of Squares, which we denote by
URSS. Finally, one forms the following F-statistic:

(RRSS — URSS) /¢

F= URSS/(n — K)

~ Fpn i (4.17)

where ¢ denotes the number of restrictions, and n — K gives the degrees of freedom of the
unrestricted model. The idea behind this test is intuitive. If the restrictions are true, then the
RRSS should not be much different from the URSS. If RRSS is different from URSS, then
we reject these restrictions. The denominator of the F-statistic is a consistent estimate of the
unrestricted regression variance. Dividing by the latter makes the F-statistic invariant to units
of measurement. Let us consider two examples:

Example 2: Testing the joint significance of two regression coefficients. For e.g., let us test the
following null hypothesis Hy; 35 = (3 = 0. These are two restrictions 3, = 0 and 33 = 0
and they are to be tested jointly. We know how to test for 35 = 0 alone or 83 = 0 alone
with individual ¢-tests. This is a test of joint significance of the two coefficients. Imposing this
restriction, means the removal of Xo and X3 from the regression, i.e., running the regression
of Y on Xy,..., Xk excluding X9 and X3. Hence, the number of parameters to be estimated
becomes (K — 2) and the degrees of freedom of this restricted regression are n — (K — 2). The
unrestricted regression is the one including all the X’s in the model. Its degrees of freedom
are (n — K). The number of restrictions are 2 and this can also be inferred from the difference
between the degrees of freedom of the restricted and unrestricted regressions. All the ingredients
are now available for computing F in (4.17) and this will be distributed as F,,_ .

Example 3: Test the equality of two regression coefficients Hy; 85 = 3, against the alternative
that Hy; 83 # (3,. Note that Hy can be rewritten as Hy; 33 — 3, = 0. This can be tested using a
t-statistic that tests whether d = ﬂ3 By i is equal to zero. From the unrestricted regression, we
can obtain d = 53 54 with var(d) = var(53)+var(ﬂ4) - 2cov(ﬂ3, ﬁ4) The variance-covariance
matrix of the regression coefficients can be printed out with any regression package. In section
4.3, we gave these variances and covariances a simple regression interpretation. This means

that se(d) = \/var(d) and the t-statistic is simply t = (d — O)/se(c/l\) which is distributed as
t,—x under Hy. Alternatively, one can run an F-test with the RRSS obtained from running the
following regression

Yi=a+ ,62X2i + ﬂ3i(X3i + X4i) + ,35X5i + ..+ ﬂKXKi + u;

with 3 = (3, substituted in for 3,. This regression has the variable (X3; + X4;) rather than Xs;
and Xy; separately. The URSS is the regression of Y on all the X’s in the model. The degrees
of freedom of the resulting F-statistic are 1 and n — K. The numerator degree of freedom states
that there is only one restriction. It will be proved in Chapter 7 that the square of the t-statistic
is exactly equal to the F-statistic just derived. Both methods of testing are equivalent. The first
one computes only the unrestricted regression and involves some further variance computations,
while the latter involves running two regressions and computing the usual F-statistic.

Example 4: Test the joint hypothesis Hyp; 33 = 1 and 35 — 23, = 0. These two restrictions are
usually obtained from prior information or imposed by theory. The first restriction is 35 = 1.
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The value 1 could have been any other constant. The second restriction shows that a linear
combination of 3, and 3, is equal to zero. Substituting these restrictions in (4.1) we get

Y = o+ By Xoi + Xai + 285 Xui + B Xsi + .. + B Xki + us
which can be written as
Y — X3 = a+ By(Xoi + 1 Xus) + B Xsi + .. + B Xki + i

Therefore, the RRSS can be obtained by regressing (Y — X3) on (X + 3X4), X5, ..., Xx. This
regression has n — (K — 2) degrees of freedom. The URSS is the regression with all the X’s
included. The resulting F-statistic has 2 and n — K degrees of freedom.

Example 5: Testing constant returns to scale in a Cobb-Douglas production function. Q =
AK*LPEYM?®%e" is a Cobb-Douglas production function with capital(K), labor(L), energy(E)
and material(M). Constant returns to scale means that a proportional increase in the inputs pro-
duces the same proportional increase in output. Let this proportional increase be A, then K* =
MK, L* = AL, E* = AE and M* = AM. Q* = \t8+1+0) ggapBpypéen = N\ othtr+d) g
For this last term to be equal to AQ@, the following restriction must hold: « + 3+ v+ 6 = 1.
Hence, a test of constant returns to scale is equivalent to testing Ho;a + 8+ v+ 6 = 1. The
Cobb-Douglas production function is nonlinear in the variables, and can be linearized by taking
logs of both sides, i.e.,

logQ@ = logA + alogK + plogL + ~vlogE + SlogM + u (4.18)

This is a linear regression with Y = log@, Xo = logK, X35 = logL, X4 = logF and X5 = logM .
Ordinary least squares is BLUE on this non-linear model as long as u satisfies assumptions
1-4. Note that these disturbances entered the original Cobb-Douglas production function mul-
tiplicatively as exp(u;). Had these disturbances entered additively as Q = AK*LSEYM?® + u
then taking logs does not simplify the right hand side and one has to estimate this with non-
linear least squares, see Chapter 8. Now we can test constant returns to scale as follows. The
unrestricted regression is given by (4.18) and its degrees of freedom are n — 5. Imposing Hy
means substituting the linear restriction by replacing say 3 by (1 —a —~ —¢). This results after
collecting terms in the following restricted regression with one less parameter

log(@Q/L) = logA + olog(K/L) + vlog(E/L) 4 dlog(M/L) + u (4.19)

The degrees of freedom are n — 4. Once again all the ingredients for the test in (4.17) are there
and this statistic is distributed as F},n — 5 under the null hypothesis.

Example 6: Joint significance of all the slope coefficients. The null hypothesis is

Ho; By =03=..=Prg=0

against the alternative Hyp; at least one (3, # 0 for k = 2,..., K. Under the null, only the
constant is left in the regression. Problem 3.2 showed that for a regression of Y on a constant
only, the least squares estimate of a is Y. This means that the corresponding residual sum of
squares is Y, (Y;—Y)?. Therefore, RRSS = Total sums of squares of regression (4.1) = X7, y2.
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The URSS is the usual residual sums of squares Y 1, e?

by (4.1). Hence, the corresponding F-statistic for Hy is

from the unrestricted regression given

o ISS-RSSI(K-1) _(SLf-SL@/K-1) _ R n-K .o
RSS/(n — K) S e?/(n—K) 1-R? K-1

i=1"1

where R? = 1— (3", €2/ > | y?). This F-statistic has (K —1) and (n— K) degrees of freedom

i=16
under Hy, and is usually reported by regression packages.

4.7 Dummy Variables

Many explanatory variables are qualitative in nature. For example, the head of a household
could be male or female, white or non-white, employed or unemployed. In this case, one codes
these variables as “M” for male and “F” for female, or change this qualitative variable into a
quantitative variable called FEMALE which takes the value “0” for male and “1” for female.
This obviously begs the question: “why not have a variable MALE that takes on the value 1 for
male and 0 for female?” Actually, the variable MALE would be exactly I-FEMALE. In other
words, the zero and one can be thought of as a switch, which turns on when it is 1 and off when
it is 0. Suppose that we are interested in the earnings of households, denoted by EARN, and
MALE and FEMALE are the only explanatory variables available, then problem 10 asks the
reader to verify that running OLS on the following model:

EARN = oy MALE + ap FEMALE + u (4.21)

gives ayy = “average earnings of the males in the sample” and ap = “average earnings of
the females in the sample.” Notice that there is no intercept in (4.21), this is because of what
is known in the literature as the “dummy variable trap.” Briefly stated, there will be perfect
multicollinearity between MALE, FEMALE and the constant. In fact, MALE + FEMALE =
1. Some researchers may choose to include the intercept and exclude one of the sex dummy
variables, say MALE, then

EARN = a+ SFEMALE +u (4.22)
and the OLS estimates give a = “average earnings of males in the sample” = a,;, while B =
ap — ay = “the difference in average earnings between females and males in the sample.”

Regression (4.22) is more popular when one is interested in contrasting the earnings between
males and females and obtaining with one regression the markup or markdown in average earn-
ings (ap — @) as well as the test of whether this difference is statistically different from zero.
This would be simply the ¢-statistic on 8 in (4.22). On the other hand, if one is interested in
estimating the average earnings of males and females separately, then model (4.21) should be
the one to consider. In this case, the ¢-test for arp — ap; = 0 would involve further calcula-
tions not directly given from the regression in (4.21) but similar to the calculations given in
Example 3.

What happens when another qualitative variable is included, to depict another classification
of the individuals in the sample, say for example, race? If there are three race groups in the
sample, WHITE, BLACK and HISPANIC. One could create a dummy variable for each of
these classifications. For example, WHITE will take the value 1 when the individual is white
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and 0 when the individual is non-white. Note that the dummy variable trap does not allow
the inclusion of all three categories as they sum up to 1. Also, even if the intercept is dropped,
once MALE and FEMALE are included, perfect multicollinearity is still present because MALE
+ FEMALE = WHITE 4+ BLACK + HISPANIC. Therefore, one category from race should
be dropped. Suits (1984) argues that the researcher should use the dummy variable category
omission to his or her advantage, in interpreting the results, keeping in mind the purpose of
the study. For example, if one is interested in comparing earnings across the sexes holding race
constant, the omission of MALE or FEMALE is natural, whereas, if one is interested in the race
differential in earnings holding gender constant, one of the race variables should be omitted.
Whichever variable is omitted, this becomes the base category for which the other earnings are
compared. Most researchers prefer to keep an intercept, although regression packages allow for
a no intercept option. In this case one should omit one category from each of the race and sex
classifications. For example, if MALE and WHITE are omitted:

EARN = o + 3 FEMALE + 35 BLACK + (3, HISPANIC + u (4.23)

Assuming the error u satisfies all the classical assumptions, and taking expected values of both
sides of (4.23), one can see that the intercept o = the expected value of earnings of the omitted
category which is “white males”. For this category, all the other switches are off. Similarly,
o + B is the expected value of earnings of “white females,” since the FEMALE switch is
on. One can conclude that 3 = difference in the expected value of earnings between white
females and white males. Similarly, one can show that o+ (5 is the expected earnings of “black
males” and o + Bp + B is the expected earnings of “black females.” Therefore, 5 represents
the difference in expected earnings between black females and black males. In fact, problem
11 asks the reader to show that B represents the difference in expected earnings between
hispanic females and hispanic males. In other words, 35 represents the differential in expected
earnings between females and males holding race constant. Similarly, one can show that g is
the difference in expected earnings between blacks and whites holding sex constant, and (3 is
the differential in expected earnings between hispanics and whites holding sex constant. The
main key to the interpretation of the dummy variable coefficients is to be able to turn on and
turn off the proper switches, and write the correct expectations.
The real regression will contain other quantitative and qualitative variables, like

EARN = o+ 3-FEMALE + 3 BLACK + (3 HISPANIC + ~, EXP (4.24)
479 EXP? + v3EDUC + v, UNION + u

where EXP is years of job experience, EDUC is years of education, and UNION is 1 if the
individual belongs to a union and 0 otherwise. EXP? is the squared value of EXP. Once again,
one can interpret the coeflicients of these regressions by turning on or off the proper switches. For
example, 7, is interpreted as the expected difference in earnings between union and non-union
members holding all other variables included in (4.24) constant. Halvorsen and Palmquist (1980)
warn economists about the interpretation of dummy variable coefficients when the dependent
variable is in logs. For example, if the earnings equation is semi-logarithmic:

log(Earnings) = a+ SUNION +~EDUC + u

then v = % change in earnings for one extra year of education, holding union membership
constant. But, what about the returns for union membership? If we let Y7 = log(Earnings)
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when the individual belongs to a union, and Yy = log(Earnings) when the individual does not
belong to a union, then g = % change in earnings due to union membership = (e — e¥0)/e¥0.
Equivalently, one can write that log(1 4 g) = Y3 — Yy = 3, or that g = €’ — 1. In other words,
one should not hasten to conclude that g has the same interpretation as . In fact, the %
change in earnings due to union membership is e”? —1 and not §. The error involved in using ﬁ
rather than e — 1 to estimate g could be substantial, especially if ﬂ is large. For example, when
ﬂ = 0.5,0.75,1; g = -1 =0. 65,1.12,1.72, respectively. Kennedy (1981) notes that if ﬁ is
unbiased for 3, g is not necessarily unbiased for g. However, consistency of ﬁ implies consistency
for g. If one assumes log-normal distributed errors, then E(eﬁ) = ¢0+05Var(3) | Based on this

result, Kennedy (1981) suggests estimating g by g = ePt0-5Var(B) 1 where Var(ﬁ) is a consistent
estimate of Var((3).

Another use of dummy variables is in taking into account seasonal factors, i.e., including
3 seasonal dummy variables with the omitted season becoming the base for comparison.' For
example:

Sales = a+ By Winter + BgSpring + BpFall + v, Price + u (4.25)

the omitted season being the Summer season, and if (4.25) models the sales of air-conditioning
units, then (1 is the difference in expected sales between the Fall and Summer seasons, holding
the price of an air-conditioning unit constant. If these were heating units one may want to
change the base season for comparison.

Another use of dummy variables is for War years, where consumption is not at its normal
level say due to rationing. Consider estimating the following consumption function

Ct:oz—}—ﬁYt—F(?WARt—i—ut t:1,2,,T (426)

where C} denotes real per capita consumption, Y; denotes real per capita personal disposable
income, and WAR; is a dummy variable taking the value 1 if it is a War time period and 0
otherwise. Note that the War years do not affect the slope of the consumption line with respect
to income, only the intercept. The intercept is o in non-War years and « + 6 in War years. In
other words, the marginal propensity out of income is the same in War and non-War years, only
the level of consumption is different.

Of course, one can dummy other unusual years like periods of strike, years of natural disaster,
earthquakes, floods, hurricanes, or external shocks beyond control, like the oil embargo of 1973.
If this dummy includes only one year like 1973, then the dummy variable for 1973, call it
Dr3, takes the value 1 for 1973 and zero otherwise. Including D73 as an extra variable in the
regression has the effect of removing the 1973 observation from estimation purposes, and the
resulting regression coefficients estimates are exactly the same as those obtained excluding
the 1973 observation and its corresponding dummy variable. In fact, using matrix algebra in
Chapter 7, we will show that the coefficient estimate of D73 is the forecast error for 1973,
using the regression that ignores the 1973 observations. In addition, the standard error of the
dummy coefficient estimates is the standard error of this forecast. This is a much easier way
of obtaining the forecast error and its standard error from the regression package without
additional computations, see Salkever (1976). More on this in Chapter 7.
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Interaction Effects

So far the dummy variables have been used to shift the intercept of the regression keeping
the slopes constant. One can also use the dummy variables to shift the slopes by letting them
interact with the explanatory variables. For example, consider the following earnings equation:

EARN = o+ ap FEMALE + BEDUC + u (4.27)

In this regression, only the intercept shifts from males to females. The returns to an extra year
of education is simply [, which is assumed to be the same for males as well as females. But if
we now introduce the interaction variable (FEMALE x EDUC), then the regression becomes:

FEARN = a+ apFEMALE + SEDUC + v(FEMALE x EDUC) 4+ u (4.28)

In this case, the returns to an extra year of education depends upon the sex of the individual.
In fact, 0(FARN)/0(EDUC) =  + ~v(FEMALE) = ( if male, and 3 + ~ if female. Note that
the interaction variable = EDUC if the individual is female and 0 if the individual is male.

Estimating (4.28) is equivalent to estimating two earnings equations, one for males and an-
other one for females, separately. The only difference is that (4.28) imposes the same variance
across the two groups, whereas separate regressions do not impose this, albeit restrictive, equal-
ity of the variances assumption. This set-up is ideal for testing the equality of slopes, equality
of intercepts, or equality of both intercepts and slopes across the sexes. This can be done with
the F-test described in (4.17). In fact, for Hp; equality of slopes, given different intercepts,
the restricted residuals sum of squares (RRSS) is obtained from (4.27), while the unrestricted
residuals sum of squares (URSS) is obtained from (4.28). Problem 12 asks the reader to set
up the F-test for the following null hypothesis: (i) equality of slopes and intercepts, and (ii)
equality of intercepts given the same slopes.

Dummy variables have many useful applications in economics. For example, several tests
including the Chow (1960) test, and Utts (1982) Rainbow test described in Chapter 8, can be
applied using dummy variable regressions. Additionally, they can be used in modeling splines,
see Poirier (1976) and Suits, Mason and Chan (1978), and fixed effects in panel data, see
Chapter 12. Finally, when the dependent variable is itself a dummy variable, the regression
equation needs special treatment, see Chapter 13 on qualitative limited dependent variables.

Empirical Example: Table 4.1 gives the results of a regression on 595 individuals drawn from
the Panel Study of Income Dynamics (PSID) in 1982. This data is provided on the Springer
web site as EARN.ASC. A description of the data is given in Cornwell and Rupert (1988). In
particular, log wage is regressed on years of education (ED), weeks worked (WKS), years of
full-time work experience (EXP), occupation (OCC = 1, if the individual is in a blue-collar
occupation), residence (SOUTH = 1, SMSA = 1, if the individual resides in the South, or
in a standard metropolitan statistical area), industry (IND = 1, if the individual works in a
manufacturing industry), marital status (MS = 1, if the individual is married), sex and race
(FEM = 1, BLK = 1, if the individual is female or black), union coverage (UNION = 1, if the
individual’s wage is set by a union contract). These results show that the returns to an extra year
of schooling is 5.7%, holding everything else constant. It shows that Males on the average earn
more than Females. Blacks on the average earn less than Whites, and Union workers earn more
than non-union workers. Individuals residing in the South earn less than those living elsewhere.
Those residing in a standard metropolitan statistical area earn more on the average than those
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Table 4.1 FEarnings Regression for 1982

Dependent Variable: LWAGE

Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Prob > F
Model 12 52.48064 4.37339 41.263 0.0001
Error 582 61.68465 0.10599
C Total 594 114.16529
Root MSE 0.32556 R-square 0.4597
Dep Mean 6.95074 Adj R-sq 0.4485
C.V. 4.68377
Parameter Estimates
Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 5.590093 0.19011263 29.404 0.0001
WKS 1 0.003413 0.00267762 1.275 0.2030
SOUTH 1 —0.058763 0.03090689 -1.901 0.0578
SMSA 1 0.166191 0.02955099 5.624 0.0001
MS 1 0.095237 0.04892770 1.946 0.0521
EXP 1 0.029380 0.00652410 4.503 0.0001
EXP2 1 -0.000486 0.00012680 -3.833 0.0001
ocCcC 1 —0.161522 0.03690729 —4.376 0.0001
IND 1 0.084663 0.02916370 2.903 0.0038
UNION 1 0.106278 0.03167547 3.355 0.0008
FEM 1 —-0.324557 0.06072947 —5.344 0.0001
BLK 1 -0.190422 0.05441180 -3.500 0.0005
ED 1 0.057194 0.00659101 8.678 0.0001

who do not. Individuals who work in a manufacturing industry or are not blue collar workers
or are married earn more on the average than those who are not. For EX P2 = (EX P)?, this
regression indicates a significant quadratic relationship between earnings and experience. All
the variables were significant at the 5% level except for WKS, SOUTH and MS.

Note

1. There are more sophisticated ways of seasonal adjustment than introducing seasonal dummies, see
Judge et al. (1985).

Problems

1. For the Cigarette Data given in Table 3.2. Run the following regressions:

(a) Real per capita consumption of cigarettes on real price and real per capita income. (All
variables are in log form, and all regressions in this problem include a constant).
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Real per capita consumption of cigarettes on real price.

Real per capita income on real price.

)
)
(d) Real per capita consumption on the residuals of part (c).
) Residuals from part (b) on the residuals in part (c).

)

Compare the regression slope estimates in parts (d) and (e) with the regression coefficient
estimate of the real income coefficient in part (a), what do you conclude?

2. Simple Versus Multiple Regression Coefficients. This is based on Baltagi (1987b). Consider the
multiple regression

Yi=a+B,X0i +33X3i +u; i=1,2,....n

along with the following auxiliary regressions:

Xoi = a+bXs+ 0y
X3i = C+dXg + Vs

In section 4.3, we showed that BQ, the OLS estimate of 3, can be interpreted as a simple regression
of Y on the OLS residuals V5. A similar interpretation can be given to 53. Kennedy (1981, p. 416)
claims that Bz is not necessarily the same as /6\2, the OLS estimate of 65 obtained from the regression
Y on Uy, U3 and a constant, Y; = v+ 02V2; + 63V3; + w;. Prove this claim by finding a relationship
between the (’s and the §’s.

3. For the simple regression Y; = a + 6X; + u; considered in Chapter 3, show that

(a) @OLS =3 xwyi/ >, 22 can be obtained using the residual interpretation by regressing

X on a constant first, getting the residuals 7 and then regressing Y on v.

(b) aors =Y — EOLSX can be obtained using the residual interpretation by regressing 1 on X
and obtaining the residuals @ and then regressing Y on .

(¢) Check the var(aprs) and var(ﬁOLS) in parts (a) and (b) with those obtained from the
residualing interpretation.

4. Effect of Additional Regressors on R2. This is based on Nieswiadomy (1986).

(a) Suppose that the multiple regression given in (4.1) has K regressors in it. Denote the least
squares sum of squared errors by SSFE;. Now add K> regressors so that the total number of
regressors is K = K; + K5. Denote the corresponding least squares sum of squared errors
by SSEs. Show that SSFE; < SSE;, and conclude that the corresponding R-squares satisfy
R} > R3.

(b) Derive the equality given in (4.16) starting from the definition of R? and R?.

(c) Show that the corresponding R-squares satisfy R? > R2 when the F-statistic for the joint
significance of these additional K5 regressors is less than or equal to one.

5. Perfect Multicollinearity. Let Y be the output and X = skilled labor and X3 = unskilled labor
in the following relationship:

Vi = a4 BoXoi + B3 Xsi + 84 (Xoi + Xai) + 85 X3 + B X3 + wi
What parameters are estimable by OLS?

6. Suppose that we have estimated the parameters of the multiple regression model:
Y = 61 + ﬂth2 + ﬁgXtB + uy

by Ordinary Least Squares (OLS) method. Denote the estimated residuals by (es,t = 1,...,T)
and the predicted values by (Yi, t=1,...,T).
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(a) What is the R? of the regression of e on a constant, Xo and X3?

(b) If we regress Y on a constant and }77 what are the estimated intercept and slope coeffi-
cients? What is the relationship between the R? of this regression and the R? of the original
regression?

(c) If we regress Y on a constant and e, what are the estimated intercept and slope coeffi-
cients? What is the relationship between the R? of this regression and the R? of the original
regression?

(d) Suppose that we add a new explanatory variable X, to the original model and re-estimate
the parameters by OLS. Show that the estimated coefficient of X, and its estimated standard
error will be the same as in the OLS regression of e on a constant, X5, X3 and Xj.

7. Consider the Cobb-Douglas production function in example 5. How can you test for constant
returns to scale using a t-statistic from the unrestricted regression given in (4.18).

8. Testing Multiple Restrictions. For the multiple regression given in (4.1). Set up the F-statistic
described in (4.17) for testing

(a) Ho; By = B4 = Bs-
(b) Ho; By = —B3 and 35 — B = 1.

9. Monte Carlo Ezperiments. Hanushek and Jackson (1977, pp. 60-65) generated the following data
Y; = 15+ 1Xo; +2X3; +u; for i = 1,2,...,25 with a fixed set of Xo; and X3;, and u;’s that
are IID ~ N(0,100). For each set of 25 u;’s drawn randomly from the normal distribution, a
corresponding set of 25 Y;’s are created from the above equation. Then OLS is performed on the
resulting data set. This can be repeated as many times as we can afford. 400 replications were
performed by Hanushek and Jackson. This means that they generated 400 data sets each of size 25
and ran 400 regressions giving 400 OLS estimates of «, 35, 35 and o2. The classical assumptions
are satisfied for this model, by construction, so we expect these OLS estimators to be BLUE, MLE
and efficient.

(a) Replicate the Monte Carlo experiments of Hanushek and Jackson (1977) and generate the
means of the 400 estimates of the regression coefficients as well as o2. Are these estimates
unbiased?

(b) Compute the standard deviation of these 400 estimates and call this 7. Also compute the
average of the 400 standard errors of the regression estimates reported by the regression.
Denote this mean by 5,. Compare these two estimates of the standard deviation of the
regression coefficient estimates to the true standard deviation knowing the true o2. What do
you conclude?

(¢) Plot the frequency of these regression coefficients estimates? Does it resemble its theoretical
distribution.

(d) Increase the sample size form 25 to 50 and repeat the experiment. What do you observe?
10. Female and Male Dummy Variables.

(a) Derive the OLS estimates of ar and ays for Y; = apF; + ay M; + u; where Y is Earnings,
Fis FEMALE and M is MALE, see (4.21). Show that ar = Yr, the average of the Y;’s only
for females, and ap; = Yy, the average of the Y;’s only for males.

(b) Suppose that the regression is Y; = « + BF; + u;, see (4.22). Show that @ = ay, and
f=ar—au.

(¢) Substitute M =1 — F in (4.21) and show that o = aps and 8 = ap — ayy.

(d) Verity parts (a), (b) and (c) using the earnings data underlying Table 4.1.
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11. Multiple Dummy Variables. For equation (4.23)

EARN = a + 3,FEMALE + 33 BLACK + B, HISPANIC + u

Show that

(a)
(b)
()

E(Earnings/Hispanic Female) = o + By + [; also E(Earnings/Hispanic Male) = a + (.
Conclude that 8 = E(Earnings/Hispanic Female) — E(Earnings/Hispanic Male).
E(Earnings/Hispanic Female) — E(Earnings/White Female) = E(Earnings/Hispanic Male) —
E(Earnings/White Male) = (.

E(Earnings/Black Female) — E(Earnings/White Female) = E(Earnings/Black Male) —
E(Earnings/White Male) = (5.

12. For the earnings equation given in (4.28), how would you set up the F-test and what are the
restricted and unrestricted regressions for testing the following hypotheses:

()
(b)

()
(d)

The equality of slopes and intercepts for Males and Females.

The equality of intercepts given the same slopes for Males and Females. Show that the
resulting F-statistic is the square of a t-statistic from the unrestricted regression.

The equality of intercepts allowing for different slopes for Males and Females. Show that the
resulting F-statistic is the square of a t-statistic from the unrestricted regression.

Apply your results in parts (a), (b) and (c) to the earnings data underlying Table 4.1.

13. For the earnings data regression underlying Table 4.1.

()
(b)

(f)

Replicate the regression results given in Table 4.1.
Verify that the joint significance of all slope coefficients can be obtained from (4.20).

How would you test the joint restriction that expected earnings are the same for Males and
Females whether Black or Non-Black holding everything else constant?

How would you test the joint restriction that expected earnings are the same whether the
individual is married or not and whether this individual belongs to a Union or not?

From Table 4.1 what is your estimate of the % change in earnings due to Union membership?
If the disturbances are assumed to be log-normal, what would be the estimate suggested by
Kennedy (1981) for this % change in earnings?

What is your estimate of the % change in earnings due to the individual being married?

14. Crude Quality. Using the data set of U.S. oil field postings on crude prices ($/barrel), gravity
(degree API) and sulphur (% sulphur) given in the CRUDES.ASC file on the Springer web site.

(a)
(b)

Estimate the following multiple regression model: POIL = 3, +3,GRAVITY + 3, SULPHUR
+ €.

Regress GRAVITY = ap+ a3 SULPHUR + v; then compute the residuals (7). Now perform
the regression

POIL:'YI +727/\t+€

Verify that 7, is the same as Bz in part (a). What does this tell you?

Regress POIL = ¢; + ¢,SULPHUR + w. Compute the residuals (). Now regress @ on U
obtained from part (b), to get w; = 61 + 63V;+ residuals. Show that 62 = §, in part (a).
Again, what does this tell you?

To illustrate how additional data affects multicollinearity, show how your regression in part
(a) changes when the sample is restricted to the first 25 crudes.

Delete all crudes with sulphur content outside the range of 1 to 2 percent and run the multiple
regression in part (a). Discuss and interpret these results.
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QMG PMG POP RGNP

Year CAR (1,000 Gallons) ($) (1,000) (Billion) PGNP
1950 49195212 40617285 0.272 152271 1090.4 26.1
1951 51948796 43896887 0.276 154878 1179.2 27.9
1952 53301329 46428148 0.287 157553 1226.1 28.3
1953 56313281 49374047 0.290 160184 1282.1 28.5
1954 58622547 51107135 0.291 163026 1252.1 29.0
1955 62688792 54333255 0.299 165931 1356.7 29.3
1956 65153810 56022406 0.310 168903 1383.5 30.3
1957 67124904 57415622 0.304 171984 1410.2 314
1958 68296594 59154330 0.305 174882 1384.7 32.1
1959 71354420 61596548 0.311 177830 1481.0 32.6
1960 73868682 62811854 0.308 180671 1517.2 33.2
1961 75958215 63978489 0.306 183691 1547.9 33.6
1962 79173329 62531373 0.304 186538 1647.9 34.0
1963 82713717 64779104 0.304 189242 1711.6 34.5
1964 86301207 67663848 0.312 191889 1806.9 35.0
1965 90360721 70337126 0.321 194303 1918.5 35.7
1966 93962030 73638812 0.332 196560 2048.9 36.6
1967 96930949 76139326 0.337 198712 2100.3 37.8
1968 101039113 80772657 0.348 200706 2195.4 39.4
1969 103562018 85416084 0.357 202677 2260.7 41.2
1970 106807629 88684050 0.364 205052 2250.7 43.4
1971 111297459 92194620 0.361 207661 2332.0 45.6
1972 117051638 95348904 0.388 209896 2465.5 47.5
1973 123811741 99804600 0.524 211909 2602.8 50.2
1974 127951254 100212210 0.572 213854 2564.2 55.1
1975 130918918 102327750 0.595 215973 2530.9 60.4
1976 136333934 106972740 0.631 218035 2680.5 63.5
1977 141523197 110023410 0.657 220239 2822.4 67.3
1978 146484336 113625960 0.678 222585 3115.2 72.2
1979 149422205 107831220 0.857 225055 3192.4 78.6
1980 153357876 100856070 1.191 227757 3187.1 85.7
1981 155907473 100994040 1.311 230138 3248.8 94.0
1982 156993694 100242870 1.222 232520 3166.0 100.0
1983 161017926 101515260 1.157 234799 3279.1 103.9
1984 163432944 102603690 1.129 237001 3489.9 107.9
1985 168743817 104719230 1.115 239279 3585.2 111.5
1986 173255850 107831220 0.857 241613 3676.5 114.5
1987 177922000 110467980 0.897 243915 3847.0 117.7

CAR: Stock of Cars POP: Population

RMG: Motor Gasoline Consumption RGNP: Real GNP in 1982 dollars

PMG: Retail Price of Motor Gasoline PGNP: GNP Deflator (1982=100)
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15. Consider the U.S. gasoline data from 1950-1987 given in Table 4.2, and obtained from the file
USGAS.ASC on the Springer web site.

(a)

For the period 1950-1972 estimate models (1) and (2):

10gQMG = B, + BylogCAR + B3logPOP + (3,logRGN P (1)
+B5logPGN P + BglogPMG + u
QMG CAR G
log-=m = "1 +Malog 555 +1slog 5o + vlog pamrs + v (2)

What restrictions should the (’s satisfy in model (1) in order to yield the 4’s in model (2)?
Compare the estimates and the corresponding standard errors from models (1) and (2).
Compute the simple correlations among the X’s in model (1). What do you observe?

Use the Chow-F test to test the parametric restrictions obtained in part (b).

Estimate equations (1) and (2) now using the full data set 1950-1987. Discuss briefly the
effects on individual parameter estimates and their standard errors of the larger data set.

Using a dummy variable, test the hypothesis that gasoline demand per CAR permanently
shifted downward for model (2) following the Arab Oil Embargo in 19737

Construct a dummy variable regression that will test whether the price elasticity has changed
after 1973.

16. Consider the following model for the demand for natural gas by residential sector, call it model

(1):

logConsiy = By + B1logPgir + BologPoi + BslogPei + B4logH DDy + BslogPlIi + wi

where ¢ = 1,2,...,6 states and ¢t = 1,2,...,23 years. Cons is the consumption of natural gas by
residential sector, Pg, Po and Pe are the prices of natural gas, distillate fuel oil, and electricity
of the residential sector. HDD is heating degree days and PI is real per capita personal income.
The data covers 6 states: NY, FL, MI, TX, UT and CA over the period 1967-1989. It is given in
the NATURAL.ASC file on the Springer web site.

(a)

(b)
()

Estimate the above model by OLS. Call this model (1). What do the parameter estimates
imply about the relationship between the fuels?

Plot actual consumption versus the predicted values. What do you observe?

Add a dummy variable for each state except California and run OLS. Call this model (2).
Compute the parameter estimates and standard errors and compare to model (1). Do any
of the interpretations of the price coefficients change? What is the interpretation of the New
York dummy variable? What is the predicted consumption of natural gas for New York in
19897

Test the hypothesis that the intercepts of New York and California are the same.
Test the hypothesis that all the states have the same intercept.

Add a dummy variable for each state and run OLS without an intercept. Call this model
(3). Compare the parameter estimates and standard errors to the first two models. What is
the interpretation of the coefficient of the New York dummy variable? What is the predicted
consumption of natural gas for New York in 19897

Using the regression in part (f), test the hypothesis that the intercepts of New York and
California are the same.
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Appendix
Residual Interpretation of Multiple Regression Estimates

Proof of Claim 1: Regressing X5 on all the other X’s yields residuals 75 that satisfy the usual properties
of OLS residuals similar to those in (4.2), i.e

Do D2 =0, Y D9 Xai =0 D9iXai = .. =) 1 U2 Xy =0 (A1)

Note that X is the dependent variable of this regression, and X2 is the predicted value from this
regression. The latter satisfies Zz 1 VQZng = 0. This holds because Xg is a linear combination of the
other X’s; all of which satisfy (A.1). Turn now to the estimated regression equation:

Multiply (A.2) by Xs5; and sum

Zz 1 X2 z*azz 1X21+ﬁ221 1X2z+ +ﬂKzz 1 X2i X ki (A.3)

This uses the fact that ., Xo;e; = 0. Alternatively, (A.3) is just the second equation from (4.3).
Substituting Xo; = Xo; + gy, in (A.3) one gets

Zz 1X2’LY+Z 1VZz z—azz 1X2z+/822?:1)?22i+" (A4)
n o ~2 .
+ ﬁKZ'L 1X2’LXK’L+62ZL 1V2’L

using (A.1) and the fact that 2;;1)?21-?)21- = 0. Multiply (A.2) by X,; and sum, we get
> i XY = =ay;, Xoi + B Doy XoiXoi + .. + B i XoiXxi+ > Xaie; (A.5)

But >, Xse; = 0 since X, is a linear combination of all the other X’s, all of which satisfy (4.2). Also,
S X Xo; =D 1 X3, since Y i | Xo;Us; = 0. Hence (A.5) reduces to

Z?:l XP%YZ’ = Z?:l 5521' + 32 Z?:l 55221 +.+ ﬁK Z?:l XZZ'XKZ' (A.6)
Subtracting (A.6) from (A.4), we get
S e Y = Gy S T (A7)

and 32 is the slope estimate of the simple regression of Y on 75 as given in (4.5).
By substituting for Y; its expression from equation (4.1) in (4.5) we get

By =By Sty XoiDoi) Yoty Uy + Yoty Daitti/ Yooy g (A.8)

where Y7 | X109 = 0 and S 1?/\22 = 0. But, Xo; = Xo; + 322 and Y, XoiUa; = 0, which implies
that Y27 | Xo;Da; = Y., Us; and By =By + S Dagui/ SO0, U5;. This means that 3, is unbiased with
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E(BQ) = [3, since Vs is a linear combination of the X’s and these in turn are not correlated with the u’s.
Also,
var(fy) = E(By — B2)* = E(C_, Vaiui/ Yi, v5)° =%/ Yic1 Vs

The same results apply for any Bk fork=2,..., K, ie.,

@k =21 PeiYi/ i Vi (A.9)
where 7y is the OLS residual of X on all the other X’s in the regression. Similarly,

B =By + 20y Driwi/ Y1y D (A.10)
and E(B,) = 8, with var(3,) = o 25" Dy, for k=2,..., K. Note also that

cov(By, Bi) = BBy = B2)(By, = Bi) = By Dastts/ Sy 95:) (i Pratts/ Sy D)

~2
= 22 1V2szz/E 11/212" Vi

Proof of Claim 2: Regressing Y on all the other X’s yields, Y; = Y; + @;. Substituting this expression
for Y; in (4.5) one gets

By = (S0 DY + S0 Doild) ) S Uy = Sy Vi) S0 D (A.11)

where the last equality follows from the fact that Y is a linear combination of all X’s excluding Xo, all
of which satisfy (A.1). Hence 3, is the estimate of the slope coefficient in the linear regression of & on
V.

Simple, Partial and Multiple Correlation Coefficients

In Chapter 3, we interpreted the square of the simple correlation coefficient, r%,’ x,» as the proportion of
the variation in Y that is explained by X5. Similarly, r%/, x, s the R-squared of the simple regression
of Y on Xy for k = 2,..., K. In fact, one can compute these simple correlation coefficients and find
out which X}, is most correlated with Y, say it is Xs. If one is selecting regressors to include in the
regression equation, Xy would be the best one variable candidate. In order to determine what variable
to include next, we look at partial correlation coefficients of the form ry x, x, for k # 2. The square of
this first-order partial gives the proportion of the residual variation in Y, not explained by X5, that is
explained by the addition of X}. The maximum first-order partial (‘first’ because it has only one variable
after the dot) determines the best candidate to follow X5. Let us assume it is X3. The first-order partial
correlation coefficients can be computed from simple correlation coefficients as follows:

_ 'Y, Xs T TY, X" X5,X3
TY,Xg.XQ - 5 2
\/1 ~ 7YX \/1 X0, X

see Johnston (1984). Next we look at second-order partials of the form ry x, x, x, for k # 2,3, and so
on. This method of selecting regressors is called forward selection. Suppose there is only X5, X3 and X,
in the regression equation. In this case (1 — 73 y,) is the proportion of the variation in Y, i.e., Y27 47,
that is not explained by Xs. Also (1 — 7% x, x,)(1 = 7% x,) denotes the proportion of the variation in Y’

not explained after the inclusion of both Xy and X3. Similarly (1-75 x, x, x,)(1 =7% x, x,)(1 =75 x,)
is the proportion of the variation in Y unexplained after the inclusion of X5, X35 and X,4. But this is
exactly (1 — R?), where R? denotes the R-squared of the multiple regression of Y on a constant, Xo, X3
and X,. This R? is called the multiple correlation coefficient, and is also written as R} X, .X5,X, Hence

(1- R%/.XZ,Xg,X4) =(1- T)Z/,X2>(1 - T%’,Xg‘Xz)(l - r%’,X4.X2,X3)

and similar expressions relating the multiple correlation coefficient to simple and partial correlation
coefficients can be written by including say X3 first then X, and X5 in that order.



CHAPTER 5
Violations of the Classical Assumptions

5.1 Introduction

In this chapter, we relax the assumptions made in Chapter 3 one by one and study the effect
of that on the OLS estimator. In case the OLS estimator is no longer a viable estimator, we
derive an alternative estimator and propose some tests that will allow us to check whether this
assumption is violated.

5.2 The Zero Mean Assumption

Violation of assumption 1 implies that the mean of the disturbances is no longer zero. Two
cases are considered:

Case 1: F(u;)) =p#0

The disturbances have a common mean which is not zero. In this case, one can subtract p from
the u;’s and get new disturbances u; = u; — ¢ which have zero mean and satisfy all the other
assumptions imposed on the u;’s. Having subtracted p from wu; we add it to the constant «
leaving the regression equation intact:

Yi=a"+6X,+u;, i=1,2,...,n (5.1)

where a® = o + p. It is clear that only o™ and 3 can be estimated, and not a nor . In other
words, one cannot retrieve a and p from an estimate of o without additional assumptions or
further information, see problem 10. With this reparameterization, equation (5.1) satisfies the
four classical assumptions, and therefore OLS gives the BLUE estimators of o* and 3. Hence,
a constant non-zero mean for the disturbances affects only the intercept estimate but not the
slope. Fortunately, in most economic applications, it is the slope coefficients that are of interest
and not the intercept.

Case 2: E(u;) =

The disturbances have a mean which varies with every observation. In this case, one can trans-
form the regression equation as in (5.1) by adding and subtracting y,;. The problem, however,
is that o = a+ p; now varies with each observation, and hence we have more parameters than
observations. In fact, there are n intercepts and one slope to be estimated with n observations.
Unless we have repeated observations like in panel data, see Chapter 12 or we have some prior
information on these o, we cannot estimate this model.

B.H. Baltagi, Econometrics, Springer Texts in Business and Economics, DOI 10.1007/978-3-642-20059-5 5, 95
© Springer-Verlag Berlin Heidelberg 2011
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5.3 Stochastic Explanatory Variables

Sections 5.5 and 5.6 will study violations of assumptions 2 and 3 in detail. This section deals with
violations of assumption 4 and its effect on the properties of the OLS estimators. In this case,
X is a random variable which may be (i) independent; (ii) contemporaneously uncorrelated; or
(iii) simply correlated with the disturbances.

Case 1: If X is independent of u, then all the results of Chapter 3 still hold, but now they are
conditional on the particular set of X’s drawn in the sample. To illustrate this result, recall
that for the simple linear regression:

BOLS =p+ Z?:l w;u; where w; = x;/ 2?21 ng (5.2)

Hence, when we take expectations E(> " | wiu;) = > i E(w;)E(u;) = 0. The first equality
holds because X and u are independent and the second equality holds because the u’s have zero
mean. In other words the unbiasedness property of the OLS estimator still holds. However, the

var(Bors) = E(X iy wiug)? = Sy S0y E(wiwy) E(uiug) = 0 Y1y E(w)

where the last equality follows from assumptions 2 and 3, homoskedasticity and no serial correla-
tion. The only difference between this result and that of Chapter 3 is that we have expectations
on the X’s rather than the X’s themselves. Hence, by conditioning on the particular set of X’s
that are observed, we can use all the results of Chapter 3. Also, maximizing the likelihood in-
volves both the X’s and the u’s. But, as long as the distribution of the X’s does not involve the
parameters we are estimating, i.e., o, 3 and o, the same maximum likelihood estimators are
obtained. Why? Because f(x1,%2,...,Tn, U1, U2, .., Up) = f1(x1,22,...,25) fo(ur,u2, ... uy)
since the X’s and the u’s are independent. Maximizing f with respect to (, 3, 02) is the same
as maximizing fo with respect to (a, 3,0?) as long as fi is not a function of these parameters.

Case 2: Consider a simple model of consumption, where Y;, current consumption, is a function
of Y;_1, consumption in the previous period. This is the case for a habit forming consumption
good like cigarette smoking. In this case our regression equation becomes

Yi=a+8Y, 1+u t=2,...,T (5.3)

where we lost one observation due to lagging. It is obvious that Y; is correlated to u;, but the
question here is whether Y; 1 is correlated to u;. After all, Y; 1 is our explanatory variable
X;. As long as assumption 3 is not violated, i.e., the u’s are not correlated across periods, u;
represents a freshly drawn disturbance independent of previous disturbances and hence is not
correlated with the already predetermined Y;_i. This is what we mean by contemporaneously
uncorrelated, i.e., u; is correlated with Yz, but it is not correlated with Y;_1. The OLS estimator
of 3 is

> T T T T
Bors = Di—a Yt¥t-1/ 2= iy =B+ Dtma Yt—1Ut/ D o Vi1 (5.4)
and the expected value of (5.4) is not 3 because in general,

E(Ztha Yi—1us/ Z?:z 1%52—1) £ E(Zthz yt—lut)/E(Zthz yt2—1>'

The expected value of a ratio is not the ratio of expected values. Also, even if E(Y;_ju;) = 0,
one can easily show that E(y,—ju;) # 0. In fact, y,—1 = Y;—1 — Y, and Y contains Y; in it, and
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we know that E(Y;u:) # 0. Hence, we lost the unbiasedness property of OLS. However, all the
asymptotic properties still hold. In fact, 55} ¢ is consistent because

plim Bors = 8+ cov(Yi_1,up) /var(Yy1) = 3 (5.5)

where the second equality follows from (5.4) and the fact that plim(ZtT:2 yr—1ug/T) is
cov(Y;—1,u¢) which is zero, and plim(Z:tT:2 y? /T) = var(Y;_1) which is positive and finite.

Case 3: X and u are correlated, in this case OLS is biased and inconsistent. This can be
easily deduced from (5.2) since plim(}_1 ; z;u;/n) is the cov(X,u) # 0, and plim(> 1, z7/n)
is positive and finite. This means that OLS is no longer a viable estimator, and an alternative
estimator that corrects for this bias has to be derived. In fact we will study three specific cases
where this assumption is violated. These are: (i) the errors in measurement case; (ii) the case
of a lagged dependent variable with correlated errors; and (iii) simultaneous equations.

Briefly, the errors in measurement case involves a situation where the true regression model
is in terms of X™*, but X* is measured with error, i.e., X; = X" + v;, so we observe X; but not
X;. Hence, when we substitute this X; for X in the regression equation, we get

Yi=a+ 60X +u =a+ X + (u; — frv;i) (5.6)

where the composite error term is now correlated with X; because X; is correlated with v;.
After all, X; = X 4+ v; and E(X;v;) = E(VZQ) if X and v; are uncorrelated.

Similarly, in case (ii) above, if the u’s were correlated across time, i.e., u;—1 is correlated with
ug, then Y;_q, which is a function of u;—1, will also be correlated with wu;, and E(Y;—1u;) # 0.
More on this and how to test for serial correlation in the presence of a lagged dependent variable
in Chapter 6.

Finally, if one considers a demand and supply equations where quantity @; is a function of
price P, in both equations

Qi =a+ P, +u; (demand) (5.7)

Qi =06+~vP,+v, (supply) (5.8)

The question here is whether P, is correlated with the disturbances u; and vy in both equations.
The answer is yes, because (5.7) and (5.8) are two equations in two unknowns P; and @);. Solving
for these variables, one gets P; as well as (); as a function of a constant and both u; and v;. This
means that E(Pu;) # 0 and E(Pwv;) # 0 and OLS performed on either (5.7) or (5.8) is biased
and inconsistent. We will study this simultaneous bias problem more rigorously in Chapter 11.

For all situations where X and w are correlated, it would be illuminating to show graphically
why OLS is no longer a consistent estimator. Let us consider the case where the disturbances
are, say, positively correlated with the explanatory variable. Figure 3.3 of Chapter 3 shows the
true regression line a+ 3.X;. It also shows that when X; and u; are positively correlated then an
X; higher than its mean will be associated with a disturbance u; above its mean, i.e., a positive
disturbance. Hence, Y; = a + 6X; + u; will always be above the true regression line whenever
X, is above its mean. Similarly Y; would be below the true regression line for every X; below
its mean. This means that not knowing the true regression line, a researcher fitting OLS on
this data will have a biased intercept and slope. In fact, the intercept will be understated and
the slope will be overstated. Furthermore, this bias does not disappear with more data, since
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this new data will be generated by the same mechanism described above. Hence these OLS
estimates are inconsistent.

Similarly, if X; and u; are negatively correlated, the intercept will be overstated and the
slope will be understated. This story applies to any equation with at least one of its right hand
side variables correlated with the disturbance term. Correlation due to the lagged dependent
variable with autocorrelated errors, is studied in Chapter 6, whereas the correlation due to the
simultaneous equations problem is studied in Chapter 11.

5.4 Normality of the Disturbances

If the disturbance are not normal, OLS is still BLUE provided assumptions 1—4 still hold. Nor-
mality made the OLS estimators minimum variance unbiased MVU and these OLS estimators
turn out to be identical to the MLE. Normality allowed the derivation of the distribution of
these estimators and this in turn allowed testing of hypotheses using the ¢ and F-tests consid-
ered in the previous chapter. If the disturbances are not normal, yet the sample size is large,
one can still use the normal distribution for the OLS estimates asymptotically by relying on the
Central Limit Theorem, see Theil (1978). Theil’s proof is for the case of fixed X’s in repeated
samples, zero mean and constant variance on the disturbances. A simple asymptotic test for
the normality assumption is given by Jarque and Bera (1987). This is based on the fact that
the normal distribution has a skewness measure of zero and a kurtosis of 3. Skewness (or lack
of symmetry) is measured by

[E(X — p)*)*  Square of the 3rd moment about the mean

o= [B(X —u)?)3 Cube of the variance

Kurtosis (a measure of flatness) is measured by

E(X —p)*  4th moment about the mean
[E(X — )22 Square of the variance

For the normal distribution S = 0 and xk = 3. Hence, the Jarque-Bera (JB) statistic is given by

S? (k- 3)?
PEMENE Y
where S represents skewness and x represents kurtosis of the OLS residuals. This statistic is
asymptotically distributed as x? with two degrees of freedom under Hy. Rejecting Hy, rejects
normality of the disturbances but does not offer an alternative distribution. In this sense,
the test is non-constructive. In addition, not rejecting Hy does not necessarily mean that the
distribution of the disturbances is normal, it only means we do not reject that the distribution
of the disturbances is symmetric and has a kurtosis of 3. See the empirical example in section
5.5 for an illustration. The Jarque-Bera test is part of the standard output using EViews.

5.5 Heteroskedasticity

Violation of assumption 2, means that the disturbances have a varying variance, i.e., E(u?) = a?,

1=1,2,...,n. First, we study the effect of this violation on the OLS estimators. For the simple
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linear regression it is obvious that BO s given in equation (5.2) is still unbiased and consistent
because these properties depend upon assumptions 1 and 4, and not assumption 2. However,
the variance of B¢ is now different

var(Bors) = VaT(Z?:l wiu;) = Z?:l wi2 12 = Z?:l 5”?“?/(2?:1 3312)2 (5.9)
2

where the second equality follows from assumption 3 and the fact that var(u;) is now o;.

Note that if o7 = o2, this reverts back to ¢/ ", 27, the usual formula for var(Bog) under

homoskedasticity. Furthermore, one can show that E(s?) will involve all of the 02’s and not one

common o2, see problem 1. This means that the regression package reporting s>/ >, 27 as the

estimate of the variance of Bo 1.9 is committing two errors. One, it is not using the right formula
for the variance, i.e., equation (5.9). Second, it is using s? to estimate a common UAZ when in
fact the o2’s are different. The bias from using s?/ > " | #? as an estimate of var(8oyg) will
depend upon the nature of the heteroskedasticity and the regressor. In fact, if o2 is positively
related to 27, one can show that %/ " | 27 understates the true variance and hence the ¢-
statistic reported for 8 = 0 is overblown, and the confidence interval for 3 is tighter than it is
supposed to be, see problem 2. This means that the {-statistic in this case is biased towards
rejecting Hy; 3 = 0, i.e., showing significance of the regression slope coefficient, when it may
not be significant.

The OLS estimator of § is linear unbiased and consistent, but is it still BLUE? In order to
answer this question, we note that the only violation we have is that the var(u;) = JZZ. Hence, if
we divided u; by 0;/0, the resulting v} = ou;/o; will have a constant variance o2, It is easy to
show that u* satisfies all the classical assumptions including homoskedasticity. The regression
model becomes

oYi/o;, =ac/o;+ foX;/o; +u; (5.10)
and OLS on this model (5.10) is BLUE. The OLS normal equations on (5.10) are
Y (Yifop) = a3l (Vo) + B3, (Xi/oF)

i (YiXi/oF) = a Xl (Xi/o7) + B30 (X} /oF)
Note that o2 drops out of these equations. Solving (5.11), see problem 3, one gets
& = [Yi, (Yiu/o}) ) Sy (/o)) = Bl iy (Xifo?)) iy (/o)) = V* = BX* (5.12a)
with Y* = [320, (Yi/o?)/ 2o, (1/0f)] = Yo, wiYi/ 307, wi and
X' = [ (Xa/o) ) i (/o)) = o0y wiXa/ 300 wi

where w} = (1/0?). Similarly,
5 - i (/o) (YiXi /o)) — [P (Xa /o) 3o, (Yi/ o))
iy X7 /of 10 (o)) — [ (Xi/o?))?
Qi w)) Qi wi XaYh) — (3 wiXa) (i w)Ys)
T L e wiXD) - (i w X2 (o-120)
S wi (X~ XY - V)
D i wi (X — X)?

(5.11)
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It is clear that the BLU estimators o and BA, obtained from the regression in (5.10), are different
from the usual OLS estimators aprs and [Sorg since they depend upon the J?’s. It is also true
that when a? = o2 for all i = 1,2,...,n, i.e., under homoskedasticity, (5.12) reduces to the
usual OLS estimators given by equation (3.4) of Chapter 3. The BLU estimators weight the
i-th observation by (1/;) which is a measure of precision of that observation. The more precise
the observation, i.e., the smaller o;, the larger is the weight attached to that observation.
and 3 are also known as Weighted Least Squares (WLS) estimators which are a specific form
of Generalized Least Squares (GLS). We will study GLS in details in Chapter 9, using matrix
notation.

Under heteroskedasticity, OLS looses efficiency in that it is no longer BLUE. However, be-
cause it is still unbiased and consistent and because the true o;’s are never known some re-
searchers compute OLS as an initial consistent estimator of the regression coefficients. It is
important to emphasize however, that the standard errors of these estimates as reported by the
regression package are biased and any inference based on these estimated variances including
the reported t-statistics are misleading. White (1980) proposed a simple procedure that would
yield heteroskedasticity consistent standard errors of the OLS estimators. In equation (5.9), this
amounts to replacing 012 by e?, the square of the i-th OLS residual, i.e.,

W hite’s Var(BOLS) =Y arer /(O ap)? (5.13)

Note that we can not consistently estimate a? by e?, since there is one observation per parameter
estimated. As the sample size increases, so does the number of unknown o?’s. What White (1980)
consistently estimates is the var(BO s) which is a weighted average of the €. The same analysis
applies to the multiple regression OLS estimates. In this case, White’s (1980) heteroskedasticity
consistent estimate of the variance of the k-th OLS regression coefficient g, is given by

- > 2 ~2
White’s var(8y,) = S_1_y Uiier /(1 D)

where /y\i is the squared OLS residual obtained from regressing X on the remaining regres-
sors in the equation being estimated. e; is the i-th OLS residual from this multiple regression
equation. Many regression packages provide White’s heteroskedasticity-consistent estimates of
the variances and their corresponding robust ¢-statistics. For example, using EViews, one clicks
on Quick, choose Estimate Equation. Now click on Options, a menu appears where one selects
White to obtain the heteroskedasticity-consistent estimates of the variances.

While the regression packages correct for heteroskedasticity in the t-statistics they do not
usually do that for the F-statistics studied, say in Example 2 in Chapter 4. Wooldridge (1991)
suggests a simple way of obtaining a robust LM statistic for Hy; 89 = 3 = 0 in the multiple
regression (4.1). This involves the following steps:

(1) Run OLS on the restricted model without X and X3 and obtain the restricted least
squares residuals u.

(2) Regress each of the independent variables excluded under the null (i.e., X9 and X3) on all
of the other included independent variables (i.e., X4, X5, ..., X ) including the constant.
Get the corresponding residuals U, and U3, respectively.

(3) Regress the dependent variable equal to 1 for all observations on Ve, v3u without a con-
stant and obtain the robust LM statistic equal to the n- the sum of squared residuals of
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this regression. This is exactly nR2 of this last regression. Under Hy this LM statistic is
distributed as x3.

Since OLS is no longer BLUE, one should compute & and 5 The only problem is that the o;’s
are rarely known. One example where the o;’s are known up to a scalar constant is the following
simple example of aggregation.

Example 5.1: Aggregation and Heteroskedasticity. Let Y;; be the observation on the j-th firm
in the i-th industry, and consider the following regression:

Y;j:a—kﬂXij—i—uij j=12...,n; 1=1,2,...,m (5.14)

If only aggregate observations on each industry are available, then (5.14) is summed over firms,
i.e.,

Yi=an; +B8X; +u;, i=12,....m (5.15)

where Y; = Z?;l Yij, Xi = Z?;l Xij, u; = Z;L;l u;; for i = 1,2,...,m. Note that although the
u;;’s are IID(0, 0%), by aggregating, we get u; ~ (0,n;0%). This means that the disturbances in
(5.15) are heteroskedastic. However, U,LZ = n;o? and is known up to a scalar constant. In fact,
o/o; is 1/(n;)"/?. Therefore, premultiplying (5.15) by 1/(n;)'/? and performing OLS on the
transformed equation results in BLU estimators of o and . In other words, BLU estimation
reduces to performing OLS of Y;/(n;)'/? on (n;)"/? and X;/(n;)'/?, without an intercept.
There may be other special cases in practice where ¢; is known up to a scalar, but in general,
o; is usually unknown and will have to be estimated. This is hopeless with only n observations,
since there are n o;’s, so we either have to have repeated observations, or know more about the

o;’s. Let us discuss these two cases.

Case 1: Repeated Observations

Suppose that n; households are selected randomly with income X; for ¢ = 1,2,...,m. For
each household j = 1,2,...,n;, we observe its consumption expenditures on food, say Y;;. The
regression equation is

ng:a—i—ﬁXi—i—uij 1=1,2,....om; 3=1,2,...,n4 (516)

where m is the number of income groups selected. Note that X; has only one subscript, whereas
Y;; has two subscripts denoting the repeated observations on households with the same income
X;. The u;;’s are independently distributed (0, 022) reflecting the heteroskedasticity in consump-
tion expenditures among the different income groups. In this case, there are n = )" | n; obser-
vations and m O'?’S to be estimated. This is feasible, and there are two methods for estimating
these a?’s. The first is to compute

5 =20 (Y — Y /(ni = 1)

where Y, = Z?’zl Yi;j/ni. The second is to compute 52 = Z?:l e?j /ni where e;; is the OLS
residual given by

eij = Yij —aors — BorsXi
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Both estimators of o7 are consistent. Substituting either s? or 52 for o7 in (5.12) will result
in feasible estimators of o and (3. However, the resulting estimates are no longer BLUE. The
substitution of the consistent estimators of o? is justified on the basis that the resulting o
and [ estimates will be asymptotically efficient, see Chapter 9. Of course, this step could have
been replaced by a regression of Yj;/5; on (1/s;) and (X;/s;) without a constant, or the similar
regression in terms of s;. For this latter estimate, 5?, one can iterate, i.e., obtaining new residuals
based on the new regression estimates and therefore new s?. The process continues until the
estimates obtained from the r-th iteration do not differ from those of the (r 4 1)th iteration
in absolute value by more than a small arbitrary positive number chosen as the convergence
criterion. Once the estimates converge, the final round estimators are the maximum likelihood
estimators, see Oberhofer and Kmenta (1974).

Case 2: Assuming More Information on the Form of Heteroskedasticity

If we do not have repeated observations, it is hopeless to try and estimate n variances and «
and § with only n observations. More structure on the form of heteroskedasticity is needed to
estimate this model, but not necessarily to test it. Heteroskedasticity is more likely to occur
with cross-section data where the observations may be on firms with different size. For example,
a regression relating profits to sales might have heteroskedasticity, because larger firms have
more resources to draw upon, can borrow more, invest more, and loose or gain more than
smaller firms. Therefore, we expect the form of heteroskedasticity to be related to the size of
the firm, which is reflected in this case by the regressor, sales, or some other variable that
measures size, like assets. Hence, for this regression we can write 0’? = O'QZZ-Q , where Z; denotes
the sales or assets of firm 7. Once again the form of heteroskedasticity is known up to a scalar
constant and the BLU estimators of o and 3 can be obtained from (5.12), assuming Z; is known.
Alternatively, one can run the regression of Y;/Z; on 1/Z; and X;/Z; without a constant to get
the same result. Special cases of Z; are X; and E(Y;). (i) If Z; = X, the regression becomes that
of Y;/X; on 1/X; and a constant. Note that the regression coefficient of 1/X; is the estimate of
«, while the constant of the regression is now the estimate of 5. But, is it possible to have u;
uncorrelated with X; when we are assuming var(u;) related to X;? The answer is yes, as long
as E(u;/X;) = 0, i.e., the mean of u; is zero for every value of X;, see Figure 3.4 of Chapter
3. This, in turn, implies that the overall mean of the u;’s is zero, i.e., E(u;) = 0 and that
cov(Xj,u;) = 0. If the latter is not satisfied and say cov(X;,u;) is positive, then large values
of X; imply large values of u;. This would mean that for these values of X;, we have a non-
zero mean for the corresponding wu;’s. This contradicts F(u;/X;) = 0. Hence, if E(u;/X;) =0,
then cov(X;,u;) = 0. (ii) If Z; = E(Y;) = a + 8X;, then o7 is proportional to the population
regression line, which is a linear function of o and . Since the OLS estimates are consistent
one can estimate E(Y;) by Y; = aors + ﬁOLﬁX use Z; = Y; instead of E(Y;). In other words,
run the regression of Y;/Y; on 1/ Y; and X; /Y without a constant. The resulting estimates are
asymptotically efficient, see Amemiya (1973).

One can generalize af = 02212 to 022 = UQZf where ¢ is an unknown parameter to be es-
timated. Hence rather than estimating n U?’s one has to estimate only ¢? and §. Assuming
normality one can set up the likelihood function and derive the first-order conditions by dif-
ferentiating that likelihood with respect to a, 3, 02 and 8. The resulting equations are highly
nonlinear. Alternatively, one can search over possible values for 6 = 0,0.1,0.2,...,4, and get the

corresponding estimates of o, 3, and o2 from the regression of Y/Zé/2 on l/Zf/2 and XZ'/Zf/2
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without a constant. This is done for every § and the value of the likelihood function is reported.
Using this search procedure one can get the maximum value of the likelihood and corresponding
to it the MLE of o, 3, 0 and 6. Note that as ¢ increases so does the degree of heteroskedasticity.
Problem 4 asks the reader to compute the relative efficiency of the OLS estimator with respect
to the BLU estimator for Z; = X; for various values of . As expected the relative efficiency of
the OLS estimator declines as the degree of heteroskedasticity increases.

One can also generalize 0? = (IQZZ?s to include more Z variables. In fact, a general form of
this multiplicative heteroskedasticity is

logo? = logo? + 81logZy; + 82logZa; + . . . + 6,logZ,; (5.17)
with r < n, otherwise one cannot estimate with n observations. 7y, Zs, ..., Z, are known vari-
ables determining the heteroskedasticity. Note that if 6o = 63 = ... = 6, = 0, we revert

back to 0 = ¢2Z$, where § = ¢;. For the estimation of this general multiplicative form of

heteroskedasticity, see Harvey (1976).
Another form for heteroskedasticity, is the additive form

0 =a+ b Zy+baZoi+ ...+ b7y (5.18)
where r < n, see Goldfeld and Quandt (1972). Special cases of (5.18) include
0? =a+ b X; + b X? (5.19)

where if a and by are zero we have a simple form of multiplicative heteroskedasticity. In order
to estimate the regression model with additive heteroskedasticity of the type given in (5.19),
one can get the OLS residuals, the e;’s, and run the following regression

622 =a+ b X;+ b2Xi2 + v; (5.20)
where v; = €2 — 02. The v;’s are heteroskedastic, and the OLS estimates of (5.20) yield the

2 _
following estimates of o7

67 = dors + b1.orsXi + baors X? (5.21)

One can obtain a better estimate of the U?’s by computing the following regression which
corrects for the heteroskedasticity in the v;’s

(€7 /5:) = a(1/5:) + bi(Xi/:) + ba(X7 [5) + w; (5:22)
The new estimates of a? are
522 =a —i—ngi +52Xi2 (5.23)

where @, by and by are the OLS estimates from (5.22). Using the 2’s one can run the regression of
Y;/c; on (1/0;) and X;/o; without a constant to get asymptotically efficient estimates of a and
(. These have the same asymptotic properties as the MLE estimators derived in Rutemiller and
Bowers (1968), see Amemiya (1977) and Buse (1984). The problem with this iterative procedure
is that there is no guarantee that the Ef’s are positive, which means that the square root o;
may not exist. This problem would not occur if U? =(a+bX;+ ngZ?)2 because in this case
one regresses |e;| on a constant, X; and X? and the predicted value from this regression would
be an estimate of ;. It would not matter if this predictor is negative, because we do not have
to take its square root and because its sign cancels in the OLS normal equations of the final
regression of Y;/a; on (1/0;) and (X;/d;) without a constant.
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Testing for Homoskedasticity

In the repeated observation’s case, one can perform Bartlett’s (1937) test. The null hypothesis

is Hy;0% = 05 = ... = 02,. Under the null there is one variance o which can be estimated
by the pooled variance s? = >y v;57 /v where v = Yot v, and v; = n; — 1. Under the
alternative hypothesis there are m different variances estimated by §f fort=1,2,...,m. The

Likelihood Ratio test, which computes the ratio of the likelihoods under the null and alternative
hypotheses, reduces to computing

B = [vlogs® — 3" vi logs?]/c (5.24)

where ¢ = 1+ [, (1/v;) — 1/v] /3(m — 1). Under Hy, B is distributed x2,_,. Hence, a large
p-value for the B-statistic given in (5.24) means that we do not reject homoskedasticity whereas,
a small p-value leads to rejection of Hy in favor of heteroskedasticity.

In case of no repeated observations, several tests exist in the literature. Among these are the
following:

(1) Glejser’s (1969) Test: In this case one regresses |e;| on a constant and Z° for § =
1,—1,0.5 and —0.5. If the coefficient of Z{S is significantly different from zero, this would lead
to a rejection of homoskedasticity. The power of this test depends upon the true form of het-
eroskedasticity. One important result however, is that this power is not seriously impaired if
the wrong value of § is chosen, see Ali and Giaccotto (1984) who confirmed this result using
extensive Monte Carlo experiments.

(2) The Goldfeld and Quandt (1965) Test: This is a simple and intuitive test. One orders
the observations according to X; and omits ¢ central observations. Next, two regressions are run
on the two separated sets of observations with (n — ¢)/2 observations in each. The ¢ omitted
observations separate the low value X’s from the high value X’s, and if heteroskedasticity
exists and is related to X;, the estimates of o2 reported from the two regressions should be
different. Hence, the test statistic is s3/s? where s? and s3 are the Mean Square Error of the
two regressions, respectively. Their ratio would be the same as that of the two residual sums of
squares because the degrees of freedom of the two regressions are the same. This statistic is F-
distributed with ((n—c)/2)— K degrees of freedom in the numerator as well as the denominator.
The only remaining question for performing this test is the magnitude of c. Obviously, the larger
c is, the more central observations are being omitted and the more confident we feel that the
two samples are distant from each other. The loss of ¢ observations should lead to loss of power.
However, separating the two samples should give us more confidence that the two variances
are in fact the same if we do not reject homoskedasticity. This trade off in power was studied
by Goldfeld and Quandt using Monte Carlo experiments. Their results recommend the use of
¢ = 8 for n = 30 and ¢ = 16 for n = 60. This is a popular test, but assumes that we know
how to order the heteroskedasticity. In this case, using X;. But what if there are more than one
regressor on the right hand side? In that case one can order the observations using 17;

(3) Spearman’s Rank Correlation Test: This test ranks the X;’s and the absolute value of
the OLS residuals, the e;’s. Then it computes the difference between these rankings, i.e., d; =
rank(|e;|)— rank(X;). The Spearman-Correlation coefficient is » = 1 — [6 Y1, d?/(n® — n)].
Finally, test Hp; the correlation coefficient between the rankings is zero, by computing ¢t =
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[r2(n — 2)/(1 — 2)]*/? which is t-distributed with (n — 2) degrees of freedom. If this t-statistic
has a large p-value we do not reject homoskedasticity. Otherwise, we reject homoskedasticity in
favor of heteroskedasticity.

(4) Harvey’s (1976) Multiplicative Heteroskedasticity Test: If heteroskedasticity is re-
lated to X;, it looks like the Goldfeld and Quandt test or the Spearman rank correlation test
would detect it, and the Glejser test would establish its form. In case the form of heteroskedas-
ticity is of the multiplicative type, Harvey (1976) suggests the following test which rewrites
(5.17) as

loge? = loga? + 6110gZ1; + ... + 6,10gZ; + v; (5.25)

where v; = log(e?/0?). This disturbance term has an asymptotic distribution that is logx?. This
random variable has mean —1.2704 and variance 4.9348. Therefore, Harvey suggests performing

the regression in (5.25) and testing Hp; 61 = 62 = ... = 6, = 0 by computing the regression
sum of squares divided by 4.9348. This statistic is distributed asymptotically as x2. This is also
asymptotically equivalent to an F-test that tests for 61 = 6o = ... = 6§, = 0 in the regression

given in (5.25). See the F-test described in example 6 of Chapter 4.

(5) Breusch and Pagan (1979) Test: If one knows that 0? = fla+b1Z1+b2Zo+..+ b, Z,)
but does not know the form of this function f, Breusch and Pagan (1979) suggest the following
test for homoskedasticity, i.e., Hy;by = by = ... = b, = 0. Compute 5> = Yo e?/n, which
would be the MLE estimator of 2 under homoskedasticity. Run the regression of ¢?/5%on the
Z variables and a constant, and compute half the regression sum of squares. This statistic is
distributed as x2. This is a more general test than the ones discussed earlier in that f does not

have to be specified.

(6) White’s (1980) Test: Another general test for homoskedasticity where nothing is known
about the form of this heteroskedasticity is suggested by White (1980). This test is based on
the difference between the variance of the OLS estimates under homoskedasticity and that
under heteroskedasticity. For the case of a simple regression with a constant, White shows that
this test compares White’s var(8opg) given by (5.13) with the usual var(Borg) = s/ >, 2
under homoskedasticity. This test reduces to running the regression of e? on a constant, Xj
and XZ-2 and computing nR?. This statistic is distributed as x3 under the null hypothesis of
homoskedasticity. The degrees of freedom correspond to the number of regressors without the
constant. If this statistic is not significant, then e? is not related to X; and XZ? and we can not
reject that the variance is constant. Note that if there is no constant in the regression, we run
22 on a constant and Xi2 only, i.e., X; is no longer in this regression and the degree of freedom
of the test is 1. In general, White’s test is based on running e? on the cross-product of all the
X’s in the regression being estimated, computing nR?, and comparing it to the critical value
of X2 where r is the number of regressors in this last regression excluding the constant. For the
case of two regressors, Xo and X3 and a constant, White’s test is again based on nR? for the
regression of e? on a constant, X, X3, X2, X5 X3, X§. This statistic is distributed as X%- White’s
test is standard using EViews. After running the regression, click on residuals tests then choose
White. This software gives the user a choice between including or excluding the cross-product
terms like X9 X3 from the regression. This may be useful when there are many regressors.

A modified Breusch-Pagan test was suggested by Koenker (1981) and Koenker and Bassett
(1982). This attempts to improve the power of the Breusch-Pagan test, and make it more robust

(&
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to the non-normality of the disturbances. This amounts to multiplying the Breusch-Pagan
statistic (half the regression sum of squares) by 26*, and dividing it by the second sample
moment of the squared residuals, i.e., Y1, (e? — °)2/n, where 6° = >.7 | e?/n. Waldman
(1983) showed that if the Z;’s in the Breusch-Pagan test are in fact the X;’s and their cross-
products, as in White’s test, then this modified Breusch-Pagan test is exactly the nR? statistic
proposed by White.

White’s (1980) test for heteroskedasticity without specifying its form lead to further work
on estimators that are more efficient than OLS while recognizing that the efficiency of GLS
may not be achievable, see Cragg (1992). Adaptive estimators have been developed by Carroll
(1982) and Robinson (1987). These estimators assume no particular form of heteroskedasticity
but nevertheless have the same asymptotic distribution as GLS based on the true U?.

Many Monte Carlo experiments were performed to study the performance of these and other
tests of homoskedasticity. One such extensive study is that of Ali and Giaccotto (1984). Six

types of heteroskedasticity specifications were considered;

(i) of =0® (ii) o7 = 0| X (iii) of = 0| E(Y))|
(iv) 02 = 0?X? (v) 02 =} [E(Y;)]? (Vi) 0? =02 fori <n/2
and o? = 202 for i > n/2

Six data sets were considered, the first three were stationary and the last three were nonsta-
tionary (Stationary versus non-stationary regressors, are discussed in Chapter 14). Five models
were entertained, starting with a model with one regressor and no intercept and finishing with
a model with an intercept and 5 variables. Four types of distributions were imposed on the
disturbances. These were normal, ¢, Cauchy and log normal. The first three are symmetric, but
the last one is skewed. Three sample sizes were considered, n = 10, 25,40. Various correlations
between the disturbances were also entertained. Among the tests considered were tests 1, 2, 5
and 6 discussed in this section. The results are too numerous to summarize, but some of the
major findings are the following: (1) The power of these tests increased with sample size and
trendy nature or the variability of the regressors. It also decreased with more regressors and
for deviations from the normal distribution. The results were mostly erratic when the errors
were autocorrelated. (2) There were ten distributionally robust tests using OLS residuals named
TROB which were variants of Glejser’s, White’s and Bickel’s tests. The last one being a non-
parametric test not considered in this chapter. These tests were robust to both long-tailed and
skewed distributions. (3) None of these tests has any significant power to detect heteroskedas-
ticity which deviates substantially from the true underlying heteroskedasticity. For example,
none of these tests was powerful in detecting heteroskedasticity of the sixth kind, i.e., 02 =
o? for i < n/2 and o? = 202 for i > n/2. In fact, the maximum power was 9%. (4) Ali and
Giaccotto (1984) recommend any of the TROB tests for practical use. They note that the sim-
ilarity among these tests is the use of squared residuals rather than the absolute value of the
residuals. In fact, they argue that tests of the same form that use absolute value rather than

squared residuals are likely to be non-robust and lack power.

Empirical Example: For the Cigarette Consumption Data given in Table 3.2, the OLS regression
yields:

logC' = 4.30 — 1.34 logP + 0.17 logY R?>=10.27
(0.91) (0.32) (0.20)
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Figure 5.1 Plots of Residuals Versus Log Y

Suspecting heteroskedasticity, we plotted the residuals from this regression versus logY” in Figure
5.1. This figure shows the dispersion of the residuals to decrease with increasing logy . Next,
we performed several tests for heteroskedasticity studied in this chapter. The first is Glejser’s
(1969) test. We ran the following regressions:

leil = 1.16 — 0.22 logY
(0.46)  (0.10)

les| = —0.95+ 5.13 (logY) ™
(0.47)  (2.23)

lei| = —2.00+ 4.65 (logY) "
(0.93)  (2.04)

le;| = 2.21 — 0.96 (logY)"?
(0.93) (0.42)

The t-statistics on the slope coefficient in these regressions are —2.24, 2.30, 2.29 and —2.26,
respectively. All are significant with p-values of 0.03, 0.026, 0.027 and 0.029, respectively, indi-
cating the rejection of homoskedasticity.

The second test is the Goldfeld and Quandt (1965) test. The observations are ordered accord-
ing to logY and ¢ = 12 central observations are omitted. T'wo regressions are run on the first and
last 17 observations. The first regression yields s? = 0.04881 and the second regression yields
53 = 0.01554. This is a test of equality of variances and it is based on the ratio of two x? ran-
dom variables with 17 — 3 = 14 degrees of freedom. In fact, s7/s3 = 0.04881/0.01554 = 3.141 ~
Fi414 under Hp. This has a p-value of 0.02 and rejects Hy at the 5% level. The third test
is the Spearman rank correlation test. First one obtains the rank(logY;) and rank(|e;|) and

compute d; = rank|e;|— rank|log¥;|. From these r = 1 — |6 526, ¢2/(n3 — n)} = —0.282 and

i=1"
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t =[r?(n —2)/(1 —r?)]"/? = 1.948. This is distributed as a t with 44 degrees of freedom. This
t-statistic has a p-value of 0.058.

The fourth test is Harvey’s (1976) multiplicative heteroskedasticity test which is based upon
regressing log e? on log(log Y;)

loge? = 24.85 — 19.08 log(logY)
(17.25)  (11.03)

Harvey’s (1976) statistic divides the regression sum of squares which is 14.360 by 4.9348. This
yields 2.91 which is asymptotically distributed as x? under the null. This has a p-value of 0.088
and does not reject the null of homoskedasticity at the 5% significance level.

The fifth test is the Breusch and Pagan (1979) test which is based on the regression of e?/5?
(where 6% = Z?ﬁl e?/46 = 0.024968) on logY;. The test-statistic is half the regression sum of
squares = (10.971 + 2) = 5.485. This is distributed as x? under the null hypothesis. This has
a p-value of 0.019 and rejects the null of homoskedasticity. This can be generated with Stata
after running the OLS regression reported above, and then issuing the command estat hettest

Inrds
.estat hettest lnrdi
Breusch-Pagan / Cook-Weisberg test for heteroskedasticity

Ho: Constant variance
Variables: 1lnrdi

5.49
0.0192

chi2(1)
Prob > chi2

Finally, White’s (1980) test for heteroskedasticity is performed which is based on the regression
of €2 on logP, logY, (logP)?, (logY)?, (logP)(logY) and a constant. This is shown in Table
5.1 using EViews. The test-statistic is nR? = (46)(0.3404) = 15.66 which is distributed as x2.
This has a p-value of 0.008 and rejects the null of homoskedasticity. Except for Harvey’s test,
all the tests performed indicate the presence of heteroskedasticity. This is true despite the fact
that the data are in logs, and both consumption and income are expressed in per capita terms.
White’s heteroskedasticity-consistent estimates of the variances are as follows:

logC' = 4.30 — 1.34 logP + 0.17 logY
(1.10) (0.34) (0.24)

These are given in Table 5.2 using EViews. Note that in this case all of the heteroskedasticity-
consistent standard errors are larger than those reported using a standard OLS package, but
this is not necessarily true for other data sets.

In section 5.4, we described the Jarque and Bera (1987) test for normality of the disturbances.
For this cigarette consumption regression, Figure 5.2 gives the histogram of the residuals along
with descriptive statistics of these residuals including their mean, median, skewness and kurtosis.

This is done using EViews. The measure of skewness S is estimated to be —0.184 and the
measure of kurtosis x is estimated to be 2.875 yielding a Jarque-Bera statistic of

(—0.184)2 N (2.875 — 3)?

B =4
/ 0 6 24

= 0.29.




Table 5.1 White Heteroskedasticity Test
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F-statistic 4.127779 Probability 0.004073

Obs*R-squared 15.65644 Probability 0.007897

Test Equation:

Dependent Variable: RESID"2

Method: Least Squares

Sample: 1 46

Included observations: 46

Variable Coefficient Std. Error t-Statistic Prob.

C 18.22199 5.374060 3.390730 0.0016

LNP 9.506059 3.302570 2.878382 0.0064

LNP"2 1.281141 0.656208 1.952340 0.0579

LNP*LNY —2.078635 0.727523 -2.857139 0.0068

LNY —7.893179 2.329386 —-3.388523 0.0016

LNY"2 0.855726 0.253048 3.381670 0.0016

R-squared 0.340357 Mean dependent var 0.024968

Adjusted R-squared 0.257902 S.D. dependent var 0.034567

S.E. of regression 0.029778 Akaike info criterion —4.068982

Sum squared resid 0.035469 Schwarz criterion -3.830464

Log likelihood 99.58660 F-statistic 4.127779

Durbin-Watson stat 1.853360 Prob (F-statistic) 0.004073
Table 5.2 White Heteroskedasticity-Consistent Standard Errors

Dependent Variable: LNC

Method: Least Squares

Sample: 1 46

Included observations: 46

White Heteroskedasticity-Consistent Standard Errors & Covariance

Variable Coefficient Std. Error t-Statistic Prob.

C 4.299662 1.095226 3.925821 0.0003

LNP —-1.338335 0.343368 -3.897671 0.0003

LNY 0.172386 0.236610 0.728565 0.4702

R-squared 0.303714 Mean dependent var 4.847844

Adjusted R-squared 0.271328 S.D. dependent var 0.191458

S.E. of regression 0.163433 Akaike info criterion —0.721834

Sum squared resid 1.148545 Schwarz criterion —0.602575

Log likelihood 19.60218 F-statistic 9.378101

Durbin-Watson stat 2.315716 Prob (F-statistic) 0.000417
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Residuals

Series

Sample 1 46

Observations 46
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Maximum
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Std. Dev.
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Figure 5.2 Normality Test (Jarque-Bera)

tributed as x3 under the null hypothesis of normality and has a p-value of 0.865. Hence

we do not reject that the distribution of the disturbances is symmetric and has a kurtosis of 3.
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5.6 Autocorrelation
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has zero mean, F(u;u;) = cov(u;, u;) and this is denoted by
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Violation of assumption 3 means that the disturbances are correlated, i.e., E(u
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sample size will be denoted by T rather than n. Th

= E(uQul) =

FE (U1UQ)
For example, if T" = 3, then 019, 013 and o293 are the distinct covariance terms. However, it is

hopeless to estimate T'(T — 1)/2 covariances (os) with only 7" observations. Therefore, more
structure on these o4s’s need to be imposed. A popular assumption is that the u;’s follow a

first-order autoregressive process denoted by AR(1):

012

(5.26)

t=1,2,....T

PU—1 + €

Ut =
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where ¢ is IID(0,02). It is autoregressive because u; is related to its lagged value u;_1. One
can also write (5.26), for period t — 1, as

Ut—1 = PU—2 + €41 (527)
and substitute (5.27) in (5.26) to get
_ 2
up = pui—o + per—1 + € (5.28)

Note that the power of p and the subscript of v or € always sum to t. By continuous substitution
of this form, one ultimately gets

t—1

U = ptug +p e+ .ot pe—1 & (5.29)

This means that u; is a function of current and past values of ¢; and ug where ug is the initial

value of u;. If up has zero mean, then u; has zero mean. This follows from (5.29) by taking
expectations. Also, from (5.26)

var(uy) = p?var(us—1) + var(e;) + 2pcov(ug_1, €;) (5.30)
Using (5.29), uy—1 is a function of €;_1, past values of €, and ug. Since ug is independent of the
€’s, and the €’s are themselves not serially correlated, then w1 is independent of €;. This means
that cov(us_1,¢;) = 0. Furthermore, for u; to be homoskedastic, var(us) = var(u;_1) = o2, and
(5.30) reduces to 02 = p?02 + o2, which when solved for o2 gives:

0% = o?/(1—p?) (5.31)

Hence, ug ~ (0,02/(1 — p?)) for the u’s to have zero mean and homoskedastic disturbances.
Multiplying (5.26) by u;—1 and taking expected values, one gets

E(upus_1) = pE(u? ) + E(us_16;) = po? (5.32)

since E(u?_ ;) = 02 and E(u;_1¢;) = 0. Therefore, cov(u, us_1) = po2, and the correlation coef-

ficient between u; and wy—; is correl(ug, up—1) = cov(u, ut_l)/\/var(ut)var(ut_l) = po2 /o2 = p.
Since p is a correlation coeflicient, this means that —1 < p < 1. In general, one can show that

cov(ug, ug) = plt_8|az t,s=1,2,...,T (5.33)
see problem 6. This means that the correlation between u; and w;—, is p", which is a fraction
raised to an integer power, i.e., the correlation is decaying between the disturbances the further
apart they are. This is reasonable in economics and may be the reason why this autoregressive
form (5.26) is so popular. One should note that this is not the only form that would correlate the
disturbances across time. In Chapter 14, we will consider other forms like the Moving Average

(MA) process, and higher order Autoregressive Moving Average (ARMA) processes, but these
are beyond the scope of this chapter.
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Consequences for OLS

How is the OLS estimator affected by the violation of the no autocorrelation assumption among
the disturbances? The OLS estimator is still unbiased and consistent since these properties rely
on assumptions 1 and 4 and have nothing to do with assumption 3. For the simple linear
regression, using (5.2), the variance of g is now

Var(BOLS) = Valr(ZtT:1 wiuy) = Zt 12 _ 1 Wiwgcov(ug, ) (5.34)
= o5/ Y 7} +Z¢Zwtwsf)lt slo?
t#s

where cov(ut, us) = plt=#lg? as explained in (5.33). Note that the first term in (5.34) is the
usual variance of 55 ¢ under the classical case. The second term in (5.34) arises because of the
correlation between the u;’s. Hence, the variance of OLS computed from a regression package,
ie., s?/ Zt | 77 is a wrong estimate of the variance of ﬂO g for two reasons. First, it is using
the wrong formula for the variance, i.e., 02/ 3./, 7 rather than (5.34). The latter depends on p
through the extra term in (5.34). Second, one can show, see problem 7, that E(s?) # o2 and will
involve p as well as o2. Hence, s? is not unbiased for o2 and s?/ Z?:l x? is a biased estimate of
var(BO 1s)- The direction and magnitude of this bias depends on p and the regressor. In fact, if p
is positive, and the z;’s are themselves positively autocorrelated, then s2/ Zle x7 understates
the true variance of BO s- This means that the confidence interval for 3 is tighter than it should
be and the t-statistic for Hg; 6 = 0 is overblown, see problem 8. As in the heteroskedastic
case, but for completely different reasons, any inference based on Var(BO 1) reported from the
standard regression packages will be misleading if the u;’s are serially correlated.

Newey and West (1987) suggested a simple heteroskedasticity and autocorrelation-consistent
covariance matrix for the OLS estimator without specifying the functional form of the serial
correlation. The basic idea extends White’s (1980) replacement of heteroskedastic variances
with squared OLS residuals e? by additionally including products of least squares residuals
erer—g for s = 0,41, ..., +p where p is the maximum order of serial correlation we are willing to
assume. The consistency of this procedure relies on p being very small relative to the number
of observations 7. This is consistent with popular serial correlation specifications considered
in this chapter where the autocorrelation dies out quickly as j increases. Newey and West
(1987) allow the higher order covariance terms to receive diminishing weights. This Newey-
West option for the least squares estimator is available using EViews. Andrews (1991) warns
about the unreliability of such standard error corrections in some circumstances. Wooldridge
(1991) shows that it is possible to construct serially correlated robust F-statistics for testing
joint hypotheses as considered in Chapter 4. However, these are beyond the scope of this book.

Is OLS still BLUE? In order to determine the BLU estimator in this case, we lag the regression
equation once, multiply it by p, and subtract it from the original regression equation, we get

Yi—pYioi=a(l—p)+0(Xy — pXi—1)+e t=2,3,...,T (5.35)

This transformation, known as the Cochrane-Orcutt (1949) transformation, reduces the dis-
turbances to classical errors. Therefore, OLS on the resulting regression renders the estimates
BLU, i.e., run Y} Y; — pY;—1 on a constant and Xt Xy — pXiq, for t =2,3,...,T. Note
that we have lost one observation by lagging, and the resulting estimators are BLUE only for
linear combinations of (T'— 1) observations in Y.} Prais and Winsten (1954) derive the BLU
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estimators for linear combinations of 7" observations in Y. This entails recapturing the initial
observation as follows: (i) Multiply the first observation of the regression equation by /1 — p?;

V1=pY1=aV1-p*+ V1= p? X1+ /1 - p*uy

(ii) add this transformed initial observation to the Cochrane-Orcutt transformed observations
fort = 2,...,T and run the regression on the T observations rather than the (T'—1) observations.
See Chapter 9, for a formal proof of this result. Note that

Vi =V1-p;
and
f”}zYt—pY}_l fort=2,...,T

Similarly, )A(/l:\/l — p2X; and )A(/t =Xy —pXy_1 fort =2,...,T. The constant variable C; = 1
fort =1,...,T is now a new variable C~’t which takes the values 5’1:\/ 1—p? and ét =(1-p)
for t = 2,...,T. Hence, the Prais-Winsten procedure is the regression of f@ on 6} and )?t
without a constant. It is obvious that the resulting BLU estimators will involve p and are
therefore, different from the usual OLS estimators except in the case where p = 0. Hence, OLS
is no longer BLUE. Furthermore, we need to know p in order to obtain the BLU estimators.
In applied work, p is not known and has to be estimated, in which case the Prais-Winsten
regression is no longer BLUE since it is based on an estimate of p rather than the true p itself.
However, as long as p is a consistent estimate for p then this is a sufficient condition for the
corresponding estimates of @ and (8 in the next step to be asymptotically efficient, see Chapter
9. We now turn to various methods of estimating p.

(1) The Cochrane-Orcutt (1949) Method: This method starts with an initial estimate of
p, the most convenient is 0, and minimizes the residual sum of squares in (5.35). This gives us
the OLS estimates of @ and 3. Then we substitute aprs and S5 g in (5.35) and we get

€t = pPEi—1 + € t= 2,...,T (536)

where e; denotes the OLS residual. An estimate of p can be obtained by minimizing the residual
sum of squares in (5.36) or running the regression of e; on e;_; without a constant. The resulting
estimate of p is p,, = 23;2 eer—1/ Ethz e?_, where both summations run over ¢t = 2,3,...,7.
The second step of the Cochrane-Orcutt procedure (2SCO) is to perform the regression in
(5.35) with p,, instead of p. One can iterate this procedure (ITCO) by computing new residuals
based on the new estimates of o and 3 and hence a new estimate of p from (5.36), and so on,
until convergence. Both the 2SCO and the ITCO are asymptotically efficient, the argument for
iterating must be justified in terms of small sample gains.

(2) The Hilderth-Lu (1960) Search Procedure: p is between —1 and 1. Therefore, this
procedure searches over this range, i.e., using values of p say between —0.9 and 0.9 in intervals
of 0.1. For each p, one computes the regression in (5.35) and reports the residual sum of squares
corresponding to that p. The minimum residual sum of squares gives us our choice of p and the
corresponding regression gives us the estimates of a, 3 and o%. One can refine this procedure
around the best p found in the first stage of the search. For example, suppose that p = 0.6 gave
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the minimum residual sum of squares, one can search next between 0.51 and 0.69 in intervals
of 0.01. This search procedure guards against a local minimum. Since the likelihood in this case
contains p as well as 02 and « and f3, this search procedure can be modified to maximize the
likelihood rather than minimize the residual sum of squares, since the two criteria are no longer
equivalent. The maximum value of the likelihood will give our choice of p and the corresponding
estimates of a, 3 and 2.

(3) Durbin’s (1960) Method: One can rearrange (5.35) by moving Y;_; to the right hand
side, i.e.,

Yi=pYii+o(l—p)+ 06Xy — pBXi—1 + & (5.37)

and running OLS on (5.37). The error in (5.37) is classical, and the presence of Y;_; on the
right hand side reminds us of the contemporaneously uncorrelated case discussed under the
violation of assumption 4. For that violation, we have shown that unbiasedness is lost, but not
consistency. Hence, the estimate of p as a coefficient of Y;_; is biased but consistent. This is
the Durbin estimate of p, call it pp. Next, the second step of the Cochrane-Orcutt procedure
is performed using this estimate of p.

(4) Beach-MacKinnon (1978) Maximum Likelihood Procedure: Beach and MacKinnon
(1978) derived a cubic equation in p which maximizes the likelihood function concentrated with
respect to a, (3, and o2. With this estimate of p, denoted by pg,s, one performs the Prais-
Winsten procedure in the next step.

Correcting for serial correlation is not without its critics. Mizon (1995) argues this point
forcefully in his article entitled “A simple message for autocorrelation correctors: Don’t.” The
main point being that serial correlation is a symptom of dynamic misspecification which is
better represented using a general unrestricted dynamic specification.

Monte Carlo Results

Rao and Griliches (1969) performed a Monte Carlo study using an autoregressive X, and
various values of p. They found that OLS is still a viable estimator as long as |p| < 0.3, but
if |p| > 0.3, then it pays to perform procedures that correct for serial correlation based on an
estimator of p. Their recommendation was to compute a Durbin’s estimate of p in the first step
and to do the Prais-Winsten procedure in the second step. Maeshiro (1976, 1979) found that
if the Xy series is trended, which is usual with economic data, then OLS outperforms 2SCO,
but not the two-step Prais-Winsten (2SPW) procedure that recaptures the initial observation.
These results were confirmed by Park and Mitchell (1980) who performed an extensive Monte
Carlo using trended and untrended X,’s. Their basic findings include the following: (i) For
trended X;’s, OLS beats 25SCO, ITCO and even a Cochrane-Orcutt procedure that is based on
the true p. However, OLS was beaten by 2SPW, iterative Prais-Winsten (ITPW), and Beach-
MacKinnon (BM). Their conclusion is that one should not use regressions based on (7' — 1)
observations as in Cochrane and Orcutt. (ii) Their results find that the ITPW procedure is the
recommended estimator beating 2SPW and BM for high values of true p, for both trended as
well as nontrended X;’s. (iii) Test of hypotheses regarding the regression coefficients performed
miserably for all estimators based on an estimator of p. The results indicated less bias in
standard error estimation for ITPW, BM and 2SPW than OLS. However, the tests based on
these standard errors still led to a high probability of type I error for all estimation procedures.
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Testing for Autocorrelation

So far, we have studied the properties of OLS under the violation of assumption 3. We have
derived asymptotically efficient estimators of the coefficients based on consistent estimators of
p and studied their small sample properties using Monte Carlo experiments. Next, we focus on
the problem of detecting this autocorrelation between the disturbances. A popular diagnostic
for detecting such autocorrelation is the Durbin and Watson (1951) statistic?

d=3{ (et —e1)’/ i & (5.38)

If this was based on the true u;’s and T was very large then d can be shown to tend in the limit
as T gets large to 2(1 — p), see problem 9. This means that if p — 0, then d — 2; if p — 1,
then d — 0 and if p — —1, then d — 4. Therefore, a test for Hy; p = 0, can be based on
whether d is close to 2 or not. Unfortunately, the critical values of d depend upon the X;’s, and
these vary from one data set to another. To get around this, Durbin and Watson established
upper (dy) and lower (dr) bounds for this critical value. If the observed d is less than dr, or
larger than 4 — dy,, we reject Hy. If the observed d is between dyy and 4 — dyy, then we do not
reject Hy. If d lies in any of the two indeterminant regions, then one should compute the exact
critical values which depend on the data. Most regression packages report the Durbin-Watson
statistic, but few give the exact p-value for this d-statistic. If one is interested in a single sided
test, say Hp; p = 0 versus Hy;p > 0 then one would reject Hy if d < dp, and not reject Hy if
d > dy. If di, < d < dy, then the test is inconclusive. Similarly for testing Hg;p = 0 versus
Hy; p < 0, one computes (4 —d) and follow the steps for testing against positive autocorrelation.
Durbin and Watson tables for d;, and diy covered samples sizes from 15 to 100 and a maximum
of 5 regressors. Savin and White (1977) extended these tables for 6 < 7" < 200 and up to 10
regressors.

The Durbin-Watson statistic has several limitations. We discussed the inconclusive region and
the computation of exact critical values. The Durbin-Watson statistic is appropriate when there
is a constant in the regression. In case there is no constant in the regression, see Farebrother
(1980). Also, the Durbin-Watson statistic is inappropriate when there are lagged values of the
dependent variable among the regressors. We now turn to an alternative test for serial correlation
that does not have these limitations and that is also easy to apply. This test was derived by
Breusch (1978) and Godfrey (1978) and is known as the Breusch-Godfrey test for zero first-order
serial correlation. This is a Lagrange Multiplier test that amounts to running the regression of
the OLS residuals e; on e;_1 and the original regressors in the model. The test statistic is TR2.
Its distribution under the null is x2. In this case, the regressors are a constant and X;, and the
test checks whether the coefficient of e;_; is significant. The beauty of this test is that (i) it
is the same test for first-order serial correlation, whether the disturbances are Moving Average
of order one MA(1) or AR(1). (ii) This test is easily generalizable to higher autoregressive or
Moving Average schemes. For second-order serial correlation, like MA(2) or AR(2) one includes
two lags of the residuals on the right hand side; i.e., both e;—; and e;_o. (iii) This test is still
valid even when lagged values of the dependent variable are present among the regressors, see
Chapter 6. The Breusch and Godfrey test is standard using EViews and it prompts the user
with a choice of the number of lags of the residuals to include among the regressors to test
for serial correlation. You click on residuals, then tests and choose Breusch-Godfrey. Next, you
input the number of lagged residuals you want to include.
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What about first differencing the data as a possible solution for getting rid of serial correla-
tion? Some economic behavioral equations are specified with variables in first difference form,
like GDP growth, but other equations are first differenced for estimation purposes. In the latter
case, if the original disturbances were not autocorrelated, (or even correlated, with p # 1), then
the transformed disturbances are serially correlated. After all, first differencing the disturbances
is equivalent to setting p = 1 in u; — puy—1, and this new disturbance uj = u; — uz—1 has uz—1 in
common with u} | = u¢—1 — ut—o, making E(uju}_ ;) = —E(u?_;) = —o2. However, one could
argue that if p is large and positive, first differencing the data may not be a bad solution. Rao
and Miller (1971) calculated the variance of the BLU estimator correcting for serial correlation,

for various guesses of p. They assume a true p of 0.2, and an autoregressive X;
Xy =2Xi—1 +w, with A =0,0.4,0.8. (5.39)

They find that OLS (or a guess of p = 0), performs better than first differencing the data,
and is pretty close in terms of efficiency to the true BLU estimator for trended X; (A = 0.8).
However, the performance of OLS deteriorates as A declines to 0.4 and 0, with respect to the true
BLU estimator. This supports the Monte Carlo finding by Rao and Griliches that for |p| < 0.3,
OLS performs reasonably well relative to estimators that correct for serial correlation. However,
the first-difference estimator, i.e., a guess of p = 1, performs badly for trended X; (A = 0.8)
giving the worst efficiency when compared to any other guess of p. Only when the X;’s are
less trended (A = 0.4) or random (A = 0), does the efficiency of the first-difference estimator
improve. However, even for those cases one can do better by guessing p. For example, for A = 0,
one can always do better than first differencing by guessing any positive p less than 1. Similarly,
for true p = 0.6, a higher degree of serial correlation, Rao and Miller (1971) show that the
performance of OLS deteriorates, while that of the first difference improves. However, one can
still do better than first differencing by guessing in the interval (0.4,0.9). This gain in efficiency
increases with trended X;’s.

Empirical Example: Table 5.3 gives the U.S. Real Personal Consumption Expenditures (C')

and Real Disposable Personal Income (Y') from the Economic Report of the President over the

period 1959-2007. This data set is available as CONSUMP.DAT on the Springer web site.
The OLS regression yields:

Cy = —1343.31 + 0.979 Y, + residuals
(219.56)  (0.011)

Figure 5.3 plots the actual, fitted and residuals using EViews 6.0. This shows positive serial
correlation with a string of positive residuals followed by a string of negative residuals followed
by positive residuals. The Durbin-Watson statistic is d = 0.181 which is much smaller than the
lower bound d = 1.497 for T' = 49 and one regressor. Therefore, we reject the null hypothesis
of Hy; p =0 at the 5% significance level.

The Breusch (1978) and Godfrey (1978) regression that tests for first-order serial correlation
is given in Table 5.4. This is done using EViews 6.0.

This yields

e; = —H4.41 + 0.004 Y; + 0.909 e;_1 + residuals
(102.77)  (0.005) (0.070)

The test statistic is TR? which yields 49 x (0.786) = 38.5. This is distributed as x? under Ho;
p = 0. This rejects the null hypothesis of no first order serial correlation with a p-value of 0.0000
shown in Table 5.4.
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Table 5.3 U.S. Consumption Data, 1959-2007

C = Real Personal Consumption Expenditures (in 1987 dollars)
Y = Real Disposable Personal Income (in 1987 dollars)

YEAR Y C YEAR Y C
1959 8776 9685 1984 16343 19011
1960 8837 9735 1985 17040 19476
1961 8873 9901 1986 17570 19906
1962 9170 10227 1987 17994 20072
1963 9412 10455 1988 18554 20740
1964 9839 11061 1989 18898 21120
1965 10331 11594 1990 19067 21281
1966 10793 12065 1991 18848 21109
1967 10994 12457 1992 19208 21548
1968 11510 12892 1993 19593 21493
1969 11820 13163 1994 20082 21812
1970 11955 13563 1995 20382 22153
1971 12256 14001 1996 20835 22546
1972 12868 14512 1997 21365 23065
1973 13371 15345 1998 22183 24131
1974 13148 15094 1999 23050 24564
1975 13320 15291 2000 23862 25472
1976 13919 15738 2001 24215 25697
1977 14364 16128 2002 24632 26238
1978 14837 16704 2003 25073 26566
1979 15030 16931 2004 25750 27274
1980 14816 16940 2005 26290 27403
1981 14879 17217 2006 26835 28098
1982 14944 17418 2007 27319 28614
1983 15656 17828

Source: Economic Report of the President

Regressing the OLS residuals on their lagged values yields

e; = 0.906 e;_q1 4+ residuals
(0.062)

The two-step Cochrane-Orcutt (1949) procedure based on p = 0.906 using Stata 11 yields the
results given in Table 5.5.

The Prais-Winsten (1954) procedure using Stata 11 yields the results given in Table 5.6. The
estimate of the marginal propensity to consume is 0.979 for OLS, 0.989 for two-step Cochrane-
Orcutt, and 0.912 for iterative Prais-Winsten. All of these estimates are significant.

The Newey-West heteroskedasticity and autocorrelation-consistent standard errors for least
squares with a three-year lag truncation are given in Table 5.7 using EViews 6. Note that both
standard errors are now larger than those reported by least squares. But once again, this is not
necessarily the case for other data sets.
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Figure 5.3 Residual Plot: Consumption Regression
Table 5.4 Breusch-Godfrey LM Test
F-statistic 168.9023 Prob. F(1,46) 0.0000
Obs*R-squared 38.51151 Prob. Chi-Square(1) 0.0000
Test Equation:
Dependent Variable: RESID
Method: Least Squares
Sample 1959 2007
Included observations: 49
Presample missing value lagged residuals set to zero
Variable Coefficient Std. Error t-Statistic Prob.
C —54.41017 102.7650 —0.529462 0.5990
Y 0.003590 0.005335 0.673044 0.5043
RESID(-1) 0.909272 0.069964 12.99624 0.0000
R-squared 0.785949 Mean dependent var -0.34E-13
Adjusted R-squared 0.776643 S.D. dependent var 433.0451
S.E. of regression 204.6601 Akaike info criterion 13.53985
Sum squared resid 1926746. Schwarz criterion 13.65567
Log likelihood —328.7263 Hannan-Quinn criter. 13.58379
F-statistic 84.45113 Durbin-Watson stat 2.116362

Prob(F-statistic) 0.000000
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Table 5.5 Cochrane-Orcutt AR(1) Regression — Twostep

. prais c y, corc two

Iteration 0: rho = 0.0000
Iteration 1: rho = 0.9059

Cochrane-Orcutt AR(1) regression — twostep estimates

Source SS df MS Number of obs = 48
F(1, 46) = 519.58
Model 17473195 1 17473195 Prob > F = 0.0000
Residual  1546950.74 46 33629.364 R-squared = 0.9187
Adj R-squared = 0.9169
Total 19020145.7 47 404683.951 Root MSE = 183.38
c Coef. Std. Err. t P> |t [95% Conf. Interval]
v .9892295 0433981 22.79 0.000 19018738 1.076585
_cons -1579.722 1014.436 -1.56 0.126 -3621.676 462.2328
rho 9059431

Durbin-Watson statistic (original) 0.180503
Durbin-Watson statistic (transformed) 2.457550

Table 5.6 The Iterative Prais-Winsten AR(1) Regression

.praiscy

Prais-Winsten AR(1) regression — iterated estimates

Source SS df MS Number of obs = 49

F(1, 47) = 119.89
Model 3916565.48 1 3916565.48 Prob > F = 0.0000
Residual ~ 1535401.45 47 32668.1159 R-squared = 0.7184

Adj R-squared = 0.7124
Total 5451966.93 48 113582.644 Root MSE = 180.74
c Coef. Std. Err. t P > |t [95% Conf. Interval]
y 912147 .047007 19.40 0.000 8175811 1.006713
_cons 358.9638 1174.865 0.31 0.761 —2004.56 2722.488
rho .9808528

Durbin-Watson statistic (original) 0.180503
Durbin-Watson statistic (transformed) 2.314703
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Table 5.7 The Newey-West HAC Standard Errors

Dependent Variable: CONSUM
Method: Least Squares
Sample: 1959 2007
Included observations: 49

Newey-West HAC Standard Errors & Covariance (lag truncation=3)

Variable Coeflicient Std. Error t-Statistic Prob.
C -1343.314 422.2947 -3.180987 0.0026
Y 0.979228 0.022434 43.64969 0.0000
R-squared 0.993680 Mean dependent var 16749.10
Adjusted R-squared 0.993545 S.D. dependent var 5447.060
S.E. of regression 437.6277 Akaike info criterion 15.04057
Sum squared resid 9001348. Schwarz criterion 15.11779
Log likelihood —366.4941 Hannan-Quinn criter. 15.06987
F-statistic 7389.281 Durbin-Watson stat 0.180503
Prob(F-statistic) 0.000000
Notes

1. A computational warning is in order when one is applying the Cochrane-Orcutt transformation
to cross-section data. Time-series data has a natural ordering which is generally lacking in cross-
section data. Therefore, one should be careful in applying the Cochrane-Orcutt transformation to
cross-section data since it is not invariant to the ordering of the observations.

2. Another test for serial correlation can be obtained as a by-product of maximum likelihood estima-
tion. The maximum likelihood estimator of p has a normal limiting distribution with mean p and
variance (1 — p2)/T. Hence, one can compute Py /(1 — pasre)/T)/?and compare it to critical
values from the normal distribution.

Problems

1. s Is Biased Under Heteroskedasticity. For the simple linear regression with heteroskedasticity,
i.e., E(u?) = 02, show that E(s?) is a function of the o2’s?

2. OLS Variance Is Biased Under Heteroskedasticity. For the simple linear regression with het-
eroskedasticity of the form E(u?) = 0? = bx? where b > 0, show that E(s*/Y | #?) understates

the variance of $,;,¢ which is

Z;L:l w?ﬂ?/(Z?zl %2)2
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3. Weighted Least Squares. This is based on Kmenta (1986).

(a) Solve the two equations in (5.11) and show that the solution is given by (5.12).
(b) Show that
~ no(1/02
Var(ﬁ) = n 279 nzz:l( éaz) n \12
[Doim X7 /oD (/o)) = [Doimq (Xi/ o))
Z?:l w;k
(Cim wi X (i, wi) — (i, wi Xi)?
1

iy wi (X — X*)?

where w} = (1/0?) and X* = Y"1 wiX;/> " wr.

. Relative Efficiency of OLS Under Heteroskedasticity. Consider the simple linear regression with
heteroskedasticity of the form o2 = 02X? where X; = 1,2, ...,10.

(a) Compute var(BOLS) for 6 =0.5,1,1.5 and 2.

(b) Compute var(BBLUE) for 6 =0.5,1,1.5 and 2.

(¢) Compute the efficiency of BOLS = var(EBLUE)/Var(BOLS) for 6 = 0.5,1,1.5 and 2. What
happens to this efficiency measure as ¢ increases?

. Consider the simple regression with only a constant y; = a + u; for i« = 1,2, ..., n; where the
u;’s are independent with mean zero and var(u;) = 0% for i = 1,2,...,ny; and var(u;) = o3 for
it=n1+1,...,n1 +ng with n =ny + ns.

(a) Derive the OLS estimator of « along with its mean and variance.
(b) Derive the GLS estimator of « along with its mean and variance.

(¢) Obtain the relative efficiency of OLS with respect to GLS. Compute their relative efficiency
for various values of 03 /0% = 0.2,0.4,0.6,0.8,1,1.25,1.33,2.5,5; and n; /n = 0.2,0.3,0.4,. ..,
0.8. Plot this relative efficiency.

(d) Assume that u; is N(0,07%) fori =1,2,...,n1; and N(0,0%) fori = ng +1,...,ny + ng; with
u;’s being independent. What is the maximum likelihood estimator of a, 0% and 03?7

(e) Derive the LR test for testing Hp;0? = o2 in part (d).

. Show that for an AR(1) model given in (5.26), E(usus) = plt=5l62 for t,s = 1,2,...,T.

. Relative Efficiency of OLS Under the AR(1) Model. This problem is based on Johnston (1984, pp.
310-312). For the simple regression without a constant y; = Sz + uy with u; = puy—q1 + €; and
€ ~ 1ID(0, 02)

(a) Show that

~ o2 lraen
var(Boss) | 4 gpduimy T

T—2
o2 D1 TtTey2
Z?:l x7 23:1 7 Zthl x7

1T
. +2pT1T1_T>
2
D=1 T
and that the Prais-Winsten estimator 3 py has variance

0.2

u 1 - ;02
S w? [+ p2 =205 L wewen ) S, 2

These expressions are easier to prove using matrix algebra, see Chapter 9.

Var(ﬁpw) =
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(b) Let x; itself follow an AR(1) scheme with parameter A, i.e., x; = Axy—1 + vy, and let T — oo.
Show that

~ _ var(B 1 — p?
asy eff(Bprg) = lim (APW) = o p >3
T=oovar(Borg) (L4 p% =2pN)(1+2pA + 202X +...)

(1-p*)(1—=pN)
(T4 p%2 —2pN) (1 + pA)

(c) Tabulate this asy eﬂ:“(@o 1g) for various values of p and A where p varies between —0.9 to
+0.9 in increments of 0.1, while A varies between 0 and 0.9 in increments of 0.1. What do you
conclude? How serious is the loss in efficiency in using OLS rather than the PW procedure?

(d) Tgnoring this autocorrelation one would compute 02/ Y -, 22 as the var(B¢ ). The differ-
ence between this wrong formula and that derived in part (a) gives us the bias in estimating
the variance of Bo g Show that as T" — oo, this asymptotic proportionate bias is given by
—2pA/(1 + pA). Tabulate this asymptotic bias for various values of p and A as in part (c).
What do you conclude? How serious is the asymptotic bias of using the wrong variances for
Bors when the disturbances are first-order autocorrelated?

(e) Show that

T-1 T2
E(S2) = 02T —[1+2 M+2 2M
“ P T 2 P T 5
D=1 T D i T
11T
oz
Dot T

Conclude that if p = 0, then E(s?) = 2. If a; follows an AR(1) scheme with parameter \,
then for a large T, we get

E(s?) = o2 (T— igi) /T = 1)

Compute this E(s?) for T = 101 and various values of p and \ as in part (c). What do you
conclude? How serious is the bias in using s? as an unbiased estimator for o2 ?

8. OLS Variance Is Biased Under Serial Correlation. For the AR(1) model given in (5.26), show that

if p > 0 and the z;’s are positively autocorrelated that F(s?/ Y x?) understates the var(Bo, )
given in (5.34).

9. Show that for the AR(1) model, the Durbin- Watson statistic has plimd — 2(1 — p).
10. Regressions with Non-zero Mean Disturbances. Consider the simple regression with a constant
Yi=a+p8X;+u; i=1,2,....n

where o and  are scalars and u; is independent of the X;’s. Show that:

(a) If the u;’s are independent and identically gamma distributed with f(u;) = ﬁu?ileﬂ“

where u; > 0 and 6 > 0, then dprg — s2 is unbiased for a.

(b) If the u;’s are independent and identically y? distributed with v degrees of freedom, then
Qors — s2/2 is unbiased for a.

(c) If the u;’s are independent and identically exponentially distributed with f(u;) = e
where u; > 0 and 6 > 0, then aprg — s is consistent for a.
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11. The Heteroskedastic Consequences of an Arbitrary Variance for the Initial Disturbance of an AR(1)
Model. This is based on Baltagi and Li (1990, 1992). Consider a simple AR(1) model

u =pu—1+e t=12,....T |p|<1
with e, ~ IID(0, 02) independent of ug ~ (0,02/7), and 7 is an arbitrary positive parameter.

(a) Show that this arbitrary variance on the initial disturbance g renders the disturbances, in
general, heteroskedastic.

(b) Show that var(u;) = o7 is increasing if 7 > (1 — p?) and decreasing if 7 < (1 — p?). When is
the process homoskedastic?

(¢) Show that cov(us,ui—s) = pos_ for t > s. Hint: See the solution by Kim (1991).

(d) Consider the simple regression model
yt:ﬂxtJrut t:1,27T

with u; following the AR(1) process described above. Consider the common case where
p > 0 and the z;’s are positively autocorrelated. For this case, it is a standard result that
the var(8,,g) is understated under the stationary case (i.e., (1 — p?) = 7), see problem 8.
This means that OLS rejects too often the hypothesis Hy; 5 = 0. Show that OLS will reject
more often than the stationary case if 7 < 1 — p? and less often than the stationary case if
7> (1 — p?). Hint: See the solution by Koning (1992).

12. ML Estimation of Linear Regression Model with AR(1) Errors and Two Observations. This is
based on Magee (1993). Consider the regression model y; = x;0 + u;, with only two observations
i = 1,2, and the nonstochastic |z1| # |x2| are scalars. Assume that u; ~ N(0,02) and ug = pu; +e¢
with |p| < 1. Also, € ~ N[0, (1 — p?)0?] where € and u; are independent.

(a) Show that the OLS estimator of 3 is (z1y1 + 2y2)/ (2% + z3).

(b) Show that the ML estimator of 3 is (z1y; — z2y2)/ (2?7 — x3).

(c) Show that the ML estimator of p is 2z122/(2% + 23) and thus is nonstochastic.

(d) How do the ML estimates of 5 and p behave as 1 — x2 and 1 — —x2? Assume xo # 0.
Hint: See the solution by Baltagi and Li (1995).

13. For the empirical example in section 5.5 based on the Cigarette Consumption Data in Table 3.2.

(a) Replicate the OLS regression of logC' on logP, logY and a constant. Plot the residuals versus
logY and verify Figure 5.1.

(b) Run Glejser’s (1969) test by regressing |e;| the absolute value of the residuals from part (a),
on (logY;)® for 6 = 1,—1,—0.5 and 0.5. Verify the t-statistics reported in the text.

(¢) Run Goldfeld and Quandt’s (1965) test by ordering the observations according to logY; and
omitting 12 central observations. Report the two regressions based on the first and last 17
observations and verify the F-test reported in the text.

(d) Verify the Spearman rank correlation test based on the rank (logY;) and rank |e;|.

(e) Verify Harvey’s (1976) multiplicative heteroskedasticity test based on regressing loge? on
log(logYj).

(f) Run the Breusch and Pagan (1979) test based on the regression of €2/5° on logY;, where
~2 46 2
0" =i € /46.

(g) Run White’s (1980) test for heteroskedasticity.

(h) Run the Jarque and Bera (1987) test for normality of the disturbances.

(i) Compute White’s (1980) heteroskedasticity robust standard errors for the regression in part (a).
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14. A Simple Linear Trend Model with AR(1) Disturbances. This is based on Kramer (1982).
(a) Consider the following simple linear trend model
Y, =a+ Bt +uy

where u; = puy_1 + € with |p| < 1, ¢, ~ 1ID(0,0?) and var(u;) = 02 = 02/(1 — p?). Our
interest is focused on the estimates of the trend coefficient, 3, and the estimators to be
considered are OLS, CO (assuming that the true value of p is known), the first-difference
estimator (FD), and the Generalized Least Squares (GLS), which is Best Linear Unbiased
(BLUE) in this case.

In the context of the simple linear trend model, the formulas for the variances of these
estimators reduce to

V(OLS) =120%{—6p" T} [(T = 1)p — (T + 1)]> = (T* = T)p*
+2(T? = 1)(T = 3)p® + 12(T% + 1)p? — 2(T? — 1)(T + 3)p
TP = T)}/(1 - p?)(1 = p)*(T° — T)?
V(CO) =120%(1 — p)*(T? — 372 + 27),
V(FD) =20*(1—p""")/(1-p*)(T — 1)
V(GLS) =120%/(T —1)[(T —3)(T —2)p? = 2(T = 3)(T — )p+ T(T + 1)].

(b) Compute these variances and their relative efficiency with respect to the GLS estimator for
T = 10,20, 30,40 and p between —0.9 and 0.9 in 0.1 increments.

(¢) For a given T', show that the limit of var(OLS)/var(CO) is zero as p — 1. Prove that
var(F'D) and var(GLS) both tend in the limit to ¢2/(T — 1) < oo as p — 1. Conclude
that var(GLS)/var(FD) tend to 1 as p — 1. Also, show that liml[var(GLS)/Var(OLS)] =

p—
5(T? +T)/6(T? + 1) < 1 provided T > 3.

(d) For a given p, show that var(F D) = O(T~2) whereas the variance of the remaining estimators
is O(T~3). Conclude that Tlim [var(F' D) /var(CO)] = oo for any given p.
—00

15. Consider the empirical example in section 5.6, based on the Consumption-Income data in Table 5.3.
Obtain this data set from the CONSUMP.DAT file on the Springer web site.

(a) Replicate the OLS regression of Cy on Y; and a constant, and compute the Durbin-Watson
statistic. Test Hy;p = 0 versus Hy;p > 0 at the 5% significance level.

(b) Test for first-order serial correlation using the Breusch and Godfrey test.

(¢) Perform the two-step Cochrane-Orcutt procedure and verify Table 5.5. What happens if we
iterate the Cochrane-Orcutt procedure?

(d) Perform the Prais-Winsten procedure and verify Table 5.6.

(e) Compute the Newey-West heteroskedasticity and autocorrelation-consistent standard errors
for the least squares estimates in part (a).

16. Benderly and Zwick (1985) considered the following equation
RSt = a+ Q41 + 7P+ w

where RS; = the real return on stocks in year ¢, Q¢41 = the annual rate of growth of real GNP
in year t + 1, and P; = the rate of inflation in year ¢. The data is provided on the Springer web
site and labeled BENDERLY.ASC. This data covers 31 annual observations for the U.S. over the
period 1952-1982. This was obtained from Lott and Ray (1991). This equation is used to test the
significance of the inflation rate in explaining real stock returns. Use the sample period 1954-1976
to answer the following questions:
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(a) Run OLS to estimate the above equation. Remember to use Q1. Is P; significant in this
equation? Plot the residuals against time. Compute the Newey-West heteroskedasticity and
autocorrelation-consistent standard errors for these least squares estimates.

(b) Test for serial correlation using the D.W. test.

(¢) Would your decision in (b) change if you used the Breusch-Godfrey test for first-order serial
correlation?

(d) Run the Cochrane-Orcutt procedure to correct for first-order serial correlation. Report your
estimate of p.

(e) Run a Prais-Winsten procedure accounting for the first observation and report your estimate
of p. Plot the residuals against time.

17. Using our cross-section Energy/GDP data set in Chapter 3, problem 3.16 consider the following
two models:

Model 1: logEn = a+ flogRGDP +u
Model 2: En=a+ SRGDP +v

Make sure you have corrected the W. Germany observation on EN as described in problem 3.16
part (d).

(a) Run OLS on both Models 1 and 2. Test for heteroskedasticity using the Goldfeldt/Quandt
Test. Omit ¢ = 6 central observations. Why is heteroskedasticity a problem in Model 2, but
not Model 17

) For Model 2, test for heteroskedasticity using the Glejser Test.

) Now use the Breusch-Pagan Test to test for heteroskedasticity on Model 2.
(d) Apply White’s Test to Model 2.

) Do all these tests give the same decision?

)

Propose and estimate a simple transformation of Model 2, assuming heteroskedasticity of
the form o? = 02 RGDP2.

(g) Propose and estimate a simple transformation of Model 2, assuming heteroskedasticity of
the form o? = 0?(a + bRGDP)?.
2 _

(h) Now suppose that heteroskedasticity is of the form o7 = 02 RGDP? where v is an unknown
parameter. Propose and estimate a simple transformation for Model 2. Hint: You can write

o? as exp{a + ylogRGDP} where o = logo?.

(i) Compare the standard errors of the estimates for Model 2 from OLS, also obtain White’s
heteroskedasticity-consistent standard errors. Compare them with the simple Weighted Least

Squares estimates of the standard errors in parts (f), (g) and (h). What do you conclude?

18. You are given quarterly data from the first quarter of 1965 (1965.1) to the fourth quarter of 1983
(1983.4) on employment in Orange County California (EMP) and real gross national product
(RGNP). The data set is in a file called ORANGE.DAT on the Springer web site.

(a) Generate the lagged variable of real GNP, call it RGN P;_; and estimate the following model
by OLS: EM P, = o+ BRGNP, _1 + uy.

(b) What does inspection of the residuals and the Durbin-Watson statistic suggest?

(c) Assuming u; = pu;_1 + € where |[p| < 1 and ¢ ~ IIN(0,02), use the Cochrane-Orcutt
procedure to estimate p, a and 3. Compare the latter estimates and their standard errors
with those of OLS.

(d) The Cochrane-Orcutt procedure omits the first observation. Perform the Prais-Winsten ad-
justment. Compare the resulting estimates and standard error with those in part (c).
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19.

20.

21.
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(e) Apply the Breusch-Godfrey test for first and second order autoregression. What do you
conclude?

(f) Compute the Newey-West heteroskedasticity and autocorrelation-consistent covariance stan-
dard errors for the least squares estimates in part (a).

Consider the earning data underlying the regression in Table 4.1 and available on the Springer
web site as EARN.ASC.

(a) Apply White’s test for heteroskedasticity to the regression residuals.
(b) Compute White’s heteroskedasticity-consistent standard errors.

(c) Test the least squares residuals for normality using the Jarque-Bera test.

Hedonic Housing. Harrison and Rubinfield (1978) collected data on 506 census tracts in the Boston
area in 1970 to study hedonic housing prices and the willingness to pay for clean air. This
data is available on the Springer web site as HEDONIC.XLS. The dependent variable is the
Median Value (MV) of owner-occupied homes. The regressors include two structural variables,
RM the average number of rooms, and AGE representing the proportion of owner units built prior
to 1940. In addition there are eight neighborhood variables: B, the proportion of blacks in the
population; LSTAT, the proportion of population that is lower status; CRIM, the crime rate; ZN,
the proportion of 25000 square feet residential lots; INDUS, the proportion of nonretail business
acres; TAX, the full value property tax rate ($/$10000); PTRATIO, the pupil-teacher ratio; and
CHAS represents the dummy variable for Charles River: = 1 if a tract bounds the Charles. There
are also two accessibility variables, DIS the weighted distances to five employment centers in the
Boston region, and RAD the index of accessibility to radial highways. One more regressor is an
air pollution variable NOX, the annual average nitrogen oxide concentration in parts per hundred
million.

(a) Run OLS of MV on the 13 independent variables and a constant. Plot the residuals.
(b) Apply White’s tests for heteroskedasticity.
()

(d) Test the least squares residuals for normality using the Jarque-Bera test.

Obtain the White heteroskedasticity-consistent standard errors.

Agglomeration Economies, Diseconomies, and Growth. Wheeler (2003) uses data on 3106 counties
of the contiguous USA to fit a fourth-order polynomial relating County population (employment)
growth (over the period 1980 to 1990) as a function of log(size), where size is measured as total
resident population or total civilian employment. Other control variables include the proportion
of the adult resident population (i.e. of age 25 or older) with a bachelor’s degree or more; the
proportion of total employment in manufacturing; and the unemployment rate, all for the year
1980; Per capita income in 1979; the proportion of the resident population belonging to non-
white racial categories in 1980, and the share of local government expenditures going to each of
three public goods-education, roads and highways, police protection-in 1982. This data can be
downloaded from the JAE archive data web site.

(a) Replicate the OLS regressions reported in Tables VIII and IX of Wheeler (2003, pp. 88-89).
(b) Apply White’s and Breusch-Pagan tests for heteroskedasticity.

(c) Test the least squares residuals for normality using the Jarque-Bera test.

References

For additional readings consult the econometrics books cited in the Preface. Also the chapter on het-
eroskedasticity by Griffiths (2001), and the chapter on serial correlation by King (2001):
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CHAPTER 6
Distributed Lags and Dynamic Models

6.1 Introduction

Many economic models have lagged values of the regressors in the regression equation. For
example, it takes time to build roads and highways. Therefore, the effect of this public investment
on growth in GNP will show up with a lag, and this effect will probably linger on for several
years. It takes time before investment in research and development pays off in new inventions
which in turn take time to develop into commercial products. In studying consumption behavior,
a change in income may affect consumption over several periods. This is true in the permanent
income theory of consumption, where it may take the consumer several periods to determine
whether the change in real disposable income was temporary or permanent. For example, is
the extra consulting money earned this year going to continue next year? Also, lagged values
of real disposable income appear in the regression equation because the consumer takes into
account his life time earnings in trying to smooth out his consumption behavior. In turn, one’s
life time income may be guessed by looking at past as well as current earnings. In other words,
the regression relationship would look like

Yi=a+BXe + 51 X1+ + 8 X s +uy t=1,2,...,T (6.1)

where Y; denotes the t-th observation on the dependent variable Y and X;_g denotes the (¢-s)th
observation on the independent variable X. « is the intercept and 3, 34, ..., 3, are the current
and lagged coefficients of X;. Equation (6.1) is known as a distributed lag since it distributes the
effect of an increase in income on consumption over s periods. Note that the short-run effect of
a unit change in X on Y is given by 3,, while the long-run effect of a unit change in X on Y
is (Bo + 81+ -+ Bs).

Suppose that you observe X; from 1959 to 2007. X;_1 is the same variable but for the previous
period, i.e., 1958-2006. Since 1958 is not available in this data, the software you are using will
start from 1959 for X;_ 1, and end at 2006. This means that when we lag once, the current
X; series will have to start at 1960 and end at 2007. For practical purposes, this means that
when we lag once we loose one observation from the sample. So if we lag s periods, we loose
s observations. Furthermore, we are estimating one extra § with every lag. Therefore, there
is double jeopardy with respect to loss of degrees of freedom. The number of observations fall
(because we are lagging the same series), and the number of parameters to be estimated increase
with every lagging variable introduced. Besides the loss of degrees of freedom, the regressors
in (6.1) are likely to be highly correlated with each other. In fact most economic time series
are usually trended and very highly correlated with their lagged values. This introduces the
problem of among the regressors and as we saw in Chapter 4, the higher the multicollinearity
among these regressors, the lower is the reliability of the regression estimates.

In this model, OLS is still BLUE because the classical assumptions are still satisfied. All we
have done in (6.1) is introduce the additional regressors (X¢—1,..., X¢—s). These regressors are
uncorrelated with the disturbances since they are lagged values of Xy, which are by assumption
not correlated with u, for every t.

B.H. Baltagi, Econometrics, Springer Texts in Business and Economics, DOI 10.1007/978-3-642-20059-5_6, 131
© Springer-Verlag Berlin Heidelberg 2011
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In order to reduce the degrees of freedom problem, one could impose more structure on the 3’s.
One of the simplest forms imposed on these coefficients is the linear arithmetic lag, (see Figure
6.1), which can be written as

B;=[(s+1)—ip fori=0,1,...,s (6.2)

The lagged coefficients of X follow a linear distributed lag declining arithmetically from (s+1)43
for Xy to 8 for X;_4. Substituting (6.2) in (6.1) one gets

Yi=a+Y, (B:iXi—i tur=a+ 08> ol(s+1) =X+ w (6.3)
where the latter equation can be estimated by the regression of Y; on a constant and Z;, where
Zy =3 ol(s+1) — i) X

This Z; can be calculated given s and X;. Hence, we have reduced the estimation of 3y, 3y, . . ., 5,
into the estimation of just one (3. Once f is obtained, 3; can be deduced from (6.2), for ¢ =
0,1,...,s. Despite its simplicity, this lag is too restrictive to impose on the regression and is
not usually used in practice.

Alternatively, one can think of §; = f(i) for i = 0,1,...,s. If f(i) is a continuous function,
over a closed interval, then it can be approximated by an r-th degree polynomial,

f)=ap+ari+...+ai"
For example, if r = 2, then

ﬁi:ao—i—ali—i—agi? fori=0,1,2,...,s
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so that
By = ao
61 = ag+al+ao
By = ao+2a; +4as
By = ao+sa+ s2as
Once agp, a1, and az are estimated, B3y, 3;,...,03, can be deduced. In fact, substituting 3; =

ao + ayi + azi? in (6.1) we get

Y, = a+ Z?:O(ao +ayt + aziz)Xt—i + uy (6.4)
= «a-+ay Zf:o Xei+aq Zf:o 1 Xt + as Zf:[) iQXt_i + Uy

This last equation, shows that «, ag, a1 and as can be estimated from the regression of Y;
on a constant, Zo = > ;_q Xt—i, Z1 = Y i iX¢—i and Zy = > ;_,i*X;—;. This procedure was
proposed by Almon (1965) and is known as the Almon lag. One of the problems with this
procedure is the choice of s and 7, the number of lags on X}, and the degree of the polynomial,
respectively. In practice, neither is known. Davidson and MacKinnon (1993) suggest starting
with a maximum reasonable lag s* that is consistent with the theory and then based on the
unrestricted regression, given in (6.1), checking whether the fit of the model deteriorates as s*
is reduced. Some criteria suggested for this choice include: (i) maximizing R?; (ii) minimizing
Akaike’s (1973) Information Criterion (AIC) with respect to s. This is given by AIC(s) =
(RSS/T)e*/T; or (iii) minimizing Schwarz (1978) Bayesian Information Criterion (BIC) with
respect to s. This is given by BIC(s) = (RSS/T)T*/™ where RSS denotes the residual sum
of squares. Note that the AIC and BIC criteria, like R?, reward good fit but penalize loss
of degrees of freedom associated with a high value of s. These criteria are printed by most
regression software including SHAZAM, EViews and SAS. Once the lag length s is chosen it is
straight forward to determine r, the degree of the polynomial. Start with a high value of r and
construct the Z variables as described in (6.4). If » = 4 is the highest degree polynomial chosen
and ay, the coefficient of Z4, = Zf:o it X,y is insignificant, drop Z4 and run the regression for
r = 3. Stop, if the coefficient of Z3 is significant, otherwise drop Z3 and run the regression for
r=2.

Applied researchers usually impose end point constraints on this Almon lag. A near end
point constraint means that 3_; = 0 in equation (6.1). This means that for equation (6.4),
this constraint yields the following restriction on the second degree polynomial in a’s: B_; =
f(=1) = ap — a1 + a2 = 0. This restriction allows us to solve for ag given a; and ag. In fact,
substituting ag = a1 — ag into (6.4), the regression becomes

Yi=a+ al(Zl -+ Zo) -+ CLQ(ZQ — Z()) + Ut (6.5)

and once a; and ag are estimated, ag is deduced, and hence the 3,’s. This restriction essentially
states that X, ;1 has no effect on Y;. This may not be a plausible assumption, especially in our
consumption example, where income next year enters the calculation of permanent income or
life time earnings. A more plausible assumption is the far end point constraint, where 5., ; = 0.
This means that X;_(,,1) does not affect Y;. The further you go back in time, the less is the
effect on the current period. All we have to be sure of is that we have gone far back enough
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to reach an insignificant effect. This far end point constraint is imposed by removing X;_(441)
from the equation as we have done above. But, some researchers impose this restriction on
B; = f(i), i.e., by restricting #,,1 = f(s+1) = 0. This yields for r = 2 the following constraint:
ag+(s+1)a;+(s+1)%az = 0. Solving for ag and substituting in (6.4), the constrained regression
becomes

Yi=a+ al[Zl — (S + 1)Z0] + CLQ[ZQ - (S + 1)2Z0] + Uy (66)

One can also impose both end point constraints and reduce the regression into the estimation
of one a rather than three a’s. Note that §_; = 3,,; = 0 can be imposed by not including
Xi+1 and X;_(,11) in the regression relationship. However, these end point restrictions impose
the additional restrictions that the polynomial on which the a’s lie should pass through zero at
i=—1andi=(s+1), see Figure 6.2.

These additional restrictions on the polynomial may not necessarily be true. In other words,
the polynomial could intersect the X-axis at points other than —1 or (s 4+ 1). Imposing a
restriction, whether true or not, reduces the variance of the estimates, and introduces bias if the
restriction is untrue. This is intuitive, because this restriction gives additional information which
should increase the reliability of the estimates. The reduction in variance and the introduction of
bias naturally lead to Mean Square Error criteria that help determine whether these restrictions
should be imposed, see Wallace (1972). These criteria are beyond the scope of this chapter. In
general, one should be careful in the use of restrictions that may not be plausible or even valid. In
fact, one should always test these restrictions before using them. See Schmidt and Waud (1975).

Empirical Example: Using the Consumption-Income data from the Economic Report of the
President over the period 1959-2007, given in Table 5.3, we estimate a consumption-income
regression imposing a five year lag on income. In this case, all variables are in log and s = 5
in equation (6.1). Table 6.1 gives the Stata output imposing the linear arithmetic lag given in
equation (6.2).

The regression output reports B = 0.0498 which is statistically significant with a t-value
of 64.4. One can test the arithmetic lag restrictions jointly using an F-test. The Unrestricted
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Table 6.1 Regression with Arithmetic Lag Restriction

. tsset year
time variable: year, 1959 to 2007
delta: 1 unit
. gen ly=In(y)
. gen le=In(c)
. gen z=6*ly+5*L1y+4%12.1y+3*13 1y +2*14.1y+15.1y
(5 missing values generated)

.reglc z

Source SS df MS Number of obs = 44
F(1, 42) = 4149.96
Model 3.5705689 1 3.5705689 Prob > F = 0.0000
Residual .036136249 42 .000860387 R-squared = 0.9900
Adj R-squared = 0.9897
Total 3.60670515 43 .083876864 Root MSE = .02933

le Coef. Std. Err. t P> |t [95% Conf. Interval]
7 .049768 .0007726 64.42 0.000 .0482089 0513271
_cons —.5086255 1591019 -3.20 0.003 —.8297061 —.1875449

Table 6.2 Almon Polynomial, » = 2, s = 5 and Near End-Point Constraint

Dependent Variable = LNC

Method: Least Squares

Sample (adjusted): 1964 2007

Included observations: 44 after adjustments

Coefficient Std. Error t-Statistic Prob.

C —0.770611 0.201648 3.821563 0.0004

PDLO1 0.342152 0.056727 6.031589 0.0000

PDLO02 0.067215 0.012960 —-5.186494 0.0000

R-squared 0.990054 Mean dependent var 9.736786

Adjusted R-squared 0.989568 S.D. dependent var 0.289615

S.E. of regression 0.029580 Akaike info criterion —4.137705

Sum squared resid 0.035874 Schwarz criterion —4.016055

Log likelihood 94.02950 Hannan-Quinn criter. -4.092591

F-statistic 2040.559 Durbin-Watson stat 0.382851
Prob(F-statistic) 0.000000

Lag Distribution of LNY i Coefficient Std. Error t-Statistic

x| 0 0.27494 0.04377 6.28161

. 1 0.41544 0.06162 6.74167

. 2 0.42152 0.05358 7.86768

- 3 0.29317 0.01976 14.8332

* | 4 0.03039 0.04056 0.74937

* | 5 0.36682 0.12630 2.90445

Sum of Lags 1.06865 0.01976 54.0919
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Residual Sum of Squares (URSS) is obtained by regressing C; on Y3, Yi—1,...,Y;_5 and a con-
stant. This yields URSS = 0.016924. The RRSS is given in Table 6.1 as 0.036136 and it involves
imposing 5 restrictions given in (6.2). Therefore,

(0.036136249 — 0.016924337) /5

F =
0.016924337/37

= 8.40

and this is distributed as F5 37 under the null hypothesis. This rejects the linear arithmetic lag
restrictions.

Next we impose an Almon lag based on a second degree polynomial as described in equation
(6.4). Table 6.2 reports the EViews output for s = 5 imposing the near end point constraint.
To do this using EViews, one replaces the regressor Y by PDL(Y,5,2,1) indicating a request
to fit a five year Almon lag on Y that is of the second-order degree, with a near end point
constraint. In this case, the estimated regression coefficients rise and then fall becoming negative:
60 = 0.275, Bl =0.415, ... ,Bg, = —0.367. Note that §4 is statistically insignificant. The Almon
lag restrictions can be jointly tested using Chow’s F-statistic. The URSS is obtained from the
unrestricted regression of Cy on Y, Y;_1,...,Y; 5 and a constant. This was reported above as
URSS = 0.016924.

Table 6.3 Almon Polynomial, » = 2, s = 5 and Far End-Point Constraint

Dependent Variable = LNC

Method: Least Squares
Sample (adjusted): 1964 2007
Included observations: 44 after adjustments

Coefficient Std. Error t-Statistic Prob.

C -1.107052 0.158405 —6.988756 0.0000

PDLO1 0.134206 0.011488 11.68247 0.0000

PDLO02 -0.259490 0.036378 ~7.133152 0.0000

R-squared 0.994467 Mean dependent var 9.736786

Adjusted R-squared 0.994197 S.D. dependent var 0.289615

S.E. of regression 0.022062 Akaike info criterion —4.724198

Sum squared resid 0.019956 Schwarz criterion -4.602548

Log likelihood 106.9324 Hannan-Quinn criter. -4.679084

F-statistic 3684.610 Durbin-Watson stat 0.337777
Prob(F-statistic) 0.000000

Lag Distribution of LNY i Coeflicient Std. Error t-Statistic

. 0 0.87912 0.10074 8.72642

_ 1 0.45018 0.03504 12.8475

. * | 2 0.13421 0.01149 11.6825

*. | 3 —0.06880 0.03787 —-1.81686

> | 4 —0.15884 0.04483 -3.54337

- | 5 —-0.13590 0.03221 —4.21962

Sum of Lags 1.09997 0.01547 71.0964
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The RRSS, given in Table 6.2, is 0.035874 and involves four restrictions. Therefore,

e (0.03587367 — 0.016924337) /4 — 10357
0.016924337/37

and this is distributed as F} 37 under the null hypothesis. This rejects the second degree poly-
nomial Almon lag specification with a near end point constraint.

Table 6.3 reports the EViews output for s = 5, imposing the far end point constraint. To do
this using EViews, one replaces the regressor Y by PDL(Y, 5, 2, 2) indicating a request to fit a five
year Almon lag on Y that is of the second-order degree, with a far end point constraint. In this
case, the B’S are positive, then becoming negative, Bo = 0.879, El = 0.450,..., 35 = —0.136, all
being statistically significant. This second degree polynomial Almon lag specification with a far
end point constraint can be tested against the unrestricted lag model using Chow’s F-statistic.
The RRSS, given in Table 6.3, is 0.019955101 and involves four restrictions. Therefore,

(0.019955101 — 0.016924337) /4

F= = 1.656
0.016924337/37

and this is distributed as Fj 37 under the null hypothesis. This does not reject the restrictions
imposed by this model.

6.2 Infinite Distributed Lag

So far we have been dealing with a finite number of lags imposed on X;. Some lags may be
infinite. For example, the investment in building highways and roads several decades ago may
still have an effect on today’s growth in GNP. In this case, we write equation (6.1) as

Y}:a—i—zlﬁoﬁi){}_i—i—ut t:1,2,...,T. (67)

There are an infinite number of 3,’s to estimate with only 7" observations. This can only be
feasible if more structure is imposed on the (3,’s. First, we normalize these [3,’s by their sum,
ie., let w; = B;/8 where § = 3 2, 3;. If all the 8;’s have the same sign, then the 3;’s take
the sign of 3 and 0 < w; < 1 for all ¢, with Y ;2 w; = 1. This means that the w;’s can be
interpreted as probabilities. In fact, Koyck (1954) imposed the geometric lag on the w;’s, i.e.,
w; = (1 =M\ fori=0,1,...,00'. Substituting

Bi = Bwi = B(1 = AN
in (6.7) we get
Vi=a+ 61 =X NX, i+ (6.8)

Equation (6.8) is known as the infinite distributed lag form of the Koyck lag. The short-run
effect of a unit change in X; on Y; is given by B(1 — \); whereas the long-run effect of a unit
change in Xy on Y is Y .20 3; = B> ;0pw; = (. Implicit in the Koyck lag structure is that
the effect of a unit change in X; on Y; declines the further back we go in time. For example, if
A =1/2, then 8y = 3/2, 8, = B/4, By = B/8, etc. Defining LX; = X;_1, as the lag operator,
we have L'X; = X; ;, and (6.8) reduces to

Vi=a+B(1-NY2 AL X +u =a+B(1—N)Xy/(1—AL) +u (6.9)
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where we have used the fact that Y ;% ¢’ = 1/(1—¢). Multiplying the last equation by (1—AL)
one gets

Y — AYiot = a1 = A) + B(1 = A Xs + e — Mg
or
Y, =AY, + Oé(l — )\) + ﬁ(l — )\)Xt 4+ up — AMug_1q (610)

This is the autoregressive form of the infinite distributed lag. It is autoregressive because it
includes the lagged value of Y; as an explanatory variable. Note that we have reduced the
problem of estimating an infinite number of 3;’s into estimating A and § from (6.10). However,
OLS would lead to biased and inconsistent estimates, because (6.10) contains a lagged dependent
variable as well as serially correlated errors. In fact the error in (6.10) is a Moving Average
process of order one, i.e., MA(1), see Chapter 14. We digress at this stage to give two econometric
models which would lead to equations resembling (6.10).

6.2.1 Adaptive Expectations Model (AEM)

Suppose that output Y; is a function of expected sales X; and that the latter is unobservable,
ie.,

Y = a+ BX] +u
where expected sales are updated according to the following method
Xp - Xy = 6(X, — X[ y) (6.11)

that is, expected sales at time ¢ is a weighted combination of expected sales at time ¢ — 1 and
actual sales at time t. In fact,

X;=6X,+(1-86X;, (6.12)

Equation (6.11) is also an error learning model, where one learns from past experience and adjust
expectations after observing current sales. Using the lag operator L, (6.12) can be rewritten as
X/ =6Xy/[1 — (1 — 6)L]. Substituting this last expression in the above relationship, we get

Multiplying both sides of (6.13) by [1 — (1 — §)L], we get
}/t — (1 — (S)Y;g_l = Oé[(l — (1 — (S)] + ,3(5Xt + U — (1 — 6)Ut_1 (614)

(6.14) looks exactly like (6.10) with A = (1 —§).

6.2.2 Partial Adjustment Model (PAM)

Under this model there is a cost of being out of equilibrium and a cost of adjusting to that
equilibrium, i.e.,

Cost = a(Y; — V)2 + b(Y; — Yi_1)? (6.15)
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where Y," is the target or equilibrium level for Y, whereas Y; is the current level of Y. The
first term of (6.15) gives a quadratic loss function proportional to the distance of Y; from the
equilibrium level Y;*. The second quadratic term represents the cost of adjustment. Minimizing
this quadratic cost function with respect to Y, we get Y; = vY;*+(1—~)Y;_1, where v = a/(a+Db).
Note that if the cost of adjustment was zero, then b = 0, v = 1, and the target is reached
immediately. However, there are costs of adjustment, especially in building the desired capital
stock. Hence,

Vi=9Y+ (1 =7)Yi1+w (6.16)

where we made this relationship stochastic. If the true relationship is Y,* = a4+ X, then from
(6.16)

Yi =vya+v8Xi + (1 —7)Yio1 +uy (6.17)

and this looks like (6.10) with A = (1 — ), except for the error term, which is not necessarily
MA(1) with the Moving Average parameter \.

6.3 Estimation and Testing of Dynamic Models with
Serial Correlation

Both the AEM and the PAM give equations resembling the autoregressive form of the infinite
distributed lag. In all cases, we end up with a lagged dependent variable and an error term
that is either Moving Average of order one as in (6.10), or just classical or autoregressive as in
(6.17). In this section we study the testing and estimation of such autoregressive or dynamic
models.

If there is a Y;_1 in the regression equation and the u;’s are classical disturbances, as may
be the case in equation (6.17), then Y;_; is said to be contemporaneously uncorrelated with
the disturbance term u;. In fact, the disturbances satisfy assumptions 1-4 of Chapter 3 and
E(Y;—1u;) = 0 even though E(Y;_ju;—1) # 0. In other words, Y;_; is not correlated with the
current disturbance u; but it is correlated with the lagged disturbance u;_1. In this case, as
long as the disturbances are not serially correlated, OLS will be biased, but remains consistent
and asymptotically efficient. This case is unlikely with economic data given that most macro
time-series variables are highly trended. More likely, the u;’s are serially correlated. In this case,
OLS is biased and inconsistent. Intuitively, Y; is related to u, so Y;_1 is related to u;—1. If uy
and wu;_1 are correlated, then Y; 1 and u; are correlated. This means that one of the regressors,
lagged Y, is correlated with u; and we have the problem of endogeneity. Let us demonstrate
what happens to OLS for the simple autoregressive model with no constant

Y, =fBYi v |Bl<1 t=1,2,...,T (6.18)
with vy = pvy_1 + €, |p| < 1 and ¢ ~ TIN(0, 02). One can show, see problem 3, that

> T T T T

Bors = thz YY1/ thz Yt2—1 =0+ thz Yioivi/ Zt:? Yt2—1

with plim(BOLS — ) = asymp. bias(ﬁOLS) = p(1—£%)/(14 pB). This asymptotic bias is positive
if p > 0 and negative if p < 0. Also, this asymptotic bias can be large for small values of 3 and
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large values of p. For example, if p = 0.9 and § = 0.2, the asymptotic bias for § is 0.73. This is
more than 3 times the value of 3. ~
Also, 5= N1, 0D 1/ Y1, V2| where Dy = Y; — BorsYi 1 has

plim(p — p) = —p(1 — §%)/(1 + pf) = — asymp.bias(Go )

This means that if p > 0, then p would be negatively biased. However, if p < 0, then p is
positively biased. In both cases, p is biased towards zero. In fact, the asymptotic bias of the
D.W. statistic is twice the asymptotic bias of BO g, see problem 3. This means that the D.W.
statistic is biased towards not rejecting the null hypothesis of zero serial correlation. Therefore,
if the D.W. statistic rejects the null of p = 0, it is doing that when the odds are against it,
and therefore confirming our rejection of the null and the presence of serial correlation. If on
the other hand it does not reject the null, then the D.W. statistic is uninformative and has
to be replaced by another conclusive test for serial correlation. Such an alternative test in the
presence of a lagged dependent variable has been developed by Durbin (1970), and the statistic
computed is called Durbin’s h. Using (6.10) or (6.17), one computes OLS ignoring its possible
bias and p from OLS residuals as shown above. Durbin’s A is given by

h = p[n/(1 — n var(coeff. of Y;_1))]*/2. (6.19)

This is asymptotically distributed N(0,1) under null hypothesis of p = 0. If n[var(coeff. of
Y;—1)] is greater than one, then h cannot be computed, and Durbin suggests running the OLS
residuals e; on e;—1 and the regressors in the model (including the lagged dependent variable),
and testing whether the coefficient of e;_1 in this regression is significant. In fact, this test can
be generalized to higher order autoregressive errors. Let u; follow an AR(p) process

Ut = Prut—1 + PolUi—2 + .. + PpUt—p + €

then this test involves running e; on e;_1, e;—2, . . ., €, and the regressors in the model including
Yi—1. The test statistic for Ho; p; = py = .. = p, = 0; is TR? which is distributed X;Z;- This is the
Lagrange multiplier test developed independently by Breusch (1978) and Godfrey (1978) and
discussed in Chapter 5. In fact, this test has other useful properties. For example, this test is the
same whether the null imposes an AR(p) model or an MA(p) model on the disturbances, see
Chapter 14. Kiviet (1986) argues that even though these are large sample tests, the Breusch-
Godfrey test is preferable to Durbin’s h in small samples.

6.3.1 A Lagged Dependent Variable Model with AR(1) Disturbances

A model with a lagged dependent variable and an autoregressive error term is estimated using
instrumental variables (IV). This method will be studied extensively in Chapter 11. In short, the
IV method corrects for the correlation between Y;—; and the error term by replacing Y;—1 with
its predicted value Y;_;. The latter is obtained by regressing Y;_; on some exogenous variables,
say a set of Z’s, which are called a set of instruments for Y;_;. Since these variables are exogenous
and uncorrelated with wy, 17}_1 will not be correlated with u;. Suppose the regression equation
is

Yi=a+ Y1+ X +w t=2,...,T (6.20)
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and that at least one exogenous variable Z; exists which will be our instrument for Y; 1. Re-
gressing Y;_1 on Xy, Z; and a constant, we get

Vi1 =Y+ = a1 + 022 + a3 Xy + Dy (6.21)

Then }A/}_l = a1 + asZ; + asX; and is independent of u;, because it is a linear combination of
exogenous variables. But, Y;_; is correlated with u;. This means that 7; is the part of Y;_1 that
is correlated with wu;. Substituting Y;_1 = Y;_1 + 7, in (6.20) we get

Yi = a+ BV + X+ (u + 87, (6.22)

}A/t,l is uncorrelated with the new error term (u; + ;) because E}//\},l/u} = 0 from (6.21). Also,
X, is uncorrelated with u; by assumption. But, from (6.21), X; also satisfies ¥ X;7; = 0. Hence,
X; is uncorrelated with the new error term (u; + 7). This means that OLS applied to (6.22)
will lead to consistent estimates of a;, # and . The only remaining question is where do we find
instruments like Z;? This Z; should be (i) uncorrelated with u;, (ii) preferably predicting Y;_;
fairly well, but, not predicting it perfectly, otherwise }Aft,l = Y;_1. If this happens, we are back to
OLS which we know is inconsistent, (iii) ¥2?/7 should be finite and different from zero. Recall
that 2z, = Z; — Z. In this case, X;_; seems like a natural instrumental variable candidate. It is
an exogenous variable which would very likely predict Y;_; fairly well, and satisfies X7 /T
being finite and different from zero. In other words, (6.21) regresses Y;_1 on a constant, X;_;
and X, and gets ﬁ_l. Additional lags on X; can be used as instruments to improve the small
sample properties of this estimator. Substituting }A/t,l in equation (6.22) results in consistent
estimates of the regression parameters. Wallis (1967) substituted these consistent estimates in
the original equation (6.20) and obtained the residuals @;. Then he computed

p =T, i1 /(T — 1)]/[CF, @2/T) + (3/T)

where the last term corrects for the bias in p. At this stage, one can perform a Prais-Winsten
procedure on (6.20) using p instead of p, see Fomby and Guilkey (1983).

An alternative two-step procedure has been proposed by Hatanaka (1974). After estimating
(6.22) and obtaining the residuals u; from (6.20), Hatanaka (1974) suggests running Y,* = Y; —
pYiqonY, | =Y, 1—pYi_o, X; = X;—pX;_1 and u;—1. Note that this is the Cochrane-Orcutt
transformation which ignores the first observation. Also, p = Y1, Uslly—1/ > U7 ignores the
small sample bias correction factor suggested by Wallis (1967). Let 5 be the coefficient of Up—1,
then the efficient estimator of p is given by 5 =p+ 5. Hatanaka shows that the resulting
estimators are asymptotically equivalent to the MLE in the presence of Normality.

Empirical Example: Consider the Consumption-Income data from the Economic Report of the
President over the period 1959-2007 given in Table 5.3. Problem 5 asks the reader to verify
that Durbin’s h obtained from the lagged dependent variable model described in (6.20) yields
a value of 3.50. This is asymptotically distributed as N(0,1) under the null hypothesis of no
serial correlation of the disturbances. This null is soundly rejected. The Bruesch and Godfrey
test runs the regression of OLS residuals on their lagged values and the regressors in the model.
This yields a TR? = 13.37. This is distributed as x? under the null and has a p-value of 0.0003.
Therefore, we reject the hypothesis of no first-order serial correlation. Next, we estimate (6.20)
using current and lagged values of income (Y, Y;—1 and Y;_2) as a set of instruments for lagged
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consumption (C;_1). The regression given by (6.22), yields:

Cy=—0.8314 0.104 Cyy + 1.177 Y, + residuals
(0.280)  (0.303) (0.326)
Substituting these estimates in (6.20), one gets the residuals u;. Based on these u;’s, the Wallis
(1967) estimate of p yields p = 0.907 and Hatanaka’s (1974) estimate of p yields p = 0.828.
Running the Hatanaka regression gives
Cf=-0.142+ 0.233 C; ;+ 0.843 Y;* + 0.017 w1 + residuals
(0.053)  (0.083) (0.095) (0.058)

where C} = C; — pCi_;. The efficient estimate of p is given by z =p+0.017 = 0.846.

6.3.2 A Lagged Dependent Variable Model with MA(1) Disturbances

Zellner and Geisel (1970) estimated the Koyck autoregressive representation of the infinite
distributed lag, given in (6.10). In fact, we saw that this could also arise from the AEM, see
(6.14). In particular, it is a regression with a lagged dependent variable and an MA(1) error
term with the added restriction that the coefficient of Y;_; is the same as the MA(1) parameter.
For simplicity, we write

Yi =a+ AY 1 + BX; + (ug — Aug—1) (6.23)
Let w; = Y; — uy, then (6.23) becomes
wy = o+ )\wtfl + BXt (624)

By continuous substitution of lagged values of w; in (6.24) we get
wi = a1+ A+ X2+ L+ MY Mg+ B(X + AX + ..+ ATLX)
and replacing w; by (Y; — uy), we get
Vi=a(l+ A+ X2+ A7) - Nwg + (X +AX 4+ XTIX) + (6.25)

knowing A, this equation can be estimated via OLS assuming that the disturbances u; are not
serially correlated. Since A is not known, Zellner and Geisel (1970) suggest a search procedure
over A, where 0 < A < 1. The regression with the minimum residual sums of squares gives the
optimal A, and the corresponding regression gives the estimates of «, 5 and wqg. The last coeffi-
cient w, = Y, —u, = E(Y,) can be interpreted as the expected value of the initial observation on
the dependent variable. Klein (1958) considered the direct estimation of the infinite Koyck lag,
given in (6.8) and arrived at (6.25). The search over A results in MLEs of the coefficients. Note,
however, that the estimate of w, is not consistent. Intuitively, as ¢ tends to infinity, A\ tends to
zero implying no new information to estimate w,. In fact, some applied researchers ignore the
variable A\’ in the regression given in (6.25). This practice, known as truncating the remainder, is
not recommended since the Monte Carlo experiments of Maddala and Rao (1971) and Schmidt
(1975) have shown that even for 7' = 60 or 100, it is not desirable to omit A" from (6.25).

In summary, we have learned how to estimate a dynamic model with a lagged dependent
variable and serially correlated errors. In case the error is autoregressive of order one, we have
outlined the steps to implement the Wallis T'wo-Stage estimator and Hatanaka’s two-step proce-
dure. In case the error is Moving Average of order one, we have outlined the steps to implement
the Zellner-Geisel procedure.
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6.4 Autoregressive Distributed Lag

So far, section 6.1 considered finite distributed lags on the explanatory variables, whereas section
6.2 considered an autoregressive relation including the first lag of the dependent variable and
current values of the explanatory variables. In general, economic relationships may be generated
by an Autoregressive Distributed Lag (ADL) scheme. The simplest form is the ADL (1,1) model
which is given by

}/;j = o+ )\}/tfl + /BoXt + /81th1 + Ut (626)

where both Y; and X; are lagged once. By specifying higher order lags for Y; and X, say an
ADL (p, q) with p lags on Y; and ¢ lags on Xy, one can test whether the specification now is
general enough to ensure White noise disturbances. Next, one can test whether some restrictions
can be imposed on this general model, like reducing the order of the lags to arrive at a simpler
ADL model, or estimating the simpler static model with the Cochrane-Orcutt correction for
serial correlation, see problem 20 in Chapter 7. This general to specific modelling strategy is
prescribed by David Hendry and is utilized by the econometric software PC-Give, see Gilbert
(1986).

Returning to the ADL (1, 1) model in (6.26) one can invert the autoregressive form as follows:

Vi=a(l+ A+ 2+ )+ (1+ AL+ NL% + ) (Be Xy + B X1 + ug) (6.27)

provided |A| < 1. This equation gives the effect of a unit change in X; on future values of
Y;. In fact, 0Y;/0X: = B, while 0Y;41/0Xy = B + ABy, etc. This gives the immediate short-
run responses with the long-run effect being the sum of all these partial derivatives yielding
(Bo+31)/(1—=X). This can be alternatively derived from (6.26) at the long-run static equilibrium
(Y*, X*) where Y; =Y, = Y*, X; = X;_1 = X* and the disturbance is set equal to zero, i.e.,

* «Q ﬂ0+ﬁ1 *
Y= b X (6.28)

Replacing Y; by Y;—1 + AY; and X; by X;—1 + AX; in (6.26) one gets
AY; = a+ BoAXy — (1= N)Yi—1 + (Bg + 1) Xi—1 +ue

This can be rewritten as

a 50+51Xt_1

AYy = BoAX; — (1 = A) L e W Y

Note that the term in brackets contains the long-run equilibrium parameters derived in (6.28).
In fact, the term in brackets represents the deviation of Y; 1 from the long-run equilibrium
term corresponding to X;_;. Equation (6.29) is known as the Error Correction Model (ECM),
see Davidson, Hendry, Srba and Yeo (1978). Y; is obtained from Y;_; by adding the short-run
effect of the change in X; and a long-run equilibrium adjustment term. Since, the disturbances
are White noise, this model is estimated by OLS.
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Note

1. Other distributions besides the geometric distribution can be considered. In fact, a Pascal distri-

bution was considered by Solow (1960), a rational-lag distribution was considered by Jorgenson
(1966), and a Gamma distribution was considered by Schmidt (1974, 1975). See Maddala (1977)

for an excellent review.

Problems

1. Consider the Consumption-Income data given in Table 5.3 and provided on the Springer web site
as CONSUMP.DAT. Estimate a Consumption-Income regression in logs that allows for a six year
lag on income as follows:

Use the linear arithmetic lag given in equation (6.2). Show that this result can also be
obtained as an Almon lag first-degree polynomial with a far end point constraint.

Use an Almon lag second-degree polynomial, described in equation (6.4), imposing the near
end point constraint.

Use an Almon lag second-degree polynomial imposing the far end point constraint.

Use an Almon lag second-degree polynomial imposing both end point constraints.

Using Chow’s F-statistic, test the arithmetic lag restrictions given in part (a).

Using Chow’s F-statistic, test the Almon lag restrictions implied by the model in part (b).
Repeat part (f) for the restrictions imposed in parts (c) and (d).

2. Consider fitting an Almon lag third degree polynomial 3, = ag+a1i+agi®+asi® fori = 0,1,...,5,
on the Consumption-Income relationship in logarithms. In this case, there are five lags on income,
ie.,s=2>5.

Set up the estimating equation for the a;’s and report the estimates using OLS.

What is your estimate of 357 What is the standard error? Can you relate the Var(@?)) to the
variances and covariances of the a;’s?

How would the OLS regression in part (a) change if we impose the near end point constraint
foy =07
Test the near end point constraint.

Test the Almon lag specification given in part (a) against an unrestricted five year lag spec-
ification on income.

3. For the simple dynamic model with AR(1) disturbances given in (6.18),

(a)

(b)
()

Verify that plim(EOLS—ﬁ) = p(1—?)/(14pB). Hint: From (6.18), Y;_; = 3Y;_s4v;_1 and
pYi_1 = pBY;_o + pri_1. Subtracting this last equation from (6.18) and re-arranging terms,
one gets Y; = (8+p)Yi—1 — pBY;—2 + €. Multiply both sides by Y;_; and sum 2322 YY1 =
(B+p) Z?:z Y2 —pB ZtT:Q YiaYi o+ ZtT:Q Yi_1€;. Now divide by Zf:Z V72, and take
probability limits. See Griliches (1961).

For various values of |p| < 1 and |§] < 1, tabulate the asymptotic bias computed in part (a).
Verify that plim(p — p) = —p(1 — °)/(1 + pB) = —plim(Bo s — B)-
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(d) Using part (c), show that plim d = 2(1— plim p) = 2[1 — mi(f;:)] where d = 2;2(% -

Ui_1)?/ Zle 77 denotes the Durbin-Watson statistic.

(e) Knowing the true disturbances, the Durbin-Watson statistic would be d* = EtT:g(Vt -
Vt,l)z/zz;l v? and its plim d* = 2(1 — p). Using part (d), show that plim (d — d*) =
2p(1 - 5%

1+ Bp
various values of |p| < 1 and |3] < 1, tabulate d* and d and the asymptotic bias in part (d).

= 2plim(ﬁ0LS — () obtained in part (a). See Nerlove and Wallis (1966). For

4. For the simple dynamic model given in (6.18), let the disturbances follow an MA(1) process
Ve = € + 9675_1 with € ~ IIN(O, O'g)
5(1— %)
1+286
(b) Tabulate this asymptotic bias for various values of |[5] < 1 and 0 < § < 1.
1 ~. * * ~
(¢) Show that plim(T ZtT:Q D7) = 02[1 + 0(0 — 0%)] where 6* = 6(1 — 8%)/(1 + 286) and D, =
Yi — BorsYi-1-
5. Consider the lagged dependent variable model given in (6.20). Using the Consumption-Income

data from the Economic Report of the President over the period 1950-1993 which is given in
Table 5.3.

(a) Show that plim(Bp, g — 3) = where § = 0/(1 + 6%).

(a) Test for first-order serial correlation in the disturbances using Durbin’s A given in (6.19).

(b) Test for first-order serial correlation in the disturbances using the Breusch (1978) and Godfrey
(1978) test.

(c) Test for second-order serial correlation in the disturbances.

6. Using the U.S. gasoline data in Chapter 4, problem 15 given in Table 4.2 and obtained from the
USGAS.ASC file, estimate the following two models:

, QMG RGNP CAR
Statlc: log m = "}/1 —+ ’721Og W —+ ’)/310g W
t PM t t
tralog{ panp ), T
t

) QMG RGNP CAR
Dynamic: log CAR ) =M + 7,log SO0p + 75 PO
t t ¢

+74lo B + Ao QMG +
T8\ PGNP ), t\car),_, "
(a) Compare the implied short-run and long-run elasticities for price (PM G) and income (RGN P).

(b) Compute the elasticities after 3,5 and 7 years. Do these lags seem plausible?

(c) Can you apply the Durbin-Watson test for serial correlation to the dynamic version of this
model? Perform Durbin’s h-test for the dynamic gasoline model. Also, the Breusch-Godfrey
test for first-order serial correlation.

7. Using the U.S. gasoline data in Chapter 4, problem 15, given in Table 4.2 estimate the following
model with a six year lag on prices:

o QMGY 4o RGNP 4o CAR
g CAR t*’h V2108 POP . Y3108 POP )
PMG
6 ) il
+74 2 i—owi log (PGNP)ti
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(a) Report the unrestricted OLS estimates.

(b) Now, estimate a second degree polynomial lag for the same model. Compare the results with
part (a) and explain why you got such different results.

(¢) Re-estimate part (b) comparing the six year lag to a four year, and eight year lag. Which
one would you pick?

(d) For the six year lag model, does a third degree polynomial give a better fit?

(e) For the model outlined in part (b), reestimate with a far end point constraint. Now, reestimate
with only a near end point constraint. Are such restrictions justified in this case?
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CHAPTER 7
The General Linear Model: The Basics

7.1 Introduction

Consider the following regression equation

y=XpG+u (7.1)
where
Y1 X1 X ... Xy b1 uy
Y= 5./2 X = X.21 X.22 X.2k B @2 = u.z
Y. X1 Xno ... Xk By Up,

with n denoting the number of observations and k& the number of variables in the regression,
with n > k. In this case, y is a column vector of dimension (nx 1) and X is a matrix of dimension
(n x k). Each column of X denotes a variable and each row of X denotes an observation on
these variables. If y is log(wage) as in the empirical example in Chapter 4, see Table 4.1 then
the columns of X contain a column of ones for the constant (usually the first column), weeks
worked, years of full time experience, years of education, sex, race, marital status, etc.

7.2 Least Squares Estimation

Least squares minimizes the residual sum of squares where the residuals are given by e = y— X E
and 3 denotes a guess on the regression parameters 3. The residual sum of squares

RSS=3Y" el=ée=(y—XB)(y—XB)=yy—yX3—FXy+ XX

The last four terms are scalars as can be verified by their dimensions. It is essential that the
reader keep track of the dimensions of the matrices used. This will insure proper multiplication,
addition, subtraction of matrices and help the reader obtain the right answers. In fact the middle
two terms are the same because the transpose of a scalar is a scalar. For a quick review of some
matrix properties, see the Appendix to this chapter. Differentiating the RSS with respect to
one gets

ORSS/0p = —2X'y +2X' X3 (7.2)

where use is made of the following two rules of differentiating matrices. The first is that
d0a’b/Ob = a and the second is

A(H Ab)/0b = (A + A')b = 2Ab

where the last equality holds if A is a symmetric matrix. In the RSS equation a is ' X and A is
X'X . The first-order condition for minimization equates the expression in (7.2) to zero. This yields
X'X3 = X'y (7.3)
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which is known as the OLS normal equations. As long as X is of full column rank , i.e., of rank £,
then X’X is nonsingular and the solution to the above equations is 3p.¢ = (X'X)"1 X'y, Full
column rank means that no column of X is a perfect linear combination of the other columns.
In other words, no variable in the regression can be obtained from a linear combination of the
other variables. Otherwise, at least one of the OLS normal equations becomes redundant. This
means that we only have (k — 1) linearly independent equations to solve for k unknown ([’s.
This yields no solution for BO s and we say that X’X is singular. X’X is the sum of squares
cross product matrix (SSCP). If it has a column of ones then it will contain the sums, the sum
of squares, and the cross-product sum between any two variables

n S Xio o Y Xk
XX — Y Xip YL XG0 Y XX
S X o XX .. Y XA

Of course y could be added to this matrix as another variable which will generate X'y and
y'y automatically for us, i.e., the column pertaining to the variable y will generate Y " y;,
S XYy Dorq Xikyi, and Y, y2. To see this, let

/ /
vy yX
Z=[y,X] then Z'Z= [X’y XX ]
This matrix summarizes the data and we can compute any regression of one variable in Z on
any subset of the remaining variables in Z using only 7' Z. Denoting the least squares residuals
by e =y — XBorg, the OLS normal equations given in (7.3) can be written as

X'(y — XBors) = X'e =0 (7.4)

Note that if the regression includes a constant, the first column of X will be a vector of ones
and the first equation of (7.4) becomes Y " ;e¢; = 0. This proves the well known result that
if there is a constant in the regression, the OLS residuals sum to zero. Equation (7.4) also
indicates that the regressor matrix X is orthogonal to the residuals vector e. This will become
clear when we define e in terms of the orthogonal projection matrix on X. This representation
allows another interpretation of OLS as a method of moments estimator which was considered
in Chapter 2. This follows from the classical assumptions where X satisfies E(X'u) = 0. The
sample counterpart of this condition yields X’e/n = 0. These are the OLS normal equations
and therefore, yield the OLS estimates without minimizing the residual sums of squares.

Since data in economics are not generated using experiments like the physical sciences, the
X’s are stochastic and we only observe one realization of this data. Consider for example, annual
observations for GNP, money supply, unemployment rate, etc. One cannot repeat draws for this
data in the real world or fix the X’s to generate new y’s (unless one is performing a Monte
Carlo study). So we have to condition on the set of X’s observed, see Chapter 5.

Classical Assumptions: u ~ (0,021,,) which means that (i) each disturbance u; has zero mean,
(ii) constant variance, and (iii) u; and u; for i # j are not correlated. The u’s are known as
spherical disturbances. Also, (iv) the conditional expectation of u given X is zero, E(u/X) = 0.
Note that the conditioning here is with respect to every regressor in X and for all observations
i = 1,2,...n. In other words, it is conditional on all the elements of the matrix X. Using
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(7.1), this implies that E(y/X) = Xf is linear in B, var(u;/X) = % and cov(u;,u;/X) = 0.
Additionally, we assume that plim X’ X/n is finite and positive definite and plim X'u/n =0 as
n — oo.

Given these classical assumptions, and conditioning on the X’s observed, it is easy to show
that BO s is unbiased for . In fact using (7.1) one can write

Bors =B+ (X'X) ™ X'u (7.5)

Taking expectations, conditioning on the X’s, and using assumptions (i) and (iv), one attains
the unbiasedness result. Furthermore, one can derive the variance-covariance matrix of 8519
from (7.5) since

var(Bors) = E(Bors — B)(Bors — B) = B(X'X) ™ X uu/ X (X'X) ™" = a*(X'X)™" (7.6)

this uses assumption (iv) along with the fact that E(uu') = ¢%I,. This variance-covariance
matrix is (k x k) and gives the variances of the 3;’s across the diagonal and the pairwise
covariances of say [3; and 3; off the diagonal. The next theorem shows that among all linear

unbiased estimators of ¢/f3, it is ¢ BO s Which has the smallest variance. This is known as the
Gauss-Markov Theorem.

Theorem 1: Consider the linear estimator a'y for ¢/3, where both a and ¢ are arbitrary vectors
of constants. If a'y is unbiased for ¢/ then var(a’y) > var(¢'Borg)-

Proof: For o’y to be unbiased for ¢/ it must follow from (7.1) that E(a'y) = ' X3+ E(d'u) =
a' X3 = ¢'3 which means that ' X = ¢’ . Also, var(a'y) = E(d'y—c'B)(a'y—c'B) = E(a'uu'a) =
2(1 a. Comparlng this variance with that of ¢ BOLS, one gets var(a'y)— var(c ﬁOLS) =o%da—
2d(X'X)"te. But, ¢ = a’X, therefore this difference becomes o%[a’a — o’ Pxa] = o%a’Pxa

Where Px is a projection matrix on the X-plane defined as X(X'X) !X’ and Py is defined as

I, — Px. In fact, Pxy = XﬂOLS =gand Pxy =y — Pxy = y — 4 = e. So that 7 projects

the vector y on the X-plane and e is the projection of y on the plane orthogonal to X or

perpendicular to X, see Figure 7.1. Both Px and Py are idempotent which means that the
above difference o a’ Pxa is greater or equal to zero since Py is positive semi-definite. To see

this, define z = Pxa, then the above difference is equal to 022’z > 0.

The implications of the theorem are important. It means for example, that for the choice
of ¢ =(1,0,...,0) one can pick 3; = ¢/ for which the best linear unbiased estimator would
be El,OLS = /Boys- Similarly any 3, can be chosen by using ¢ = (0,...,1,...,0) which has
1 in the j-th position and zero elsewhere. Again, the BLUE of 3; = dpB is Ej,OLS = C’BOLS.
Furthermore, any linear combination of these 3’s such as their sum Z§=1 ; which corresponds
tod =(1,1,...,1) has the sum Z?:l Bj,OLS as its BLUE.

The disturbance variance o2 is unknown and has to be estimated. Note that E(u'u) =

E(tr(uu)) = tr(E(uu')) = tr(o%l,) = no?, so that v'u/n seems like a natural unbiased es-

timator for 0. However, u is not observed and is estimated by the OLS residuals e. It is

therefore, natural to investigate E(e’e). In what follows, we show that s = e’e/(n — k) is an
unbiased estimator for 2. To prove this, we need the fact that

e=y—XBors =y — X(X'X) ' X'y = Pxy = Pxu (7.7)
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Figure 7.1 The Orthogonal Decomposition of y

where the last equality follows from the fact that PxX = 0. Hence,
E(e) = E(u'Pxu)= E(tr{u/Pxu}) = E(tr{uu'Px})
tr(o?Px) = o*tr(Px) = o(n — k)
where the second equality follows from the fact that the trace of a scalar is a scalar. The
third equality from the fact that tr(ABC) = tr(CAB). The fourth equality from the fact that
E(trace) = trace{E(.)}, and E(uu') = 0%I,. The last equality from the fact that
tr(Px) = tr(I,) —tr(Px) =n—tr(X(X'X)"1X")
= n—tr(X’'X(X'X) ) =n—tr(Ily) =n—k.
Hence, an unbiased estimator of Var(BOLS) = o?(X'X)" ! is given by s?(X'X)~L.
So far we have shown that 8,1 g is BLUE. It can also be shown that it is consistent for 3. In
fact, taking probability limits of (7.5) as n — oo, one gets

plim(Bpg) = plim(B) + plim(X'X/n)~ (X u/n) = 3

The first equality uses the fact that the plim of a sum is the sum of the plims. The second
equality follows from assumption 1 and the fact that plim of a product is the product of plims.

7.3 Partitioned Regression and the Frisch-Waugh-Lovell Theorem

In Chapter 4, we studied a useful property of least squares which allows us to interpret multiple
regression coefficients as simple regression coefficients. This was called the residualing inter-
pretation of multiple regression coefficients. In general, this property applies whenever the k
regressors given by X can be separated into two sets of variables X7 and X5 of dimension (n x k1)
and (n x k) respectively, with X = [X7, Xs] and k = k; + k2. The regression in equation (7.1)
becomes a partitioned regression given by

y=Xf+u=X10; + X208, +u (7.8)
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One may be interested in the least squares estimates of (35 corresponding to Xy, but one has
to control for the presence of X; which may include seasonal dummy variables or a time trend,
see Frisch and Waugh (1933) and Lovell (1963)!.

The OLS normal equations from (7.8) are as follows:

[X{X1 X;XQ] Brots :[Xiy] (7.9)
XoXh XoXo Ba0Ls X2y

These can be solved by partitioned inversion of the matrix on the left, see the Appendix to this
chapter, or by solving two equations in two unknowns. Problem 2 asks the reader to verify that

Byons = (X5Px, X2) ' X5 Py,y (7.10)

where ]3;9 = I, — Px, and Px, = X1(X]X1)"1X]. Py, is the orthogonal projection matrix of
X7 and Py, Xo generates the least squares resi_duals of each co}umn of X5 regressed on all the
variables in X;. In fact, if we denote by X2 = Px, X3 and y = Px,y, then (7.10) can be written
as

ﬁzom = (X5X5) "' X4y (7.11)

using the fact that Py, is idempotent. This implies that B2,0LS can be obtained from the

regression of y on X,. In words, the residuals from regressing y on X; are in turn regressed
upon the residuals from each column of Xs regressed on all the variables in X;. This was
illustrated in Chapter 4 with some examples. Following Davidson and MacKinnon (1993) we
denote this result more formally as the Frisch-Waugh-Lovell (FWL) Theorem. In fact, if we
premultiply (7.8) by Px, and use the fact that Py, X; = 0, one gets

Px,y = Px, X205 + Px,u (7.12)

The FWL Theorem states that: (1) The least squares estimates of 35 from equations (7.8)
and (7.12) are numerically identical and (2) The least squares residuals from equations (7.8)
and (7.12) are identical.

Using the fact that Py, is idempotent, it immediately follows that, OLS on (7.12) yields B2,0 LS
as given by equation (7.10). Alternatively, one can start from equation (7.8) and use the result
that

y = Pxy+ Pxy = XPBors + Pxy = X181 015 + X2b9.01s + Pxy (7.13)
where Py = X(X'X:)’lX' and Px = I,, — Px. Premultiplying equation (7.13) by X} Py, and
using the fact that Px, X7 = 0, one gets

X5 Px,y = X4Px, XoBy 015 + X5Px, Pxy (7.14)

But, Px, Px = Py,. Hence, Px, Px = Px. Using this fact along with Px X = Px[X1, X3] = 0,
the last term of equation (7.14) drops out yielding the result that 85 o ¢ from (7.14) is identical

to the expression in (7.10). Note that no partitioned inversion was used in this proof. This proves
part (1) of the FWL Theorem.
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Also, premultiplying equation (7.13) by Py, and using the fact that Px, Px = Py, one gets
Ple = PX1X2527OLS + PX’y (715)

Now BZO s was shown to be numerically identical to the least squares estimate obtained from
equation (7.12). Hence, the first term on the right hand side of equation (7.15) must be the
fitted values from equation (7.12). Since the dependent variables are the same in equations
(7.15) and (7.12), Pxy in equation (7.15) must be the least squares residuals from regression
(7.12). But, Pxy is the least squares residuals from regression (7.8). Hence, the least squares
residuals from regressions (7.8) and (7.12) are numerically identical. This proves part (2) of the
FWL Theorem.

Several applications of the FWL Theorem will be given in this book. Problem 2 shows that if
X1 is the vector of ones indicating the presence of a constant in the regression, then regression
(7.15) is equivalent to running (y; —¥) on the set of variables in Xs expressed as deviations from
their respective sample means. Problem 3 shows that the FWL Theorem can be used to prove
that including a dummy variable for one of the observations in the regression is equivalent to
omitting that observation from the regression.

7.4 Maximum Likelihood Estimation

In Chapter 2, we introduced the method of maximum likelihood estimation which is based on
specifying the distribution we are sampling from and writing the joint density of our sample.
This joint density is then referred to as the likelihood function because it gives for a given
set of parameters specifying the distribution, the probability of obtaining the observed sample.
See Chapter 2 for several examples. For the regression equation, specifying the distribution of
the disturbances in turn specifies the likelihood function. These disturbances could be Poisson,
Exponential, Normal, etc. Once this distribution is chosen, the likelihood function is maximized
and the MLE of the regression parameters are obtained. Maximum likelihood estimators are
desirable because they are (1) consistent under fairly general conditions,? (2) asymptotically
normal, (3) asymptotically efficient and (4) invariant to reparameterizations of the model®. Some
of the undesirable properties of MLE are that (1) it requires explicit distributional assumptions
on the disturbances, and (2) their finite sample properties can be quite different from their
asymptotic properties. For example, MLE can be biased even though they are consistent, and
their covariance estimates can be misleading for small samples. In this section, we derive the
MLE under normality of the disturbances.

The Normality Assumption: u ~ N(0,0%I,). This additional assumption allows us to
derive distributions of estimators and other random variables. This is important for constructing
confidence intervals and tests of hypotheses. In fact using (7.5) one can easily see that Sy g is
a linear combination of the w’s. But, a linear combination of normal random variables is itself
a normal random variable. Hence, B¢ is N(83,0%(X'X)~!). Similarly y is N(X3,02%I,) and
e is N(0,02Px). Moreover, we can write the joint probability density function of the u’s as
fug,ug, ... up;02) = (1/2102)" 2exp(—u'u/20%). To get the likelihood function we make the
transformation u = y — X3 and note that the Jacobian of the transformation is one. Hence

f(yla Y2, -5 Yn; ﬁa 0—2) - (1/27r0.2)n/2€xp{_(y - X/B)/(y - X/B)/202} (716)
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Taking the log of this likelihood, we get
logL(8,0%) = —(n/2)log(2m0?) — (y — XB)'(y — XB)/20” (7.17)

Maximizing this likelihood with respect to 3 and o2 one gets the maximum likelihood estimators
(MLE). Let § = 0% and Q = (y — X3)'(y — X3), then

dlogL(B3,0)  2X'y—-2X'Xp
op N 20
OlogL(B,0)  Q n
90 T2 2

Setting these first-order conditions equal to zero, one gets
3 3 D ~2
Bure = Bors and 0 =35y p=Q/n=RSS/n=_¢€e/n.

Intuitively, only the second term in the log likelihood contains (3 and that term (without the
negative sign) has already been minimized with respect to 3 in (7.2) giving us the OLS estimator.
Note that 53, 5 differs from s only in the degrees of freedom. It is clear that 3,,; ;; is unbiased
for 8 while 64,7 5 is not unbiased for o2. Substituting these MLE’s into (7.17) one gets the
maximum value of logl, which is

l0gL(Brrrp 0xre) = —(n/2)log(2n0% 1) — €'¢/2071p
—(n/2)log(2m) — (n/2)log(e’e/n) — n/2
= constant — (n/2)log(e’e).
In order to get the Cramér-Rao lower bound for the unbiased estimators of 3 and o2 one first
computes the information matrix

0?logL/0p03  0*logL/0B00?

2y —
1(8,07) = 0%logL /00208 9PlogL)do00” (7.18)

Recall, that § = 0% and Q = (y — XB)'(y — X3). It is easy to show (see problem 4) that

PlogL(6,0) _ 1 0Q . 9logL(B,0) _ —X'(y— XP)
9500 20298 9008 02
Therefore,
0?logL(3,0) _ —E(X'u) _o
0000 62
Also
?logL(3,0) XX and d?logL(3,0) _H4Q  2n - —Q L n
opos 6 GIE 40 49® 03 202

so that

0%1ogL(3,0) —nf n —2n+4+n -n
b 06? - B -

03 202 202 22
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using the fact that E(Q) = no? = nf. Hence,

X'X/o? 0 ] (7.19)

](5’“2)::{ 0 n/20*

The information matrix is block-diagonal between 8 and ¢2. This is an important property for
regression models with normal disturbances. It implies that the Cramér-Rao lower bound is

a2 X'X)"t 0 }

11(8,0%) = [ 5 i (7.20)

Note that 3 MLE = BO g attains the Cramér-Rao lower bound. Under normality, BO L 1S
MVU (minimum variance unbiased). This is best among all unbiased estimators not only linear
unbiased estimators. By assuming more (in this case normality) we get more (MVU rather than
BLUE)*.

Problem 5 derives the variance of s under normality of the disturbances. This is found to
be 20%/(n — k). This means that s does not attain the Cramér-Rao lower bound. However,
following the theory of complete sufficient statistics one can show that both (,;¢ and s? are
MVU for their respective parameters and therefore both are small sample efficient. Note also
that 63, is biased, therefore it is not meaningful to compare its variance to the Cramér-Rao
lower bound. There is a trade-off between bias and variance in estimating 0. Problem 6 looks
at all estimators of o2 of the type €’e/r and derives 7 such that the mean squared error (MSE)
is minimized. The choice of 7 turns out to be (n —k + 2).

We found the distribution of 3, g, now we derive the distribution of s2. In order to do that
we need a result from matrix algebra, which is stated without proof, see Graybill (1961).

Lemma 1: For every symmetric idempotent matrix A of rank r, there exists an orthogonal
matrix P such that P’AP = J, where J, is a diagonal matrix with the first r elements equal to
one and the rest equal to zero.

We use this lemma to show that the RSS/o? is a chi-squared with (n —k) degrees of freedom.
To see this note that e¢’e/o? = u/Pxu/o? and that Py is symmetric and idempotent of rank
(n—k). Using the lemma there exists a matrix P such that P’ Px P = J,_} is a diagonal matrix
with the first (n — k) elements on the diagonal equal to 1 and the last k elements equal to zero.
Now make the change of variable v = P'u. This makes v ~ N(0,021,) since the v’s are linear
combinations of the u’s and P'P = I,,. Replacing u by v in RSS/c? we get

v'PPxPv/o?® =v'J,_jv/0? = Z?;k vifo®

where the last sum is only over ¢ = 1,2,...,n — k. But, the v’s are independent identically
distributed N (0, 02), hence v?/o? is the square of a standardized N (0, 1) random variable which
is distributed as a x?. Moreover, the sum of independent y? random variables is a x? random
variable with degrees of freedom equal to the sum of the respective degrees of freedom. Hence,
RSS/o? is distributed as x2_,.

The beauty of the above result is that it applies to all quadratic forms v Au where A is
symmetric and idempotent. We will use this result again in the test of hypotheses section.
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7.5 Prediction

Let us now predict T, periods ahead. Those new observations are assumed to satisfy (7.1). In
other words

Yo = Xof + uo (7.21)

What is the Best Linear Unbiased Predictor (BLUP) of E(y,)? From (7.21), E(y,) = X,3 which
is a linear combination of the 3’s. Using the Gauss-Markov result y, = X,65.¢ is BLUE for
X,f3 and the variance of this predictor of E(y,) is Xovar(Bprs) X, = 02Xo(X'X)~1X!. But,
what if we are interested in the predictor for y,? The best predictor of u, is zero, so the predictor
for y, is still g, but its MSE is

E(@o — y0)(Fo — y0)' = E{Xo(Bors — 8) — ueH{Xo(BoLs — ) — 1o}
= X,var(Borg) X, + oI, — 2covi{Xo(Bors — B), Uot (7.22)
= 0?2 X,(X' X)X + o?Ir,

the last equality follows from the fact that (Bprg — ) = (X'X) " X’u and u, have zero co-
variance. The latter holds because u, and v have zero covariance. Intuitively this says that the
future T, disturbances are not correlated with the current sample disturbances.

Therefore, the predictor of the average consumption of a $20,000 income household is the
same as the predictor of consumption of a specific household whose income is $20,000. The
difference is not in the predictor itself but in the MSE attached to it. The latter MSE being
larger.

Salkever (1976) suggested a simple way to compute these forecasts and their standard errors.
The basic idea is to augment the usual regression in (7.1) with a matrix of observation-specific
dummies, i.e., a dummy variable for each period where we want to forecast:

[;j]:[))(( IH[?%H] (7.23)

yr=X"0+u" (7.24)

or

where &' = (#,4'). X* has in its second part a matrix of dummy variables one for each of
the T, periods for which we are forecasting. Since these T, observations do not serve in the
estimation, problem 7 asks the reader to verify that OLS on (7.23) yields § = (B/ﬁ/) where
B = (X'X)"'X'y, ¥ = yo — ¥b, and 3, = X,3. In other words, OLS on (7.23) yields the
OLS estimate of # without the T, observations, and the coefficients of the 7T, dummies are
the forecast errors. This also means that the first n residuals are the usual OLS residuals
e = y — X[ based on the first n observations, whereas the next T, residuals are all zero.
Therefore, s*2 = 52 = €’e/(n — k), and the variance covariance matrix of ¢ is given by

(X'X)"!
I, + Xo(X'X) 71 X))

and the off-diagonal elements are of no interest. This means that the regression package gives
the estimated variance of B and the estimated variance of the forecast error in one stroke. Note
that if the forecasts rather than the forecast errors are needed, one can replace y, by zero, and
I7, by —Ir, in (7.23). The resulting estimate of v will be g, = XOB, as required. The variance
of this forecast will be the same as that given in (7.25), see problem 7.

XX = g2 (7.25)
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7.6 Confidence Intervals and Test of Hypotheses

We start by constructing a confidence interval for any linear combination of 3, say /3. We
know that ¢/Bprg ~ N(¢'3,0%c/ (X' X)71c) and it is a scalar. Hence,

Zobs = (¢ Borg — ¢ B)/o(d (X' X)) e)/? (7.26)

is a standardized N (0, 1) random variable. Replacing o by s is equivalent to dividing z.ps by
the square root of a y? random variable divided by its degrees of freedom. The latter random
variable is (n — k)s?/0% = RSS/o? which was shown to be a x?_,. Problem 8 shows that z,ps
and RSS/o? are independent. This means that

tops = (¢ Bors — ¢ B)/s(c (X' X)e)/? (7.27)

is a N(0,1) random variable divided by the square root of an independent x2 , /(n — k). This
is a t-statistic with (n — k) degrees of freedom. Hence, a 100(1 — «)% confidence interval for ¢/
is

Bows = tayas(c (X' X)Le)/? (7.28)

Example: Let us say we are predicting one year ahead so that T, = 1 and z, is a (1 x k) vector
of next year’s observations on the exogenous variables. The 100(1 — «) confidence interval for
next year’s forecast of y, will be 7, + £, /25(1 + 2! (X' X) " 'a,)/2. Similarly (7.28) allows us to
construct confidence intervals or test any single hypothesis on any single 3; (again by picking
¢ to have 1 in its j-th position and zero elsewhere). In this case we get the usual ¢-statistic
reported in any regression package. More importantly, this allows us to test any hypothesis
concerning any linear combination of the 3’s, e.g., testing that the sum of coefficients of input
variables in a Cobb-Douglas production function is equal to one. This is known as a test for
constant returns to scale, see Chapter 4.

7.7 Joint Confidence Intervals and Test of Hypotheses

We have learned how to test any single hypothesis involving any linear combination of the
(B’s. But what if we are interested in testing two or three or more hypotheses involving linear
combinations of the §’s. For example, testing that 85 = 8, = 0, i.e., that variables X2 and X4
are not significant in the model. This can be written as ¢33 = ¢} = 0 where ¢} is a row vector
of zeros with a one in the j-th position. In order to test these two hypotheses simultaneously,
we rearrange these restrictions on the 3’s in matrix form R3 = 0 where R’ = [c2,¢4]. In a
similar fashion, we can rearrange g restrictions on the (’s into this matrix R which will now be
of dimension (g x k). Also these restrictions need not be of the form R3 = 0 and can be of the
more general form RS = r where r is a (g x 1) vector of constants. For example, 8, + 8 = 1
and 3033 + 208, = 5 are two such restrictions. Since Rf is a collection of linear combinations
of the 3’s, the BLUE of these is R3¢ and the latter is distributed N(R3,0?R(X'X)"'R').
Standardization of the form encountered with the scalar ¢3 gives us the following:

(RBors — RBY[R(X'X) 'R (RBors — RB)/0 (7.29)
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rather than divide by the variance we multiply by its inverse, and since we divided by the
variance rather than the standard deviation we square the numerator which means in vector
form premultiplying by its transpose. Problem 9 replaces the matrix R by the vector ¢’ and
shows that (7.29) reduces to the square of the z-statistic observed in (7.26). This also proves
that the resulting statistic is distributed as x3. But, what is the distribution of (7.29)? The
trick is to write it in terms of the original disturbances, i.e.,

W X (X' X)TIR[RX'X) 'R R(X' X)X u/0? (7.30)
where (RB0; — Rf) is replaced by R(X'X)~'X'u. Note that (7.30) is quadratic in the dis-
turbances u of the form u/Au/o?. Problem 10 shows that A is symmetric and idempotent and
of rank g. Applying the same proof as given below lemma 1 we get the result that (7.30) is
distributed as x2. Again o2 is unobserved, so we divide by (n — k)s*/o? which is x2_,. This
becomes a ratio of two x?’s random variables. If we divide the numerator and denominator y?’s
by their respective degrees of freedom and prove that they are independent (see problem 11)
the resulting statistic

(RBors —r)'[R(X'X) 'R (RBops — 1) /95 (7.31)
is distributed under the null R3 = r as an F(g,n — k).

7.8 Restricted MLE and Restricted Least Squares

Maximizing the likelihood function given in (7.16) subject to R = r is equivalent to minimizing
the residual sum of squares subject to R = r. Forming the Lagrangian function

(6, 1) = (y — XB)(y — XB) + 24 (R — 1) (7.32)
and differentiating with respect to 8 and p one gets

oV(B,p) /08 = —2X"y+2X'XB+2R'n=0 (7.33)

OU(B, 1) O = 2R — 1) = 0 (7.34)
Solving for u1, we premultiply (7.33) by R(X’X)~! and use (7.34)

fi=[RX'X)' R (RBoys — 1) (7.35)
Substituting (7.35) in (7.33) we get

Bris = Pors — (X' X)'R[R(X'X)"'R™ (RBors — 1) (7.36)

The restricted least squares estimator of 3 differs from that of the unrestricted OLS estimator
by the second term in (7.36) with the term in parentheses showing the extent to which the
unrestricted OLS estimator satisfies the constraint. Problem 12 shows that Sppg is biased
unless the restriction B3 = r is satisfied. However, its variance is always less than that of 857 g.
This brings in the trade-off between bias and variance and the MSE criteria which was discussed
in Chapter 2.

The Lagrange Multiplier estimator ji is distributed N(0,0?[R(X'X)1R/]7!) under the null
hypothesis. Therefore, to test = 0, we use

IR(X'X) ' Rji/o* = (RBOLS - T)/[R(X,X)flR/]fl(RBOLS —r)/o” (7.37)

Since p measures the cost of imposing the restriction R = r, it is no surprise that the right
hand side of (7.37) was already encountered in (7.29) and is distributed as x?2.
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7.9 Likelihood Ratio, Wald and Lagrange Multiplier Tests

Before we go into the derivations of these three classical tests for the null hypothesis Hyo; RS = r,
it is important for the reader to review the intuitive graphical explanation of these tests given
in Chapter 2.

The Likelihood Ratio test of Hy; R = r is based upon the ratio A\ = max/, /maxt,,, where
max/,, and max/, are the maximum values of the unrestricted and restricted likelihoods, re-
spectively. Let us assume for simplicity that o is known, then

maxty = (1/270)" *exp{—(y — XBrrzp)' (y — XBarpp)/20%}

where ﬁ MLE = BO 1s- Denoting the unrestricted residual sum of squares by URSS, we have
max/, = (1/2702)" ?exp{—URSS/25?}

Similarly, max/, is given by
maxt, = (1/270%)" 2exp{—(y — XBrarrr) (v — XBrarpe)/20°}

where B RMLE = B rrs- Denoting the restricted residual sum of squares by RRSS, we have
max/, = (1/2r02)" ?exp{—RRSS /25?}

Therefore, —2log\ = (RRSS — URSS)/o?. Let us find the relationship between these residual
sums of squares.

er =y — XPBrrs =Y — XBors — X(Brrs — Bors) =€ — X(Brrs — Pors)  (7.38)
erer = €'e+ (Brrs — Bors) X' X (Brrs — Bors)
where e, denotes the restricted residuals andAe;,e,n the RRSS. The cross-product terms drop out
because X'e = 0. Substituting the value of (Brrg — Borg) from (7.36) into (7.38), we get:

RRSS — URSS = (RBprs — ) [R(X'X) "R Y (RBprs — 1) (7.39)

It is now clear that —2log) is the right hand side of (7.39) divided by o2. In fact, this Likelihood
Ratio (LR) statistic is the same as that given in (7.37) and (7.29). Under the null hypothesis
RpB = r , this was shown to be a X3~

The Wald test of RS = r is based upon the unrestricted estimator and the extent of which it
satisfies the restriction. More formally, if 7(3) = 0 denote the vector of g restrictions on 3 and
R(BMLE) denotes the (g x k) matrix of partial derivatives dr(3)/03 evaluated at Bysrp, then
the Wald statistic is given by

W = r(Barre) [RBrre)I Brre) " RBarpe) ) r(Brre) (7.40)

where I(3) = —FE(0?logL/0303'). In this case, r(3) = R3 —r, R(BMLE) = R and I(BMLE) =
(X'X)/o? as seen in (7.19). Therefore,

W = (RBupp — ) [R(X'X) 'R (RBysppp — 1) /0 (7.41)

which is the same as the LR statistic®.
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The Lagrange Multiplier test is based upon the restricted estimator. In section 7.8, we derived
the restricted estimator and the estimated Lagrange Multiplier zi. The Lagrange Multiplier p is
the cost or shadow price of imposing the restrictions RS = r. If these restrictions are true, one
would expect the estimated Lagrange Multiplier 1z to have mean zero. Therefore, a test for the
null hypothesis that © = 0, is called the LM test and the corresponding test statistic is given
in equation (7.37). Alternatively, one can derive the LM test as a score’ test based on the score
or the first derivative of the log-likelihood function i.e., S(3) = dlogL/9d3. The score is zero for
the unrestricted MLE, and the score test is based upon the departure of S (8), evaluated at the

restricted estimator Bp, 15, from zero. In this case, the score form of the LM statistic is given
by

LM = SBpare)' I Brarrs) ™" SBrarrs) (7.42)
For our model, S(3) = (X'y — X’ X3)/0? and from equation (7.36) we have

S(BruLE) = X’(y—XﬂRyLE)/U2 R
= {X'y— X'XBors + R[R(X'X) 'R (RBoLs —1)}/0”
RIR(X'X) 'R (RBops —7)/0°
Using (7.20), one gets I~ (Brayrp) = 02(X'X) L. Therefore, the score form of the LM test
becomes

LM = (R§OLS - T),[R(X,X)_lR/]_1R(§/X)_lR/[R(X/X)_1R,}_1(REOLS —r)/o”
= (RBors —r)[RX'X)"'R ™ (RBops —1)/0” (7.43)

This is numerically identical to the LM test derived in equation (7.37) and to the W and LR
statistics derived above. Note that S(BRMLE) = R'[i/o? from (7.35), so it is clear why the Score
and the Lagrangian Multiplier tests are identical.

The score form of the LM test can also be obtained as a by-product of an artificial regression.
In fact, S(B) evaluated as 3 RMLE 1s given by

S(@RMLE) = X’(y - XBRMLE)/U2

where y — X ERMLE is the vector of restricted residuals. If Hy is true, then this converges
asymptotically to v and the asymptotic variance of the vector of scores becomes (X'X)/o2.
The score test is then based upon

(Y — XBrure) X(X' X)X (y — XBrapp)/o? (7.44)

This expression is the explained sum of squares from the artificial regression of (y—X B RMLE)/]C
on X. To see that this is exactly identical to the LM test in equation (7.37), recall from equation
(7.33) that R'i = X'(y — XBpryr) and substituting this expression for R’ on the left hand
side of equation (7.37) we get equation (7.44). In practice, o2 is estimated by 3 the Mean
Square Error of the restricted regression. This is an example of the Gauss-Newton Regression
which will be discussed in Chapter 8.

An alternative approach to testing Hy, is to estimate the restricted and unrestricted models
and compute the following F-statistic

(RRSS — URSS)/g

Fo s —
b URSS/(n — k)

(7.45)
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This statistic is known in the econometric literature as the Chow (1960) test and was encoun-
tered in Chapter 4. Note that from equation (7.39), if we divide the numerator by ¢ we get a
X?; statistic divided by its degrees of freedom. Also, using the fact that (n — k)s%/0? is Xi_k,
the denominator divided by o2 is a X?z— .. statistic divided by its degrees of freedom. Problem
11 shows independence of the numerator and denominator and completes the proof that Fy is
distributed F'(g,n — k) under Hy.

Chow’s (1960) Test for Regression Stability
Chow (1960) considered the problem of testing the equality of two sets of regression coefficients
y1 = X168y +ur and y2 = Xof8y + us (7.46)

where X7 is ny X k and X3 is no X k with ny and ny > k. In this case, the unrestricted regression
can be written as

Y1 X1 0 B ] [ uy ]
_ 7.47
MRS @4
under the null hypothesis Hy; 3; = 85 = 3, the restricted model becomes
Y1 X1 uy
= + 7.48
F R a4

The URSS and the RRSS are obtained from these two regressions by stacking the ni + no
observations. It is easy to show that the URSS= €/ e; + e)es where e; is the OLS residuals from
y1 on X1 and es is the OLS residuals from yo on Xs. In other words, the URSS is the sum of two
residual sums of squares from the separate regressions, see problem 13. The Chow F'-statistic
given in equation (7.45) has k and (n1 +ng — 2k) degrees of freedom, respectively. Equivalently,
one can obtain this Chow F-statistic from running

{yl]_[i]ﬁﬁ{)?g](ﬁ?_ﬁlwr[m] (7.49)

Y2 U2

Note that the second set of explanatory variables whose coefficients are (85— (3;) are interaction
variables obtained by multiplying each independent variable in equation (7.48) by a dummy
variable, say Ds, that takes on the value 1 if the observation is from the second regression and
0 if it is from the first regression. A test for Hy; #; = 5 becomes a joint test of significance
for the coefficients of these interaction variables. Gujarati (1970) points out that this dummy
variable approach has the additional advantage of giving the estimates of (85 — (3;) and their
t-statistics. If the Chow F-test rejects stability, these individual interaction dummy variable
coefficients may point to the source of instability. Of course, one has to be careful with the
interpretation of these individual ¢-statistics, after all they can all be insignificant with the joint
F-statistic still being significant, see Maddala (1992).

In case one of the two regressions does not have sufficient observations to estimate a separate
regression say ns < k, then one can proceed by running the regression on the full data set to
get the RRSS. This is the restricted model because the extra no observations are assumed to be
generated by the same regression as the first ny observations. The URSS is the residual sums
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of squares based only on the longer period (n; observations). In this case, the Chow F-statistic
given in equation (7.45) has ny and ny; — k degrees of freedom, respectively. This is known
as Chow’s predictive test since it tests whether the shorter no observations are different from
their predictions using the model with the longer n; observations. This predictive test can be
performed with dummy variables as follows: Introduce ns observation specific dummies, one for
each of the observations in the second regression. Test the joint significance of these no dummy
variables. Salkever’s (1976) result applies and each dummy variable will have as its estimated
coefficient the prediction error with its corresponding standard error and its ¢-statistic. Once,
again, the individual dummies may point out possible outliers, but it is their joint significance
that is under question.

The W, LR and LM Inequality

We have shown that the LR = W = LM for linear restrictions if the log-likelihood is quadratic.
However, this is not necessarily the case for more general situations. In fact, in the next chapter
where we consider more general variance covariance structure on the disturbances, estimating
this variance-covariance matrix destroys this equality and may lead to conflict in hypotheses
testing as noted by Berndt and Savin (1977). In this case, W > LR > LM. See also the
problems at the end of this chapter. The LR, W and LM tests are based on the efficient MLE.
When consistent rather than efficient estimators are used, an alternative way of constructing
the score-type test is known as Neyman’s C'(«). For details, see Bera and Permaratne (2001).

Although, these three tests are asymptotically equivalent, one test may be more convenient
than another for a particular problem. For example, when the model is linear but the restriction
is nonlinear, the unrestricted model is easier to estimate than the restricted model. So the Wald
test suggests itself in that it relies only on the unrestricted estimator. Unfortunately, the Wald
test has a drawback that the LR and LM test do not have. In finite samples, the Wald test is not
invariant to testing two algebraically equivalent formulations of the nonlinear restriction. This
fact has been pointed out in the econometric literature by Gregory and Veall (1985, 1986) and
Lafontaine and White (1986). In what follows, we review some of Gregory and Veall’s (1985)
findings:

Consider the linear regression with two regressors

Yt = By + Brx1e + Bomar + wy (7.50)

where the u;’s are IIN(0, 02), and the nonlinear restriction 3,3y = 1. Two algebraically equiv-
alent formulation of the null hypothesis are: H4; r4(8) = 8, — 1/By = 0, and HEB: rB(B) =
B1B9 —1 = 0. The unrestricted maximum likelihood estimator is 3¢ and the Wald statistic
given in (7.40) is

W =rBoLs) [RBors)V Bors)R Bors)) r(Bors) (7.51)

where ‘A/(BO 1g) is the usual estimated variance-covariance matrix of BO 1g- Problem 19 asks the
reader to verify that the Wald statistics corresponding to H4 and Hp using (7.51) are

WA = (B8, — 1)2/(33’011 + 2012 + U22/B§) (7.52)

and

W5 = (8,85 — 1%/ (Byvrt + 281 Byviz + Brvns) (7.53)
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where the v;;’s are the elements of ‘7(30 rs) fori, j =0,1,2. These Wald statistics are clearly not
identical, and other algebraically equivalent formulations of the null hypothesis can be generated
with correspondingly different Wald statistics. Monte Carlo experiments were performed with
1000 replications on the model given in (7.50) with various values for 3, and 5, and for a
sample size n = 20, 30, 50, 100, 500. The experiments were run when the null hypothesis is true
and when it is false. For n = 20 and (; = 10, 85 = 0.1, so that Hy is satisfied, WA rejects the
null when it is true 293 times out of a 1000, while W2 rejects the null 65 times out of a 1000. At
the 5% level one would expect 50 rejections with a 95% confidence interval [36,64]. Both W4
and WP reject too often but W4 performs worse than W5, When n is increased to 500, W4
rejects 78 times while W% rejects 39 times out of a 1000. W4 still rejects too often although
its performance is better than that for n = 20, while W2 performs well and is within the 95%
confidence region. When n = 20, #; = 1 and 3, = 0.5, so that Hy is not satisfied, WA rejects
the null when it is false 65 times out of a 1000 whereas W2 rejects it 584 times out of a 1000. For
n = 500, both test statistics reject the null in 1000 out of 1000 times. Even in cases where the
empirical sizes of the tests appear similar, see Table 1 of Gregory and Veall (1985), in particular
the case where 3; = 3, = 1, Gregory and Veall find that W# and W2 are in conflict about 5%
of the time for n = 20, and this conflict drops to 0.5% at n = 500. Problem 20 asks the reader
to derive four Wald statistics corresponding to four algebraically equivalent formulations of the
common factor restriction analyzed by Hendry and Mizon (1978). Gregory and Veall (1986)
give Monte Carlo results on the performance of these Wald statistics for various sample sizes.
Once again they find conflict among these tests even when their empirical sizes appear to be
similar. Also, the differences among the Wald statistics are much more substantial, and persist
even when n is as large as 500.
Lafontaine and White (1985) consider a simple regression

y=a+pr+yz+u

where y is log of per capita consumption of textiles, x is log of per capita real income and z is
log of relative prices of textiles, with the data taken from Theil (1971, p. 102). The estimated
equation is:

7= 137 + 1.14z — 0.832
(0.31)  (0.16) (0.04)

with 62 = 0.0001833, and n = 17, with standard errors shown in parentheses. Consider the
null hypothesis Hy: 3 = 1. Algebraically equivalent formulations of Hy are Hy; 5% = 1 for any
exponent k. Applying (7.40) with r(3) = 8¥ — 1 and R(8) = k3*~!, one gets the Wald statistic

Wi = (3" = D2/[(kB" )2V (B)] (7.54)

where B is the OLS estimate of # and V(B)is its corresponding estimated variance. For every k,
Wi has a limiting x? distribution under Hy. The critical values are X1 05 = 3-84 and F1 = 4.6.
The latter is an exact distribution test for § = 1 under Hy. Lafontalne and White (1985) try
different integer exponents (+k) where k = 1,2,3,6, 10, 20,40. Using 3 = 1.14 and V(ﬂ)
(0.16)2 one gets W_o9 = 24.56, W1 = 0.84, and Wyy = 0.12. The authors conclude that one
could get any Wald statistic desired by choosing an appropriate exponent. Since 8 > 1, Wy, is
inversely related to k. So, we can find a W}, that exceeds the critical values given by the y? and
I distributions. In fact, W_qq leads to rejection whereas W7 and Wsy do not reject Hy.
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For testing nonlinear restrictions, the Wald test is easy to compute. However, it has a serious
problem in that it is not invariant to the way the null hypothesis is formulated. In this case,
the score test may be difficult to compute, but Neyman’s C'(«) test is convenient to use and
provide the invariance that is needed, see Dagenais and Dufour (1991).

Notes

1. For example, in a time-series setting, including the time trend in the multiple regression is equiv-
alent to detrending each variable first, by residualing out the effect of time, and then running the
regression on these residuals.

2. Two exceptions noted in Davidson and MacKinnon (1993) are the following: One, if the model
is not identified asymptotically. For example, y, = 8(1/t) + uy for t = 1,2,..., T, will have (1/t)
tend to zero as T' — oo. This means that as the sample size increase, there is no information on £.
Two, if the number of parameters in the model increase as the sample size increase. For example,
the fixed effects model in panel data discussed in Chapter 12.

3. If the MLE of (3 is BMLE, then the MLE of (1/0) is (1/BMLE). Note that this invariance property
implies that MLE cannot be in general unbiased. For example, even if 3,,;  is unbiased for 3, by
the above reparameterization, (1/5,,.5) is not unbiased for (1/3).

4. If the distribution of disturbances is not normal, then OLS is still BLUE as long as the assumptions
underlying the Gauss-Markov Theorem are satisfied. The MLE in this case will be in general more
efficient than OLS as long as the distribution of the errors is correctly specified.

5. Using the Taylor Series approximation of T‘(B wmLp) around the true parameter vector 3, one gets
r(Barne) = r(8)+ R(B)(Bare — B)- Under the null hypothesis, r(8) = 0 and the var[r(8,,1.5)] ~
R(B) var(Byp) R (B).

Problems

1. Invariance of the Fitted Values and Residuals to Nonsingular Transformations of the Independent
Variables. Post-multiply the independent variables in (7.1) by a nonsingular transformation C, so
that X* = XC.

(a) Show that Px~ = Px and Px. = Px. Conclude that the regression of ¥ on X has the same
fitted values and the same residuals as the regression of y on X*.

(b) As an application of these results, suppose that every X was multiplied by a constant, say,
a change in the units of measurement. Would the fitted values or residuals change when we
rerun this regression?

(¢) Suppose that X contains two regressors X; and Xy each of dimension n x 1. If we run the
regression of y on (X; — Xo) and (X; + X3), will this yield the same fitted values and the
same residuals as the original regression of y on X; and X57

2. The FWL Theorem.

(a) Using partitioned inverse results from the Appendix, show that the solution to (7.9) yields
Ba.0Ls given in (7.10).
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(b) Alternatively, write (7.9) as a system of two equations in two unknowns BI,O g and BZO LS
Solve, by eliminating BLOLS and show that the resulting solution is given by (7.10).

(c) Using the FWL Theorem, show that if X; = ¢,, a vector of ones indicating the presence of
the constant in the regression, and X, is a set of economic variables, then (i) 3, o5 can

be obtained by running y; — ¢ on the set of variables in Xo expressed as deviations from
their respective sample means. (ii) The least squares estimate of the constant 3, 5,¢ can

be retrieved as § — Xé@Q,OLS where X = 1/ X5/n is the vector of sample means of the
independent variables in Xs.

3. Let y = XG4+ D;v+u where y isnx 1, X is n x k and D; is a dummy variable that takes the value

1 for the i-th observation and 0 otherw1se Using the FWL Theorem, prove that the least S(luares
estimates of # and v from this regression are BOLS = (X"X*)" X*’y* and Yors = i — TiBorss
where X* denotes the X matrix without the i-th observation and y* is the y vector without
the i-th observation and (y;,z}) denotes the i-th observation on the dependent and independent
variables. This means that 7, ¢ is the forecasted OLS residual from the regression of y* on X*
for the i-th observation which was essentially excluded from the regression by the inclusion of the
dummy variable D;.

Mazimum Likelihood Estimation. Given the log-likelihood in (7.17),

(a) D2erive the first-order conditions for maximization and show that 3 MLE = 30 s and that

(b) Calculate the second derivatives given in (7.18) and verify that the information matrix re-
duces to (7.19).

. Given that u ~ N(0,02%I,), we showed that (n — k)s*/o? ~ x2_,. Use this fact to prove that,

(a) s? is unbiased for o2.
(b) var(s?) = 20*/(n — k). Hint: E(x?) = r and var(x2) = 2r.

. Consider all estimators of o2 of the type &° = e’e/r = u/Pxu/r with u ~ N(0,0%I,).

(a) Find E(63,, ) and the bias(53,, 5).

(b) Find var(63;; ;) and the MSE(53,; 5)-

(c) Compute MSE(5°) and minimize it with respect to . Compare with the MSE of s? and
~2

OMLE:"

. Computing Forecasts and Forecast Standard Errors Using a Regression Package. This is based on

Salkever (1976). From equations (7.23) and (7.24), show that

~ ~/ e ~ o e ~ .

(a) dors = (Bors:Tors) where s = (X'X) ' X"y, and o5 = yo — Xofors- Hint: Set up
the OLS normal equations and solve two equations in two unknowns. Alternatively, one can
use the FWL Theorem to residual out the additional T, dummy variables.

(b) ehrs = (enrs,0') and s*2 = 5%,

(c) s*2(X*X*)~1 is given by the expression in (7.25). Hint: Use partitioned inverse.
(d) Replace y, by 0 and Iz, by —Iz, in (7.23) and show that 5 = 7, = X,3, s whereas all the

results in parts (a), (b) and (¢) remain the same.

(a) Show that COV(BO Ls,€) = 0. (Since both random variables are normally distributed, this
proves their independence).
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(b) Show that By ¢ and s2 are independent. Hint: A linear (Bu) and quadratic (u/Au) forms
in normal random variables are independent if BA = 0. See Graybill (1961) Theorem 4.17.

9. (a) Show that if one replaces R by ¢ in (7.29) one gets the square of the z-statistic given in
(7.26).

(b) Show that when we replace 02 by s2, the x? statistic given in part (a) becomes the square
of a t-statistic which is distributed as F(1,n — K). Hint: The square of a N(0,1) is x3. Also
the ratio of two independent y? random variables divided by their degrees of freedom is an
F-statistic with these corresponding degrees of freedom, see Chapter 2.

10. (a) Show that the matrix A defined in (7.30) by u/Au/o? is symmetric, idempotent and of rank
g.
(b) Using the same proof given below lemma 1, show that (7.30) is x;.
11.  (a) Show that the two quadratic forms s> = u/Pyu/(n — k) and that given in (7.30) are inde-

pendent. Hint: Two positive semi-definite quadratic forms v’ Au and v’ Bu are independent
if and only if AB = 0, see Graybill (1961) Theorem 4.10.

(b) Conclude that (7.31) is distributed as an F(g,n — k).
12. Restricted Least Squares.
(a) Show that BRLS given by (7.36) is biased unless RS = r.
(b) Show that the V&I‘(BRLS) = var(A(X'X) "' X'u) where
A=1Ix - (X'’X)'R'[R(X'X) 'R 'R.
Prove that A2 = A, but A’ # A. Conclude that
var(Bpps) =  0?AX'X) 1A = a2 {(X'X)7!
—(X'X)'RIRX'X) 'R 'R(X'X)"1}.
(¢) Show that var(BOLS)— V&I"(BRLS) is a positive semi-definite matrix.
13. The Chow Test.

(a) Show that OLS on (7.47) yields OLS on each equation separately in (7.46). In other words,
Biors = (X1X1)"'X{y; and Bo.oLs = (X5X2) " Xbys.

(b) Show that the residual sum of squares for equation (7.47) is given by RSS; + RSSs, where
RSS; is the residual sum of squares from running y; on X; for i = 1,2.

(¢) Show that the Chow F-statistic can be obtained from (7.49) by testing for the joint signifi-
cance of H,; B9 — 3, = 0.

14. Suppose we would like to test H,; 85 = 0 in the following unrestricted model given also in (7.8)
y=XB+u=X18,+ X208, +u

(a) Using the FWL Theorem, show that the URSS is identical to the residual sum of squares
obtained from Px,y = Px, X235 + Px,u. Conclude that

URSS =y Pxy =y Px,y — y Px, Xa(X}Px, X2) "' X} Px,y.

(b) Show that the numerator of the F-statistic for testing H,; 85 = 0 which is given in (7.45),
is 3y Px, Xo (X5 Px, X2) 1 X, Px,y/ko.
Substituting y = X106, +u under the null hypothesis, show that the above expression reduces
to ulpxng(Xépxng)_lXépxlu/kg.
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()

Let v = X} Px, u, show that if u ~ IIN(0,0?) then v ~ N(0,02X%Px, X5). Conclude that
the numerator of the F-statistic given in part (b) when divided by o2 can be written as
v'[var(v)]~'v/ky where v'[var(v)]~'v is distributed as x7 under H,. Hint: See the discussion
below lemma 1.

Using the result that (n — k)s?/o? ~ x2_, where s? is the URSS/(n — k), show that the
F-statistic given by (7.45) is distributed as F'(ka,n — k) under H,. Hint: You need to show
that u' Py u is independent of the quadratic term given in part (b), see problem 11.

Show that the Wald Test for H,; 8, = 0, given in (7.41), reduces in this case to W =

,@;[R(X’X)*lR’]*lﬁQ/s2 were R = [0,I1,], B, denotes the OLS or equivalently the MLE
of By from the unrestricted model and s? is the corresponding estimate of o? given by
URSS/(n — k). Using partitioned inversion or the FWL Theorem, show that the numerator
of W is ko times the expression in part (b).

Show that the score form of the LM statistic, given in (7.42) and (7.44), can be obtained
as the explained sum of squares from the artificial regression of the restricted residuals
(y— X151 rrs) deflated by § on the matrix of regressors X. In this case, s> = RRSS/(n—ki)
is the Mean Square Error of the restricted regression. In other words, obtain the explained
sum of squares from regressing Px,y/3 on X; and Xy.

15. Iterative Estimation in Partitioned Regression Models. This is based on Fiebig (1995). Consider the
partitioned regression model given in (7.8) and let X5 be a single regressor, call it 25 of dimension
n x 1 so that 3, is a scalar. Consider the following strategy for estimating 3,: Estimate §; from

the shortened regression of y on X;. Regress the residuals from this regression on z9 to yield bél).

(a)

(b)
()

Prove that bgl) is biased.
Now consider the following iterative strategy for re-estimating 3,:

Re-estimate (3; by regressing y — argbgl) on X; to yield bgl). Next iterate according to the
following scheme:

by = (X1 X1) "L X (y — w2b5)

béjﬂ) = (zhay) tab(y — legj)), j=1,2,..

Determine the behavior of the bias of béﬁl) as j increases.

Show that as j increases béj 1 converges to the estimator of (5 obtained by running OLS

on (7.8).

16. Maddala (1992, pp. 120-127). Consider the simple linear regression

Yi=a+p8X;,+u; i=1,2,...,n.

where o and 3 are scalars and u; ~ IIN(0,0?). For H,; 3 = 0,

(a)
(b)

Derive the Likelihood Ratio (LR) statistic and show that it can be written as nlog[1/(1—7?)]
where 72 is the square of the correlation coefficient between X and y.

Derive the Wald (W) statistic for testing H,; 8 = 0. Show that it can be written as nr?/(1—
72). This is the square of the usual t-statistic on 3 with 3,5 = 3.7 ,e2/n used instead of

s? in estimating o2. ﬁ is the unrestricted MLE which is OLS in this case, and the e;’s are

the usual least squares residuals.
Derive the Lagrange Multiplier (LM) statistic for testing H,; 8 = 0. Show that it can be
written as 7. This is the square of the usual t-statistic on § with 5y 0 = Yoy (Yi—Y)%/n

used instead of s2 in estimating 2. The G5y is restricted MLE of o2 (i.e., imposing H,
and maximizing the likelihood with respect to o2).
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Show that LM /n = (W/n)/[1 + (W/n)], and LR/n = log[l + (W/n)]. Using the following
inequality « > log(1 + ) > /(1 + ), conclude that W > LR > LM. Hint: Use x = W/n.
For the cigarette consumption data given in Table 3.2, compute the W, LR, LM for the

simple regression of logC' on logP and demonstrate the above inequality given in part (d)
for testing that the price elasticity is zero?

17. Engle (1984, pp. 785-786). Consider a set of T' independent observations on a Bernoulli random
variable which takes on the values y; = 1 with probability , and y; = 0 with probability (1 — 6).

(a)
(b)

Derive the log-likelihood function, the MLE of 6, the score S(), and the information I(6).

Compute the LR, W and LM test statistics for testing H,; 0 = 6, versus Ha; 0 # 6, for
0e(0,1).

18. Engle (1984, pp. 787-788). Consider the linear regression model

y=Xf+u=X10,+Xof, +u

given in (7.8), where u ~ N(0,0%Ir).

(a)
(b)

()

(f)

Write down the log-likelihood function, find the MLE of 3 and 2.

Write down the score S(/3) and show that the information matrix is block-diagonal between
3 and 2.

Derive the W, LR and LM test statistics in order to test H,; 8, = (37, versus Ha; 81 # 39,
where [, is say the first k; elements of 5. Show that if X = [X, X5], then

W = (87 = B))[X1 Px, X1](67 — B,)/3”

LM = X,[X]| Px, X, * X|u/5*

LR =T log(u'u/u'u)
where & =y — X3, 4 =y — X3 and 62 = w'u/T, 5 = 'u/T. B is the unrestricted MLE,
whereas (3 is the restricted MLE.
Using the above results, show that

W =T(@W's —u'n)/d'u

LM =T (uW'u—1u'n)/u'a
Also, that LR = T log[1 + (W/T)]; LM = W/[1 + (W/T)}; and (T — k)W/Tky ~ Fi, 7—x
under H,. As in problem 16, we use the inequality x > log(1 4+ ) > x/(1 + x) to conclude
that W > LR > LM. Hint: Use 2 = W/T. However, it is important to note that all the test

statistics are monotonic functions of the F-statistic and exact tests for each would produce
identical critical regions.

For the cigarette consumption data given in Table 3.2, run the following regression:
logC' = a + flogP + ~logY + u

compute the W, LR, LM given in part (c¢) for the null hypothesis H,; 5 = —1.

Compute the Wald statistics for H'; g = —1, H?,; 8% = —1 and HY; $7% = —1. How do
these statistics compare?

19. Gregory and Veall (1985). Using equation (7.51) and the two formulations of the null hypothe-
sis HA and HP given below (7.50), verify that the Wald statistics corresponding to these two
formulations are those given in (7.52) and (7.53), respectively.
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20. Gregory and Veall (1986). Consider the dynamic equation

Yo = pYi—1 + BT + BoTi—1 + g

where |p| < 1, and u; ~ NID(0,0?). Note that for this equation to be the Cochrane-Orcutt
transformation

Yt — pYe—1 = Pr(xs — pri—1) + us

the following nonlinear restriction must be satisfied —(3,p = 35 called the common factor restric-
tion by Hendry and Mizon (1978). Now consider the following four formulations of this restriction

HA; Bip+ By =0; H?B; B+ (Ba/p) = 0; HC; p+(B2/B1) =0 and HP; (B1p/B2) +1=0.

(a) Using equation (7.51) derive the four Wald statistics corresponding to the four formulations
of the null hypothesis.

(b) Apply these four Wald statistics to the equation relating real personal consumption expen-
ditures to real disposable personal income in the U.S. over the post World War II period
1959-2007, see Table 5.3.

21. Effect of Additional Regressors on R%. This problem was considered in non-matrix form in Chapter
4, problem 4. Regress y on X; which is T' x K7 and compute SSFE;. Add X5 which is T' x K5 so
that the number of regressors in now K = K; + K. Regress y on X = [X7, X5] and get SSEs.
Show that SSFEy < SSE;. Conclude that the corresponding R-squares satisfy R3 > R?. Hint:
Show that Px — Px, is a positive semi-definite matrix.
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Appendix
Some Useful Matrix Properties

This book assumes that the reader has encountered matrices before, and knows how to add, subtract
and multiply conformable matrices. In addition, that the reader is familiar with the transpose, trace,
rank, determinant and inverse of a matrix. Unfamiliar readers should consult standard texts like Bellman
(1970) or Searle (1982). The purpose of this Appendix is to review some useful matrix properties that are
used in the text and provide easy access to these properties. Most of these properties are given without
proof.

Starting with Chapter 7, our data matrix X is organized such that it has n rows and k columns, so
that each row denotes an observation on k variables and each column denotes n observations on one
variable. This matrix is of dimension n x k. The rank of an n x k matrix is always less than or equal
to its smaller dimension. Since n > k, the rank (X) < k. When there is no perfect multicollinearity
among the variables in X, this matrix is said to be of full column rank k. In this case, X’'X, the matrix
of cross-products is of dimension k x k. It is square, symmetric and of full rank k. This uses the fact
that the rank(X’X) = rank(X) = k. Therefore, (X’X) is nonsingular and the inverse (X’X)~! exists.
This is needed for the computation of Ordinary Least Squares. In fact, for least squares to be feasible,
X should be of full column rank k and no variable in X should be a perfect linear combination of the
other variables in X. If we write

where z; denotes the i-th observation, in the data, then X'X = >"" | x;2} where z; is a column vector
of dimension k x 1.
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An important and widely encountered matrix is the Identity matriz which will be denoted by I,, and
subscripted by its dimension n. This is a square n x n matrix whose diagonal elements are all equal to one
and its off diagonal elements are all equal to zero. Also, 021, will be a familiar scalar covariance matriz,
with every diagonal element equal to o2 reflecting homoskedasticity or equal variances (see Chapter 5),
and zero covariances or no serial correlation (see Chapter 5). Let

o3 0
Q = diag[o?] =
0 o2
be an (n x n) diagonal matrix with the i-th diagonal element equal to o2 for i = 1,2, ...,n. This matrix

will be encountered under heteroskedasticity, see Chapter 9. Note that tr(2) = " | 07 is the sum of its
diagonal elements. Also, tr(I,) = n and tr(c%I,) = no?. Another useful matrix is the projection matriz
Px = X(X'X)~1X’ which is of dimension n x n. This matrix is encountered in Chapter 7. If y denotes
the n x 1 vector of observations on the dependent variable, then Pyy generates the predicted values ¥y
from the least squares regression of y on X. This matrix Px is symmetric and idempotent. This means
that Py = Px and P2 = PxPx = Px as can be easily verified. Some of the properties of idempotent
matrices is that their rank is equal to their trace. Hence, rank(Px) = tr(Px) = tr[X(X'X)"1X'] =
tr[ X/ X (X' X Y] = tr(I},) = k.

Here, we used the fact that tr(ABC) = tr(CAB) = tr(BCA). In other words, the trace is unaffected by
the cyclical permutation of the product. Of course, these matrices should be conformable and the product
should result in a square matrix. Note that Py = I,, — Px is also a symmetric and idempotent matrix.
In this case, Pxy =y — Pxy = y — 4 = e where e denotes the least squares residuals, y — X3¢ where
BOLS = (X'X)"1 X"y, see Chapter 7. Some properties of these projection matrices are the following:

PXX:X,PXX:QPXe:e and PXe:0

In fact, X'e = 0 means that the matrix X is orthogonal to the vector of least squares residuals e. Note
that X’e = 0 means that X'(y — XBorg) =0 or X'y = X' XB,1g. These k equations are known as the
OLS normal equations and their solution yields the least squares estimates ﬁo 1s- By the definition of
Px, we have (i) Px + Px = I,,. Also, (ii) Px and Px are idempotent and (iii) Px Px = 0. In fact, any
two of these properties imply the third. The rank(Px) = tr(Px) = tr(I,, — Px) = n — k. Note that Py
and Px are of rank k and (n — k), respectively. Both matrices are not of full column rank. In fact, the
only full rank, symmetric idempotent matrix is the identity matrix.

Matrices not of full rank are singular, and their inverse do not exist. However, one can find a generalized
inverse of a matrix 2 which we will call 2~ which satisfies the following requirements:

(i) QO Q =Q (i) Q QQ =Q~
(iii) Q~Q is symmetric and (iv) QQ~ is symmetric.

Even if € is not square, a unique €2~ can be found for {2 which satisfies the above four properties. This
is called the Moore-Penrose generalized inverse.

Note that a symmetric idempotent matrix is its own Moore-Penrose generalized inverse. For example, it
is easy to verify that if 2 = Px, then 9~ = Px and that it satisfies the above four properties. Idempotent
matrices have characteristic roots that are either zero or one. The number of non-zero characteristic roots
is equal to the rank of this matrix. The characteristic roots of Q2! are the reciprocals of the characteristic
roots of €, but the characteristic vectors of both matrices are the same.

The determinant of a matrix is non-zero if and only if it has full rank. Therefore, if A is singular,
then |[A| = 0. Also, the determinant of a matrix is equal to the product of its characteristic roots.
For two square matrices A and B, the determinant of the product is the product of the determinants
|AB| = |A|-|B|. Therefore, the determinant of 27! is the reciprocal of the determinant of 2. This follows
from the fact that |Q|2~!| = |QQ 1| = |I| = 1. This property is used in writing the likelihood function
for Generalized Least Squares (GLS) estimation, see Chapter 9. The determinant of a triangular matrix
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is equal to the product of its diagonal elements. Of course, it immediately follows that the determinant
of a diagonal matrix is the product of its diagonal elements.

The constant in the regression corresponds to a vector of ones in the matrix of regressors X. This
vector of ones is denoted by ¢,, where n is the dimension of this column vector. Note that ¢/,t, = n and
tnth, = Jn where J, is a matrix of ones of dimension n x n. Note also that J,, is not idempotent, but

Jn = Jp/n is idempotent as can be easily verified. The rank(J,) = tr(J,) = 1. Note also that I,, — J,
is idempotent with rank (n — 1). J,y has a typical element § = >i" | y;/n whereas (I, — J,)y has a
typical element (y; — ). So that .J, is the averaging matrix, whereas premultiplying by (I,, — J,,) results
in deviations from the mean.

For two nonsingular matrices A and B
(AB)"'=pB~'A™!

Also, the transpose of a product of two conformable matrices, (AB)’ = B’A’. In fact, for the product of
three conformable matrices this becomes (ABC) = C'B’A’. The transpose of the inverse is the inverse
of the transpose, i.e., (A7) = (4)~%

The inverse of a partitioned matrix

A A
A =
[ Az As }

is

41— E —EA;pA
— At A B Ay + Ayt Ay BEA Ay

where E = (417 — A12A521A21)_1. Alternatively, it can be expressed as

AL = AT+ A A FAN AL —A A
—FA21A1_11 F

where F' = (Agy — A21A1_11A12)_1. These formulas are used in partitioned regression models, see for
example the Frisch-Waugh Lovell Theorem and the computation of the variance-covariance matrix of
forecasts from a multiple regression in Chapter 7.

An n x n symmetric matrix €2 has n distinct characteristic vectors ¢y, ..., c,. The corresponding n
characteristic roots Ai,..., A, may not be distinct but they are all real numbers. The number of non-
zero characteristic roots of €2 is equal to the rank of 2. The characteristic roots of a positive definite
matrix are positive. The characteristic vectors of the symmetric matrix €2 are orthogonal to each other,
ie., cicj = 0 for i # j and can be made orthonormal with c¢jc; = 1 for i = 1,2,...,n. Hence, the
matrix of characteristic vectors C' = [c1,¢a, ..., ¢,] is an orthogonal matrix, such that CC’ = C'C =1,
with C' = O~ By definition Qc; = \;j¢; or QC = CA where A = diag[)\;]. Premultiplying the last
equation by C’ we get C'QC = C'CA = A. Therefore, the matrix of characteristic vectors C diagonalizes
the symmetric matrix Q. Alternatively, we can write Q@ = CAC’ = "' | X\ic;¢; which is the spectral
decomposition of 2.

A real symmetric n X n matrix € is positive semi-definite if for every n x 1 non-negative vector y, we
have y'Qy > 0. If 4/Qy is strictly positive for any non-zero y then Q is said to be positive definite. A
necessary and sufficient condition for €2 to be positive definite is that all the characteristic roots of {2 are
positive. One important application is the comparison of efficiency of two unbiased estimators of a vector
of parameters (3. In this case, we subtract the variance-covariance matrix of the inefficient estimator from
the more efficient one and show that the resulting difference yields a positive semi-definite matrix, see
the Gauss-Markov Theorem in Chapter 7.

If Q is a symmetric and positive definite matrix, there exists a nonsingular matrix P such that
Q) = PP’. In fact, using the spectral decomposition of § given above, one choice for P = CAY? so
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that Q@ = CAC’ = PP’. This is a useful result which we use in Chapter 9 to obtain Generalized
Least Squares (GLS) as a least squares regression after transforming the original regression model by
P! = (CAY?)~™! = A=Y/2C". In fact, if u ~ (0,02Q), then P~'u has zero mean and var(P~'u) =
P~ Vvar(u)P~Y = o2 P71QP~Y = 2P~ PP P~V = 0?1,.

From Chapter 2, we have seen that if u ~ N(0, 021 ), then u;/o ~ N(0,1), so that u?/o? ~ 3
and v'u/o? = Y1 u?/o? ~ xZ%. Therefore, u/(0%1,) " u ~ x2. If u ~ N(0,0%Q) where Q is positive
definite, then u* = P~tu ~ N(0,0%1,) and u*'u*/o? ~ x2. But u*u* = ' P~ P~y = u/Q~'u. Hence,
w'Q tu/o? ~ x2 . This is used in Chapter 9.

Note that the OLS residuals are denoted by e = Pxu. If u ~ N(0,021I,), then e has mean zero and
var(e) = 02 Px 1, Px = 0?Pyx so that e ~ N (0,02 Px). Our estimator of 02 in Chapter 7 is s2 = ¢’e/(n—k)
so that (n — k)s?/0? = e’e/o?. The last term can also be written as u'Pxu/o?. In order to find the
distribution of this quadratic form in Normal variables, we use the following result stated as lemma 1 in
Chapter 7.

Lemma 1: For every symmetric idempotent matrix A of rank r, there exists an orthogonal matrix P
such that P’AP = J,. where J,. is a diagonal matrix with the first r elements equal to one and the rest
equal to zero.

We use this lemma to show that the e’e/o? is a chi-squared with (n — k) degrees of freedom. To see
this note that e¢’e/0? = u/Pxu/o? and that Px is symmetric and idempotent of rank (n — k). Using
the lemma there exists a matrix P such that P’'PxP = J,_j is a diagonal matrix with the first (n — k)
elements on the diagonal equal to 1 and the last & elements equal to zero. An orthogonal matrix P is
by definition a matrix whose inverse, is its own transpose, i.e., PP = I,,. Let v = P’u then v has mean
zero and var(v) = o2P'P = oI, so that v is N(0,0%1,) and u = Pv. Therefore,

e'e/o? =u'Pxujo* =v'P'PxPv/o* =v'J,_yvfo? =3 1"] U2/0'

But, the v’s are independent identically distributed N (0,0?), hence v?/a? is the square of a standardized
N(0,1) random variable which is distributed as a x%. Moreover, the sum of independent x? random
variables is a x? random variable with degrees of freedom equal to the sum of the respective degrees of
freedom, see Chapter 2. Hence, €’e/o? is distributed as x2_,.

The beauty of the above result is that it applies to all quadratic forms v’ Au where A is symmetric
and idempotent. In general, for u ~ N(0,02I), a necessary and sufficient condition for u’Au/o? to
be distributed % is that A is idempotent of rank k, see Theorem 4.6 of Graybill (1961). Another
useful theorem on quadratic forms in normal random variables is the following: If u ~ N(0,02), then
uw' Au/o? is x3 if and only if AQ is an idempotent matrix of rank &, see Theorem 4.8 of Graybill (1961). If
u ~ N(0,0%I), the two positive semi-definite quadratic forms in normal random variables say u’Au and
u’ Bu are independent if and only if AB = 0, see Theorem 4.10 of Graybill (1961). A sufficient condition
is that tr(AB) = 0, see Theorem 4.15 of Graybill (1961). This is used in Chapter 7 to construct F-
statistics to test hypotheses, see for example problem 11. For u ~ N(0,02I), the quadratic form u'Au
is independent of the linear form Bu if BA = 0, see Theorem 4.17 of Graybill (1961). This is used in
Chapter 7 to prove the independence of s? and @Ols, see problem 8. In general, if u ~ N(0,X), then v’ Au
and «'Bu are independent if and only if AXB = 0, see Theorem 4.21 of Graybill (1961). Many other
useful matrix properties can be found. This is only a sample of them that will be implicitly or explicitly
used in this book.

The Kronecker product of two matrices say X® I,, where X is m x m and I, is the identity matrix of
dimension n is defined as follows:

Ollln UlmIn
YeI, = :

Omiln . Ommin

In other words, we place an I,, next to every element of ¥ = [0;;]. The dimension of the resulting matrix
is mn x mn. This is useful when we have a system of equations like Seemingly Unrelated Regressions in
Chapter 10. In general, if A is m xn and B is p X ¢ then A® B is mp X nq. Some properties of Kronecker
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products include (A ® B) = A’ ® B’. If both A and B are square matrices of order m x m and p X p
then (A B)™! = A=1 ® B7!, |[A® B| = |A|™|BJ? and tr(A ® B) = tr(A)tr(B). Applying this result to
Y ® I, we get

(EeL) =219, and [Z®IL,|= 2" =™

and tr(X ® I,) = tr(X)tr(f,) = n tr(X).
Some useful properties of matrix differentiation are the following:

!
b
%:x where 2’ is 1 x k and b is k x 1.
Also
ob' Ab
5 (A+ A")  where A is k x k.

If A is symmetric, then 90’ Ab/0b = 2Ab. These two properties will be used in Chapter 7 in deriving the
least squares estimator.
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CHAPTER 8
Regression Diagnostics and Specification Tests

8.1 Influential Observations!

Sources of influential observations include: (i) improperly recorded data, (ii) observational errors
in the data, (iii) misspecification and (iv) outlying data points that are legitimate and contain
valuable information which improve the efficiency of the estimation. It is constructive to isolate
extreme points and to determine the extent to which the parameter estimates depend upon
these desirable data.

One should always run descriptive statistics on the data, see Chapter 2. This will often reveal
outliers, skewness or multimodal distributions. Scatter diagrams should also be examined, but
these diagnostics are only the first line of attack and are inadequate in detecting multivariate
discrepant observations or the way each observation affects the estimated regression model.

In regression analysis, we emphasize the importance of plotting the residuals against the ex-
planatory variables or the predicted values ¥ to identify patterns in these residuals that may
indicate nonlinearity, heteroskedasticity, serial correlation, etc, see Chapter 3. In this section,
we learn how to identify significantly large residuals and compute regression diagnostics that
may identify influential observations. We study the extent to which the deletion of any observa-
tion affects the estimated coefficients, the standard errors, predicted values, residuals and test
statistics. These represent the core of diagnostic tools in regression analysis.

Accordingly, Belsley, Kuh and Welsch (1980, p. 11) define an influential observation as
which, either individually or together with several other observations, has demonstrably larger
impact on the calculated values of various estimates (coefficients, standard errors, t-values, etc.)
than is the case for most of the other observations.”

First, what is a significantly large residual? We have seen that the least squares residuals of
y on X are given by e = (I, — Px)u, see equation (7.7). y isn x 1 and X isn x k. If u ~
1ID(0, 021,,), then e has zero mean and variance o2(I,, — Px). Therefore, the OLS residuals are
correlated and heteroskedastic with var(e;) = 0?(1 — hy;) where hy; is the i-th diagonal element
of the hat matrix H = Px, since y = Hy.

The diagonal elements h;; have the following properties:

“..one

Siisihi =tr(Px) =k and  hy =5 hi; > hi; > 0.

The last property follows from the fact that Py is symmetric and idempotent. Therefore, hZ, —
hii <0 or hii(hi; —1) < 0. Hence, 0 < h;; < 1, (see problem 1). h;; is called the leverage of the
i-th observation. For a simple regression with a constant,

hig = (1/n) + (27 30 27)

where x; = X; — X: hi; can be interpreted as a measure of the distance between X values of
the i-th observation and their mean over all n observations. A large h;; indicates that the i-th
observation is distant from the center of the observations. This means that the i-th observation
with large h;; (a function only of X; values) exercises substantial leverage in determining the
fitted value y;. Also, the larger h;;, the smaller the variance of the residual e;. Since observations
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with high leverage tend to have smaller residuals, it may not be possible to detect them by an
examination of the residuals alone. But, what is a large leverage? h;; is large if it is more
than twice the mean leverage value 2h = 2k/n. Hence, h;; > 2k/n are considered outlying
observations with regards to X values.

An alternative representation of hy; is simply h;; = diPxd; = ||Pxd;||* = 24(X'X) " ta; where
d; denotes the i-th observation’s dummy variable, i.e., a vector of dimension n with 1 in the i-th
position and 0 elsewhere. z} is the i-th row of X and ||.|| denotes the Euclidian length. Note
that d;X =

Let us standardize the i-th OLS residual by dividing it by an estimate of its variance. A
standardized residual would then be:

gizei/S\/l—hii (81)

where o2

is estimated by s2, the MSE of the regression. This is an internal studentization of the
residuals, see Cook and Weisberg (1982). Alternatively, one could use an estimate of o2 that
is independent of e;. Defining S?i) as the MSE from the regression computed without the i-th

observation, it can be shown, see equation (8.18) below, that

= ()

sty = (8.2)

Under normality, s2 5() and e; are independent and the externally studentized residuals are defined
by

e = ei/S(i)m ~tpk-1 (8.3)

Thus, if the normality assumption holds, we can readily assess the significance of any single
studentized residual. Of course, the e; will not be independent. Since this is a t-statistic, it is
natural to think of e} as large if its value exceeds 2 in absolute value.

Substituting (8.2) into (8.3) and comparing the result with (8.1), it is easy to show that e}
is a monotonic transformation of ¢;

1
y ~[(n—k—1\2
€ =¢ <n_k_~z> (8.4)

Cook and Wiesberg (1982) show that e can be obtained as a t-statistic from the following
augmented regression:

y=XB"+dip+tu (8.5)

where d; is the dummy variable for the i-th observation. In fact, = e;/(1 — hj;) and e} is the
t-statistic for testing that ¢ = 0. (see problem 4 and the proof given below). Hence, whether
the i-th residual is large can be simply determined by the regression (8.5). A dummy variable
for the i-th observation is included in the original regression and the t-statistic on this dummy
tests whether this i-th residual is large. This is repeated for all observations i = 1,...,n.

This can be generalized easily to testing for a group of significantly large residuals:

y=XB" + Dy’ +u (8.6)
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where D), is an n x p matrix of dummy variables for the p-suspected observations. One can test
©* = 0 using the Chow test described in (4.17) as follows:

[Residual SS(no dummies) — Residual SS(D,, dummies used)]/p

F= Residual SS(D, dummies used)/(n — k — p) (87)
This will be distributed as F, ,,_x—, under the null, see Gentleman and Wilk (1975). Let

ep = Dje, then FE(e,) =0 and var(ey) = O'2D;)PXDP (8.8)
Then one can show, (see problem 5), that

el (D! PxD,) te
~ TG Bk &)

Another refinement comes from estimating the regression without the i-th observation:

B(i) = [X(,i)X(i)]_lX(,i)y(i) (8.10)

where the (i) subscript notation indicates that the i-th observation has been deleted. Using the
updating formula

(A—db) P =A"1+ A7/ (I —bA d )" 1pA™! (8.11)

with A = (X'X) and a = b = 2}, one gets

[X(nX@) = (X'X) ™ 4+ (X' X) (X' X) 71/ (1 = hai) (8.12)
Therefore
G- B(i) = (X'X) " 'wiei/ (1 — ha) (8.13)

Since the estimated coefficients are often of primary interest, (8.13) describes the change in the
estimated regression coefficients that would occur if the i-th observation is deleted. Note that
a high leverage observation with h;; large will be influential in (8.13) only if the corresponding
residual e; is not small. Therefore, high leverage implies a potentially influential observation,
but whether this potential is actually realized depends on ;.

Alternatively, one can obtain this result from the augmented regression given in (8.5). Note
that Py, = d;(did;)~'d, = d;d} is an n x n matrix with 1 in the i-th diagonal position and 0
elsewhere. Pdi = I,, — Py, has the effect when post-multiplied by a vector y of deleting the i-th
observation. Hence, premultiplying (8.5) by P, one gets

Pay = < y(()i) > _ < X(gi) )ﬁ*+ ( U(()i) ) (8.14)

where the i-th observation is moved to the bottom of the data, without loss of generality. The
last observation has no effect on the least squares estimate_ gf ﬁ*/\since both the dependent and
independent variables are zero. This regression will yield 8 = f(;), and the i-th observation’s
residual is clearly zero. By the Frisch-Waugh-Lovell Theorem given in section 7.3, the least
squares estimates and the residuals from (8.14) are numerically identical to those from (8.5).
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Therefore, 5 = B (i) in (8.5) and the i-th observation residual from (8.5) must be zero. This
implies that p = y;—x/ ﬂ , and the fitted values from this regression are given by yy = X ﬁ y+dip

whereas those from the orlgmal regression (7.1) are given by X ﬂ . The difference in residuals is
therefore

€—e@;) = Xﬁ(z) +d;p — XB (8.15)

premultiplying (8.15) by Px and using the fact that PxX = 0, one gets Px (e — e(;)) = Pxd;.
But, Pxe = e and Pxe(l) = e(;), hence Pxd;p =e— e(;)- Premultiplying both sides by d} one gets
d/Pxd;p = e; since the i-th residual of e(;) from (8.5) is zero. By definition, d;Pxd; =1 — hy,
therefore

p=-ei/(1—hy) (8.16)

premultiplying (8.15) by (X'X)~1X’ one gets 0 = B(i) — B+ (X'X)"1X'd;p. This uses the fact
that both residuals are orthogonal to X. Rearranging terms and substituting @ from (8.16), one
gets

B—Buy = (X'X) i = (X' X)) wies /(1 — hi)

as given in (8.13). R
Note that s%i) given in (8.2) can now be written in terms of ;)

sty = St — 1B/ (n —k — 1) (8.17)

upon substituting (8.13) in (8.17) we get

2 n hie; 2 622
(n — k — 1)3(2) = thl (&7 + 1 — h — (1 — h“)Q
2e; 612 n 2 612
-7 Zt 1 thzt+w2t:1hit*m
2
= (n—k)s*— i —Zhu (8.18)
which is (8.2). This uses the fact that He = 0 and H? = H. Hence, Y.;, ethyy = 0 and

>y b = hai.
To assess whether the change in Bj (the j-th component of B) that results from the deletion

= (n—k)s*+

of the i-th observation, is large or small, we scale by the variance of ﬁ 2(X'X ) 1. This is
denoted by
DFBETAS ; = (B; — B;)/s0)/ (X' X))} (8.19)

Note that s(; is used in order to make the denominator stochastically independent of the
numerator in the Gaussian case. Absolute values of DFBETAS larger than 2 are considered
influential. However, Belsley, Kuh, and Welsch (1980) suggest 2/y/n as a size-adjusted cutoff.
In fact, it would be most unusual for the removal of a single observation from a sample of 100
or more to result in a change in any estimate by two or more standard errors. The size-adjusted



8.1 Influential Observations 183

cutoff tend to expose approximately the same proportion of potentially influential observations,
regardless of sample size. The size-adjusted cutoff is particularly important for large data sets.

In case of Normality, it can also be useful to look at the change in the ¢-statistics, as a means
of assessing the sensitivity of the regression output to the deletion of the i-th observation:

B; B Bia)

s/ (XX s/ (X Xw)5;

DFSTAT; = (8.20)

Another way to summarize coefficient changes and gain insight into forecasting effects when the
i-th observation is deleted is to look at the change in fit, defined as

DFFIT; = — Gy = 4B — By) = haei /(1 — hi) (8:21)

where the last equality is obtained from (8.13).
We scale this measure by the variance of y;), i.e., ov/hi;, giving

hi \'? € hi \'?
DFFITS; = = : 22
> (1 - hu’) sV 1= i <1 - hz‘z‘) o (522

where o has been estimated by s(;) and e; denotes the externally studentized residual given
n (8.3). Values of DFFITS larger than 2 in absolute value are considered influential. A size-
adjusted cutoff for DFFITS suggested by Belsley, Kuh and Welsch (1980) is 24/k/n.

In (8.3), the studentized residual e was interpreted as a t-statistic that tests for the sig-
nificance of the coefficient ¢ of d;, the dummy variable which takes the value 1 for the i-th
observation and 0 otherwise, in the regression of y on X and d;. This can now be easily proved
as follows:

Consider the Chow test for the significance of ¢. The RRSS = (n — k)s?, the URSS =
(n—Fk— 1)5%1.) and the Chow F-test described in (4.17) becomes

[(n = k)s® = (n— k= 1)s{,)]/1 2
(n—Fk— l)s%i)/(n —k-1) - S%i)(l — hii) (8.23)

Fipp1=

The square root of (8.23) is e} ~ t,_x_1. These studentized residuals provide a better way to
examine the information in the residuals, but they do not tell the whole story, since some of
the most influential data points can have small e} (and very small e;).

One overall measure of the impact of the i-th observation on the estimated regression co-
efficients is Cook’s (1977) distance measure D?. Recall, that the confidence region for all k
regression coefficients is (ﬁ — 6)’X’X(§ — B)/ks? ~ F(k,n — k). Cook’s (1977) distance mea-
sure D? uses the same structure for measuring the combined impact of the differences in the
estimated regression coefficients when the i-th observation is deleted:

D}(s) = (B — Bp)) X' X (B = )/ ks (8.24)

Even though D?(s) does not follow the above F-distribution, Cook suggests computing the per-
centile value from this F-distribution and declaring an influential observation if this percentile
value > 50%. In this case, the distance between 3 and By will be large, implying that the i-th
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observation has a substantial influence on the fit of the regression. Cook’s distance measure can
be equivalently computed as:

e ii
D}(s) = kSZQ ((1—hhn)2> (8.25)

D?(s) depends on e; and hy; the larger e; or hy the larger is D?(s). Note the relationship
between Cook’s D?(s) and Belsley, Kuh, and Welsch (1980) DFFITS;(c) in (8.22), i.e.,

DFFITS;(0) = VkD;(0) = (i — «}B) /(o1 haz)

Belsley, Kuh, and Welsch (1980) suggest nominating DFFITS based on s;) exceeding 21/k/n

for special attention. Cook’s 50 percentile recommendation is equivalent to DFFITS > V/k,
which is more conservative, see Velleman and Welsch (1981).

Next, we study the influence of the i-th observation deletion on the covariance matrix of the
regression coefficients. One can compare the two covariance matrices using the ratio of their
determinants:

det(s2, [ X/ Xp]™h) 828 [det[ X Xi] !
OO0 T (O]
COVRATIO; = Qet(XX] 1) 5% det X/ X] T (8.26)
Using the fact that
det[X (X)) = (1 — hii)det[ X' X] (8.27)
see problem &, one obtains
2 k
56) 1 1
COVRATIO; = X = (8.28)
52 1 — hy nek—1 , e2\* h
( n—=k + n—k) (1 - “)

where the last equality follows from (8.18) and the definition of e! in (8.3). Values of COVRA-
TIO not near unity identify possible influential observations and warrant further investigation.
Belsley, Kuh and Welsch (1980) suggest investigating points with | COVRATIO —1| near to or
larger than 3k/n. The COVRATIO depends upon both h;; and e;@. In fact, from (8.28), COV-
RATIO is large when h;; is large and small when e is large. The two factors can offset each
other, that is why it is important to look at h;; and e separately as well as in combination as
in COVRATIO.
Finally, one can look at how the variance of y; changes when an observation is deleted.

var(7;) = s%hi; and var(y(;)) = Var(xgg(i)) = s?i)(hii/(l — hi))
and the ratio is
FVARATIO; = s{;)/s*(1 — hi) (8.29)

This expression is similar to COVRATIO except that [3%1;) /s%] is not raised to the k-th power.
As a diagnostic measure it will exhibit the same patterns of behavior with respect to different
configurations of h;; and the studentized residual as described for COVRATIO.
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Table 8.1 Cigarette Regression

Dependent Variable: LNC
Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Prob>F
Model 2 0.50098 0.25049 9.378 0.0004
Error 43 1.14854 0.02671
C Total 45 1.64953
Root MSE 0.16343 R-square 0.3037
Dep Mean 4.84784 Adj R-sq 0.2713
C.V. 3.37125

Parameter Estimates

Parameter Standard T for HO:
Variable DF Estimate Error Parameter=0 Prob > |T|
INTERCEP 1 4.299662 0.90892571 4.730 0.0001
LNP 1 —1.338335 0.32460147 -4.123 0.0002
LNY 1 0.172386 0.19675440 0.876 0.3858

Example 1: For the cigarette data given in Table 3.2, Table 8.1 gives the SAS least squares
regression for logC' on logP and logY'.

logC' = 4.30 — 1.34 logP + 0.172 logY + residuals
(0.909) (0.325) (0.197)

The standard error of the regression is s = 0.16343 and R? = 0.271. Table 8.2 gives the data
along with the predicted values of logC, the least squares residuals e, the internal studentized
residuals € given in (8.1), the externally studentized residuals e* given in (8.3), the Cook statis-
tic given in (8.25), the leverage of each observation h, the DFFITS given in (8.22) and the
COVRATIO given in (8.28).

Using the leverage column, one can identify four potential observations with high leverage, i.e.,
greater than 2h = 2k/n = 6/46 = 0.13043. These are the observations belonging to the following
states: Connecticut (CT), Kentucky (KY), New Hampshire (NH) and New Jersey (NJ) with
leverage 0.13535,0.19775,0.13081 and 0.13945, respectively. Note that the corresponding OLS
residuals are —0.078,0.234,0.160 and —0.059, which are not necessarily large. The internally
studentized residuals are computed using equation (8.1). For KY this gives

oo eky 0.23428
Y = /T —hry  0.16343v1 - 0.19775

From Table 8.2, two observations with a high internally studentized residuals are those belonging
to Arkansas (AR) and Utah (UT) with values of 2.102 and —2.679 respectively, both larger than
2 in absolute value.

The externally studentized residuals are computed from (8.3). For KY, we first compute
S%Ky), the MSE from the regression computed without the KY observation. From (8.2), this is

= 1.6005
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given by
o2 _ (n —k)s* — ey /(1 — hy)
(KY) (n—k—1)
_ 2 _ 2/(1 _
_ (46 — 3)(0.16343)° — (0.23428)“/(1 — 0.19775) 0095716
(46 —3—1)

From (8.3) we get

" eKY 0.23428
(&4 = = =
EY) ™ skyyvI — hiy  0.16036y/1 — 0.19775

This externally studentized residual is distributed as a t-statistic with 42 degrees of freedom.
However, ey does not exceed 2 in absolute value. Again, €%, and ef;; are 2.193 and —2.901
both larger than 2 in absolute value. From (8.13), the change in the regression coefficients due
to the omission of the KY observation is given by

1.6311

~ o~

B—Bxy) = (X'X) agyexy /(1 = hiy)

Using the fact that

30.929816904  4.8110214655 —6.679318415
(X'X)71 = | 4.81102114655 3.9447686638 —1.177208398
—6.679318415 —1.177208398 1.4493372835

and 2y = (1, —0.03260, 4.64937) with exy = 0.23428 and hxy = 0.19775 one gets

(B — Bxyy) = (~0.082249, —0.230954,0.028492)

In order to assess whether this change is large or small, we compute DFBETAS given in (8.19).
For the KY observation, these are given by

By — By (kv 0082449

DFBETAS iy, = _ _
o (x/x)L  0.16036v/30.9298169

—0.09222

S(KY)

Similarly, DFBETAS ky,2 = —0.7251 and DFBETAS iy,3 = 0.14758. These are not larger than 2
in absolute value. However, DFBETAS iy o is larger than 2/,/n = 2/1/46 = 0.2949 in absolute
value. This is the size-adjusted cutoff recommended by Belsley, Kuh and Welsch (1980) for
large n.

The change in the fit due to the omission of the KY observation is given by (8.21). In fact,

DFFIT gy = Jry — Y(ky) = Txy 16— B(KY)]

= (1,—0.03260,4.64937) [ —0.082249 '} — 0.05775
—0.230954
—0.028492
or simply
h 0.19775)(0.23428
DFFIT ¢y — JEYery | I ) _ 0.05775

(1—hgy)  1-0.19775
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Scaling it by the variance of J(xy) we get from (8.22)

hiy )1/2 . ( 0.19775

1/2
= (—2 ) (1.6311) = 0.8098
Ky =\ 1 —0.19775> ( )

DFFITSKy:<1 5
— IUKY

This is not larger than 2 in absolute value, but it is larger than the size-adjusted cutoff of
2y/k/n =2,/3/46 = 0.511. Note also that both DFFITS sr = 0.667 and DFFITSyr = —0.888
are larger than 0.511 in absolute value.

Cook’s distance measure is given in (8.25) and for KY can be computed as

e? hiy (0.23428)2 0.19775
D2 _ Sry - = 0.21046
kv($) =55 ((1 — hKY)2> <3(0.16343)2> <(1 — 0.19775)2>
The other two large Cook’s distance measures are DR%R(S) = 0.13623 and D%]T(s) = 0.22399,
respectively. COVRATIO omitting the KY observation can be computed from (8.28) as

52 k 1 3
(KY) 0.025716 1
COVRATIO ¢y = = =1.1125
Ky < 52 ) 1— hry <(0.16343)2 (1 —0.019775)

which means that COVRATIOky — 1/ = 0.1125 is less than 3k/n = 9/46 = 0.1956.
Finally, FVARATIO omitting the KY observation can be computed from (8.29) as

82
(KY) 0.025716
FVARATIOcy = = = 1.2001
KY = (1 —hgy)  (0.16343)2(1 — 0.19775)

By several diagnostic measures, AR, KY and UT are influential observations that deserve special
attention. The first two states are characterized with large sales of cigarettes. KY is a producer
state with a very low price on cigarettes, while UT is a low consumption state due to its high
percentage of Mormon population (a religion that forbids smoking). Table 8.3 gives the predicted
consumption along with the 95% confidence band, the OLS residuals, and the internalized
student residuals, Cook’s D-statistic and a plot of these residuals. This last plot highlights the
fact that AR, UT and KY have large studentized residuals.

8.2 Recursive Residuals

In Section 8.1, we showed that the least squares residuals are heteroskedastic with non-zero co-
variances, even when the true disturbances have a scalar covariance matrix. This section studies
recursive residuals which are a set of linear unbiased residuals with a scalar covariance matrix.
They are independent and identically distributed when the true disturbances themselves are
independent and identically distributed.? These residuals are natural in time-series regressions
and can be constructed as follows:

1. Choose the first ¢ > k observations and compute 3, = (X/X;)"1X/Y; where X; denotes
the t x k matrix of ¢ observations on k variables and Y,/ = (y1,...,y:). The recursive
residuals are basically standardized one-step ahead forecast residuals:

Wit = (g1 — 241 B )1+ Ty (XX w0 (8.30)
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Table 8.2 Diagnostic Statistics for the Cigarettes Example

OBS STATE LNC LNP LNY PREDICTED e é e* Cook’s D Leverage DFFITS COVRATIO
1 AL 4.96213 0.20487  4.64039 4.8254 0.1367 0.857 0.8546 0.012 0.0480 0.1919 1.0704
2 AZ 4.66312 0.16640  4.68389 4.8844  -0.2213 -1.376  —-1.3906 0.021 0.0315 —0.2508 0.9681
3 AR 5.10709 0.23406  4.59435 4.7784 0.3287 2.102 2.1932 0.136 0.0847 0.6670 0.8469
4 CA 4.50449 0.36399  4.88147 4.6540  -0.1495 -0.963  -0.9623 0.033 0.0975 -0.3164 1.1138
5 CcT 4.66983 0.32149  5.09472 4.7477 0.0778 0.512 0.5077 0.014 0.1354 0.2009 1.2186
6 DE 5.04705 0.21929  4.87087 4.8458 0.2012 1.252 1.2602 0.018 0.0326 0.2313 0.9924
7 DC 4.65637 0.28946  5.05960 4.7845  -0.1281 -0.831  -0.8280 0.029 0.1104 -0.2917 1.1491
8 FL 4.80081 0.28733  4.81155 4.7446 0.0562 0.352 0.3482 0.002 0.0431 0.0739 1.1118
9 GA 4.97974 0.12826  4.73299 4.9439 0.0358 0.224 0.2213 0.001 0.0402 0.0453 1.1142

10 ID 4.74902 0.17541  4.64307 4.8653  -0.1163  -0.727  -0.7226 0.008 0.0413 ~0.1500 1.0787
11 IL 4.81445 0.24806  4.90387 4.8130 0.0014 0.009 0.0087 0.000 0.0399 0.0018 1.1178
12 IN 5.11129 0.08992  4.72916 4.9946 0.1167 0.739 0.7347 0.013 0.0650 0.1936 1.1046
13 IA 4.80857 0.24081  4.74211 4.7949 0.0137 0.085 0.0843 0.000 0.0310 0.0151 1.1070
14 KS 4.79263 0.21642  4.79613 4.8368 0.0442 0.273 0.2704 0.001 0.0223 0.0408 1.0919
15 KY 5.37906  -0.03260  4.64937 5.1448 0.2343 1.600 1.6311 0.210 0.1977 0.8098 1.1126
16 LA 4.98602 0.23856  4.61461 4.7759 0.2101 1.338 1.3504 0.049 0.0761 0.3875 1.0224
17 ME 4.98722 0.29106  4.75501 4.7298 0.2574 1.620 1.6527 0.051 0.0553 0.4000 0.9403
18 MD 4.77751 0.12575  4.94692 4.9841  -0.2066  -1.349 -1.3624 0.084 0.1216 -0.5070 1.0731
19 MA 4.73877 0.22613  4.99998 4.8590 0.1202 0.769 0.7653 0.018 0.0856 0.2341 1.1258
20 MI 4.94744 0.23067  4.80620 4.8195 0.1280 0.792 0.7890 0.005 0.0238 0.1232 1.0518
21 MN 4.69589 0.34297  4.81207 4.6702 0.0257 0.165 0.1627 0.001 0.0864 0.0500 1.1724
22 MS 4.93990 0.13638  4.52938 4.8979 0.0420 0.269 0.2660 0.002 0.0883 0.0828 1.1712
23 MO 5.06430 0.08731  4.78189 5.0071 0.0572 0.364 0.3607 0.004 0.0787 0.1054 1.1541
24 MT 4.73313 0.15303  4.70417 4.9058  -0.1727  -1.073  -1.0753 0.012 0.0312 -0.1928 1.0210
25 NE 4.77558 0.18907  4.79671 4.8735 0.0979 0.607 0.6021 0.003 0.0243 0.0950 1.0719
26 NV 4.96642 0.32304  4.83816 4.7014 0.2651 1.677 1.7143 0.065 0.0646 0.4504 0.9366
27 NH 5.10990 0.15852  5.00319 4.9500 0.1599 1.050 1.0508 0.055 0.1308 0.4076 1.1422
28 NJ 4.70633 0.30901  5.10268 4.7657  -0.0594  -0.392  -0.3879 0.008 0.1394 —0.1562 1.2337
29 NM 4.58107 0.16458  4.58202 4.8693  -0.2882  -1.823  -1.8752 0.076 0.0639 -0.4901 0.9007
30 NY 4.66496 0.34701  4.96075 4.6904 0.0254 0.163 0.1613 0.001 0.0888 0.0503 1.1755
31 ND 4.58237 0.18197  4.69163 4.8649  -0.2825 -1.755  —-1.7999 0.031 0.0295 —0.3136 0.8848
32 OH 4.97952 0.12889  4.75875 4.9475 0.0320 0.200 0.1979 0.001 0.0423 0.0416 1.1174
33 OK 4.72720 0.19554  4.62730 4.8356 0.1084 0.681 0.6766 0.008 0.0505 0.1560 1.0940
34 PA 4.80363 0.22784  4.83516 4.8282 -0.0246  —-0.153  -0.1509 0.000 0.0257 —0.0245 1.0997
35 RI 4.84693 0.30324  4.84670 4.7293 0.1176 0.738 0.7344 0.010 0.0504 0.1692 1.0876
36 SC 5.07801 0.07944  4.62549 4.9907 0.0873 0.555 0.5501 0.008 0.0725 0.1538 1.1324
37 SD 4.81545 0.13139  4.67747 4.9301  -0.1147  -0.716  -0.7122 0.007 0.0402 ~0.1458 1.0786
38 TN 5.04939 0.15547  4.72525 4.9062 0.1432 0.890 0.8874 0.008 0.0294 0.1543 1.0457
39 X 4.65398 0.28196  4.73437 4.7384  -0.0845 -0.532  -0.5271 0.005 0.0546 -0.1267 1.1129
40 uT 4.40859 0.19260  4.55586 4.8273  -0.4187 -2.679  -2.9008 0.224 0.0856 -0.8876 0.6786
41 vT 5.08799 0.18018  4.77578 4.8818 0.2062 1.277 1.2869 0.014 0.0243 0.2031 0.9794
42 VA 4.93065 0.11818  4.85490 4.9784  -0.0478  -0.304  -0.3010 0.003 0.0773 —-0.0871 1.1556
43 WA 4.66134 0.35053  4.85645 4.6677  -0.0064 -0.041  -0.0404 0.000 0.0866 -0.0124 1.1747
44 WV 4.82454 0.12008  4.56859 4.9265 0.1020 0.647 0.6429 0.011 0.0709 0.1777 1.1216
45 WI 4.83026 0.22954  4.75826 4.8127 0.0175 0.109 0.1075 0.000 0.0254 0.0174 1.1002

46 WY 5.00087 0.10029  4.71169 4.9777 0.0232 0.146 0.1444 0.000 0.0555 0.0350 1.1345
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2. Add the (¢t + 1)-th observation to the data and obtain Bt+1 = (X[ 1 X)X Vi,
Compute wy2.

3. Repeat step 2, adding one observation at a time. In time-series regressions, one usually
starts with the first k-observations and obtain (7" — k) forward recursive residuals. These
recursive residuals can be computed using the updating formula given in (8.11) with
A= (X{X;) and a = —b = 2} ;. Therefore,

(X{ 1 Xe1) ™! = (X(X) T = (X{ X)) way (X(X) ™/ [T4a, o (X(X) " aga] (8.31)
and only (X/X;)~! have to be computed. Also,

5t+1 =+ (XéXt)_lxtH(ytH - x;+1/6t)/ft+1 (8.32)

where fii1 =1+ a:QH(X{Xt)*lxtH, see problem 13.

Alternatively, one can compute these residuals by regressing Y;+q on X;y1 and dyy1 where
di+1 = 1 for the (¢ + 1)-th observation, and zero otherwise, see equation (8.5). The estimated
coefficient of dyy; is the numerator of w;;1. The standard error of this estimate is sy41 times
the denominator of wy; 1, where s;y1 is the standard error of this regression. Hence, w1 can
be retrieved as s;y1 multiplied by the t-statistic corresponding to diyi. This computation has
to be performed sequentially, in each case generating the corresponding recursive residual. This
may be computationally inefficient, but it is simple to generate using regression packages.

It is obvious from (8.30) that if u; ~ IIN(0, 02), then w1 has zero mean and var(w;11) = o>.
Furthermore, w41 is linear in the y’s. Therefore, it is normally distributed. It remains to show
that the recursive residuals are independent. Given normality, it is sufficient to show that

cov(wit1,wst1) =0 for t#£s;t,s=k,..., T —1 (8.33)

This is left as an exercise for the reader, see problem 13.
Alternatively, one can express the T' — k vector of recursive residuals as w = Cy where C is
of dimension (T' — k) x T as follows:

AR AREY | 0.0
N T
C = _IQ(XﬁlXt—l)AXéA 1 8.34
. = 0....0 (8.34)
alp (X Xr—1) ' X5y 1
L VT Vir J

Problem 14 asks the reader to verify that w = C'y, using (8.30). Also, that the matrix C' satisfies
the following properties:

(i)CX =0  (ii) CC' = Iy, (iii) C'C = Py (8.35)
This means that the recursive residuals w are (LUS) linear in y, unbiased with mean zero and

have a scalar variance-covariance matrix: var(w) = CE(uu')C" = o?Ip_}. Property (iii) also



8.2 Recursive Residuals 191

means that w'w = y'C'Cy = y Pxy = €’e. This means that the sum of squares of (T — k)
recursive residuals is equal to the sum of squares of T least squares residuals. One can also show
from (8.32) that

RSSi41=RSS; +wi, for t=k,...,T—1 (8.36)

where RSS; = (V2 Xtﬂt) (Yz Xtﬂt) see problem 14. Note that for ¢ = k; RSS = 0, since

with k observations one gets a perfect fit and zero residuals. Therefore

RSS5r = Z?:k+1 w? = Zthl e (8.37)

Applications of Recursive Residuals

Recursive residuals have been used in several important applications:

(1) Harvey (1976) used these recursive residuals to give an alternative proof of the fact that
Chow'’s post-sample predictive test has an F-distribution. Recall, from Chapter 7, that when
the second sample no had fewer than k observations, Chow’s test becomes

(e — €ler)/na

F = m ~ F(ng,nl — k‘) (8.38)

where e’'e = RSS from the total sample (n; + ng = T observations), and ¢je; = RSS from the
first n1 observations. Recursive residuals can be computed for t = k4 1,...,n1, and continued
on for the extra ny observations. From (8.36) we have

de=>10 0w and  eer =Y, w) (8.39)
Therefore,
ni+nz
w; /n
F = Zt =n1+1 t/ 2 (840)

>t k+1 w/(n1 — k)

But the wy’s are ~IIN(0, 0?) under the null, therefore the F-statistic in (8.38) is a ratio of two
independent chi-squared variables, each divided by the appropriate degrees of freedom. Hence,
F ~ F(n2,n1 — k) under the null, see Chapter 2.

(2) Harvey and Phillips (1974) used recursive residuals to test the null hypothesis of
homoskedasticity. If the alternative hypothesis is that o’l2 varies with X, the proposed test is
as follows:

1) Order the data according to X; and choose a base of at least k observations from among
the central observations.

2) From the first m observations compute the vector of recursive residuals w; using the base
constructed in step 1. Also, compute the vector of recursive residuals ws from the last m
observations. The maximum m can be is (T' — k) /2.
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3) Under the null hypothesis, it follows that
F = whws /wijwy ~ Fpym (8.41)

Harvey and Phillips suggest setting m at approximately (n/3) provided n > 3k. This test
has the advantage over the Goldfeld-Quandt test in that if one wanted to test whether
o? varies with some other variable X, one could simply regroup the existing recursive
residuals according to low and high values of X and compute (8.41) afresh, whereas the
Goldfeld-Quandt test would require the computation of two new regressions.

(8) Phillips and Harvey (1974) suggest using the recursive residuals to test the null hy-
pothesis of no serial correlation using a modified von Neuman ratio:

S oW —we1)? /(T —k — 1)
E?:kﬂ w?/(T — k)

This is the ratio of the mean-square successive difference to the variance. It is arithmetically
closely related to the DW statistic, but given that w ~ N(0,02I7_;) one has an exact test
available and no inconclusive regions. Phillips and Harvey (1974) provide tabulations of the
significance points. If the sample size is large, a satisfactory approximation is obtained from a
normal distribution with mean 2 and variance 4/(T — k).

MVNR =

(8.42)

(4) Harvey and Collier (1977) suggest a test for functional misspecification based on
recursive residuals. This is based on the fact that w ~ N(0,02Ir_;). Therefore,

U_J/(Sw/\/ T— k) ~Tir_k—1 (8.43)

where w = ZtT:k_H wy/(T — k) and s2, = ZtT:k_H(wt —w)?/(T — k — 1). Suppose that the true
functional form relating y to a single explanatory variable X is concave (convex) and the data
are ordered by X. A simple linear regression is estimated by regressing y on X. The recursive
residuals would be expected to be mainly negative (positive) and the computed t-statistic will be
large in absolute value. When there are multiple X’s, one could carry out this test based on any
single explanatory variable. Since several specification errors might have a self-cancelling effect
on the recursive residuals, this test is not likely to be very effective in multivariate situations.
Wu (1993) suggested performing this test using the following augmented regression:

y=XB+zy+v (8.44)

where z = C’vp_j is one additional regressor with C' defined in (8.34) and tp_j denoting a
vector of ones of dimension 7' — k. In fact, the F-statistic for testing Hy; v = 0 turns out to be
the square of the Harvey and Collier (1977) t-statistic given in (8.43), see problem 15.

Alternatively, a Sign test may be used to test the null hypothesis of no functional misspecifi-
cation. Under the null hypothesis, the expected number of positive recursive residuals is equal
to (T — k)/2. A critical region may therefore be constructed from the binomial distribution.
However, Harvey and Collier (1977) suggest that the Sign test tends to lack power compared
with the t-test described in (8.43). Nevertheless, it is very simple and it may be more robust to
non-normality.
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(5) Brown, Durbin and Evans (1975) used recursive residuals to test for structural change
over time. The null hypothesis is

Ho;{ I S S (8.45)

where 3, is the vector of coefficients in period ¢ and o? is the disturbance variance for that
period. The authors suggest a pair of tests. The first is the CUSUM test which computes

Wr=> 1 piwi/sw forr=k+1,....T (8.46)

where s2, is an estimate of the variance of the w;’s, given below (8.43). W, is a cumulative sum

and should be plotted against r. Under the null, E(W,) = 0. But, if there is a structural break,
W, will tend to diverge from the horizontal line. The authors suggest checking whether W,
cross a pair of straight lines (see Figure 8.1) which pass through the points {k, tavT — k}and
{T, +3avT — k‘} where a depends upon the chosen significance level a. For example, a =
0.850,0.948, and 1.143 for a = 10%, 5%, and 1% levels, respectively.

If the coefficients are not constant, there may be a tendency for a disproportionate number
of recursive residuals to have the same sign and to push W, across the boundary. The second
test is the cumulative sum of squares (CUSUMSQ) which is based on plotting

Wy =3 wi) S wi fort=k+1,...,T (8.47)

against r. Under the null, E(W}) = (r — k)/(T — k) which varies from 0 for r = k to 1
for r = T'. The significance of the departure of W from its expected value is assessed by
whether W)* crosses a pair of lines parallel to E(W;") at a distance ¢, above and below this line.
Brown, Durbin and Evans (1975) provide values of ¢y for various sample sizes T' and levels of
significance a.

The CUSUM and CUSUMSQ should be regarded as data analytic techniques; i.e., the value of
the plots lie in the information to be gained simply by inspecting them. The plots contain more
information than can be summarized in a single test statistic. The significance lines constructed
are, to paraphrase the authors, best regarded as ‘yardsticks’ against which to assess the observed
plots rather than as formal tests of significance. See Brown et al. (1975) for various examples.
Note that the CUSUM and CUSUMSQ are quite general tests for structural change in that
they do not require a prior determination of where the structural break takes place. If this is
known, the Chow-test will be more powerful. But, if this break is not known, the CUSUM and
CUSUMSQ are more appropriate.

Example 2: Table 8.5 reproduces the consumption-income data, over the period 1959-2007,
taken from the Economic Report of the President. In addition, the recursive residuals are
computed as in (8.30) and exhibited in column 5, starting with 1961 and ending in 2007. The
CUSUM given by W, in (8.46) is plotted against r in Figure 8.2. The CUSUM crosses the
upper 5% line in 1998, showing structural instability in the latter years. This was done using
EViews 6.

The post-sample predictive test for 1998, can be obtained from (8.38) by computing the RSS
from 1950-1997 and comparing it with the RSS from 1950-2007. The observed F-statistic is
5.748 which is distributed as F'(10,37). Using EViews, one clicks on stability diagnostics and
then selects Chow forecast test. You will be prompted to enter the break point period which
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w,
A
20T~k
0
k t n
—aT-k
—3avT -k
A 4
Figure 8.1 CUSUM Critical Values
Table 8.4 Chow Forecast Test
Specification: CONSUM C Y
Test predictions for observations from 1998 to 2007
Value df Probability
F-statistic 5.747855 (10,37) 0.0000
Likelihood ratio 45.93529 10 0.0000
F-test summary:
Sum of Sq. df Mean Squares
Test SSR 5476210. 10 547621.0
Restricted SSR 9001348. 47 191518.0
Unrestricted SSR 3525138. 37 95273.99
LR test summary:
Value df
Restricted LogL -366.4941 47
Unrestricted LogL —343.5264 37

in this case is 1998. EViews gives the back up regression which is not shown here, and also
performs a likelihood ratio test, see Table 8.4.

The reader can verify that the same F-statistic can be obtained from (8.40) using the recursive
residuals in Table 8.5. In fact,

F o= (0700 w2 /10) /(312061 w?/37) = 5.748
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Table 8.5 Recursive Residuals for the Consumption Regression
Year CONSUM Income RESID Recursive RES
1959 8776 9685 635.4909 NA
1960 8837 9735 647.5295 NA
1961 8873 9901 520.9776 -30.06109
1962 9170 10227 498.7493 53.63333
1963 9412 10455 517.4853 57.07454
1964 9839 11061 351.0732 —14.42043
1965 10331 11594 321.1447 40.23840
1966 10793 12065 321.9283 72.59054
1967 10994 12457 139.0709 -58.72718
1968 11510 12892 229.1068 88.63871
1969 11820 13163 273.7360 125.0883
1970 11955 13563 17.04481 —88.54736
1971 12256 14001 —110.8570 —123.0740
1972 12868 14512 0.757470 68.23355
1973 13371 15345 —311.9394 -118.2972
1974 13148 15094 -289.1532 —~100.8288
1975 13320 15291 -310.0611 —72.86693
1976 13919 15738 —148.7760 148.9270
1977 14364 16128 —85.67493 231.2810
1978 14837 16704 -176.7102 178.9840
1979 15030 16931 -205.9950 147.8067
1980 14816 16940 —~428.8080 -80.37207
1981 14879 17217 —637.0542 —229.1660
1982 14944 17418 —768.8790 —296.0910
1983 15656 17828 —458.3625 86.49899
1984 16343 19011 -929.7892 —205.6594
1985 17040 19476 —688.1302 111.3357
1986 17570 19906 ~579.1982 251.5306
1987 17994 20072 -317.7500 479.8759
1988 18554 20740 —411.8743 405.8181
1989 18898 21120 —439.9809 366.8060
1990 19067 21281 -428.6367 347.8156
1991 18848 21109 -479.2094 243.0261
1992 19208 21548 -549.0905 195.0177
1993 19593 21493 —-110.2330 588.3097
1994 20082 21812 66.39330 731.2551
1995 20382 22153 32.47656 660.7508
1996 20835 22546 100.6400 696.2055
1997 21365 23065 122.4207 689.6197
1998 22183 24131 -103.4364 474.3981
1999 23050 24564 339.5579 870.8977
2000 23862 25472 262.4189 751.2861
2001 24215 25697 395.0926 808.6041
2002 24632 26238 282.3303 639.0555
2003 25073 26566 402.1435 700.0686
2004 25750 27274 385.8501 633.1310
2005 26290 27403 799.5297 970.8717
2006 26835 28098 663.9663 760.6385
2007 27319 28614 642.6847 673.7335
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Figure 8.2 CUSUM Plot of the Consumption Regression

8.3 Specification Tests

Specification tests are an important part of model specification in econometrics. In this section,
we only study a few of these diagnostic tests. For an excellent summary on this topic, see
Wooldridge (2001).

(1) Ramsey’s (1969) RESET (Regression Specification Error Test)

Ramsey suggests testing the specification of the linear regression model v = X8 + u; by
augmenting it with a set of regressors Z; so that the augmented model is

yr = X, B+ Ziy + ue (8.48)

If the Z;’s are available then the specification test would reduce to the F-test for Hy; v = 0.
The crucial issue is the choice of Z; variables. This depends upon the true functional form under
the alternative, which is usually unknown. However, this can be often well approximated by
higher powers of the initial regressors, as in the case where the true form is quadratic or cubic.
Alternatively, one might approximate it with higher moments of g, = X;3,;g. The popular
Ramsey RESET test is carried out as follows:

(1) Regress y; on X; and get ¢;.

(2) Regress y; on Xy, 92, 97 and ¢} and test that the coefficients of all the powers of 7; are
zero. This is an F3 7_j_3 under the null.

Note that g; is not included among the regressors because it would be perfectly multicollinear
with X;.3 Different choices of Z;’s may result in more powerful tests when Hy is not true.
Thursby and Schmidt (1977) carried out an extensive Monte Carlo and concluded that the test
based on Z; = [X?, X}, X}!] seems to be generally the best choice.



8.3  Specification Tests 197

(2) Utts’ (1982) Rainbow Test

The basic idea behind the Rainbow test is that even when the true relationship is nonlinear, a
good linear fit can still be obtained over subsets of the sample. The test therefore rejects the
null hypothesis of linearity whenever the overall fit is markedly inferior to the fit over a properly
selected sub-sample of the data, see Figure 8.3.

)

Figure 8.3 The Rainbow Test

Let €’e be the OLS residuals sum of squares from all available n observations and let €€ be the
OLS residual sum of squares from the middle half of the observations (7°/2). Then

(e'e —€'e)/ (%)
TG

Under Ho; E(e'e/(T—k)) = 0* = E [¢¢/ (3 — k)], while in general under Ha; E(c'e/(T—k)) >
E[e¢e/ (% — k)| > 0% The RRSS is €’e because all the observations are forced to fit the straight
line, whereas the URSS is €’¢ because only a part of the observations are forced to fit a straight
line. The crucial issue of the Rainbow test is the proper choice of the subsample (the middle T'/2
observations in case of one regressor). This affects the power of the test and not the distribution
of the test statistic under the null. Utts (1982) recommends points close to X, since an incorrect
linear fit will in general not be as far off there as it is in the outer region. Closeness to X is
measured by the magnitude of the corresponding diagonal elements of Px. Close points are
those with low leverage h;;, see section 8.1. The optimal size of the subset depends upon the
alternative. Utts recommends about 1/2 of the data points in order to obtain some robustness
to outliers. The F-test in (8.49) looks like a Chow test, but differs in the selection of the
sub-sample. For example, using the post-sample predictive Chow test, the data are arranged
according to time and the first T observations are selected. The Rainbow test arranges the data
according to their distance from X and selects the first T/2 of them.

F=

is distributed as Fr (Z-k) under Hy (8.49)
2 b

2

(3) Plosser, Schwert and White (1982) (PSW) Differencing Test

The differencing test is a general test for misspecification (like Hausman’s (1978) test, which
will be introduced in the simultaneous equation chapter) but for time-series data only. This test
compares OLS and First Difference (FD) estimates of . Let the differenced model be
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y=XB+1u (8.50)

where §y = Dy, X = DX and @ = Du where

1 -1 0 0 0 0
0 1 -1 0 0 O

D=0 0 1 -1 0 0 is the familiar (7" — 1) x T differencing matrix.
o 0 o0 o0 ... 1 -1

Wherever there is a constant in the regression, the first column of X becomes zero and is
dropped. From (8.50), the FD estimator is given by

Brp = (X' X)Xy (8.51)

with var(Bpp) = 02(X'X) "1 X' DD’ X (X' X)~* since var(i) = 02(DD)’ and

2 -1 0 0 O

-1 2 -1 0 O
DD = :

0 0 O 2 -1

0O 0 0 -1 2

The differencing test is based on

G=0pp —Bors with V(@) = o*[V(Brp) — V(Bors)] (8.52)

A consistent estimate of V(q) is

- —1 - v - —1 , 1
73 =3 (XTX> (X DTD X) (XTX> - <XTX> (5.53)

2

where 6~ is a consistent estimate of o2. Therefore,

A =TG V(@] "G~ x} under Hy (8.54)

where k is the number of slope parameters if V(g) is nonsingular. V(g) could be singular, in
which case we use a generalized inverse V= (q) of V() and in this case is distributed as 2
with degrees of freedom equal to the rank(f/(fj)). This is a special case of the general Hausman
(1978) test which will be studied extensively in Chapter 11.

Davidson, Godfrey, and MacKinnon (1985) show that, like the Hausman test, the PSW test
is equivalent to a much simpler omitted variables test, the omitted variables being the sum of
the lagged and one-period ahead values of the regressors.

Thus if the regression equation we are considering is

Yr = Brw1z + Bowar + w (8.55)

the PSW test involves estimating the expanded regression equation

Yt = Bz + Bomar + V121 + voza + W (8.56)
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where 214 = 21441 + 2141 and 2z = w241 + 241 and testing the hypothesis v, = v, = 0 by
the usual F-test.

If there are lagged dependent variables in the equation, the test needs a minor modification.
Suppose that the model is

Yt = Bryi—1 + Bome + wy (8.57)

Now the omitted variables would be defined as z1; = y¢ +y;—2 and 29y = x4y1 +x¢—1. There is no
problem with z9; but z1; would be correlated with the error term u; because of the presence of
y; in it. The solution would be simply to transfer it to the left hand side and write the expanded
regression equation in (8.56) as

(L =)y = Brye—1 + Baxe + V1Yi—2 + Vo222t + we (8.58)
This equation can be written as
Yyt = Biye—1 + Boxe + V-2 + Y22t + vy (8.59)

where all the starred parameters are the corresponding unstarred ones divided by (1 — ;).

The PSW now tests the hypothesis 4] = 75 = 0. Thus, in the case where the model involves
the lagged dependent variable ;1 as an explanatory variable, the only modification needed
is that we should use y;—2 as the omitted variable, not (y; + y;—2). Note that it is only y;—;
that creates a problem, not higher-order lags of v, like 4;_o,1;—3, and so on. For g;_o, the
corresponding z; will be obtained by adding %;—1 to y;—3. This 2; is not correlated with u; as
long as the disturbances are not serially correlated.

(4) Tests for Non-nested Hypothesis

Consider the following two competing non-nested models:
Hyy=X16+e (8.60)
Hy; y = X9y + €2 (8.61)
These are non-nested because the explanatory variables under one model are not a subset of
the other model even though X; and X9 may share some common variables. In order to test H;
versus Ha, Cox (1961) modified the LR-test to allow for the non-nested case. The idea behind
Cox’s approach is to consider to what extent Model I under Hi, is capable of predicting the

performance of Model II, under Ho.
Alternatively, one can artificially nest the 2 models

Hz;y= X108, + X355 + €3 (8.62)

where X; excludes from X9 the common variables with X;. A test for H; is simply the F-test
for Hy; 55 = 0.

Criticism: This tests Hy versus Hs which is a (Hybrid) of H; and Hy and not H; versus Hs.
Davidson and MacKinnon (1981) proposed (testing v = 0) in the linear combination of H and Hs:

y=(1-0a)X16; +aXsfy +¢ (8.63)

where « is an unknown scalar. Since « is not identified, we replace 3, by EQ’O s = (X5Xo/T)~!
(X%y/T) the regression coefficient estimate obtained from running y on X3 under Ha, i.e., (1)
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Run y on Xy get 92 = X2BQ,OLS§ (2) Run y on X; and ¥ and test that the coefficient of ¥ is
zero. This is known as the J-test and this is asymptotically N(0,1) under Hj.
Fisher and McAleer (1981) suggested a modification of the J-test known as the JA test.

Under Hy;plimfy = plim (X35 Xo/T) 'plim(X5X, /T) 5, + 0 (8.64)

Therefore, they propose replacing 3, by By = (XéXg)*l(XéXl)BLOLS where BLOLS = (X7 X))t
X{y. The steps for the JA-test are as follows:

1. Run y on X get 41 = X16; ors-
2. Run 71 on Xo get 7o = Xo(X5Xo) X7

3. Run y on X and g9 and test that the coefficient of 75 is zero. This is the simple t-statistic
on the coefficient of 75. The J and JA tests are asymptotically equivalent.

Criticism: Note the asymmetry of H; and Hs. Therefore one should reverse the role of these
hypotheses and test again.

In this case one can get the four scenarios depicted in Table 8.6. In case both hypotheses are
not rejected, the data are not rich enough to discriminate between the two hypotheses. In case
both hypotheses are rejected neither model is useful in explaining the variation in y. In case
one hypothesis is rejected while the other is not, one should remember that the non-rejected
hypothesis may still be brought down by another challenger hypothesis.

Small Sample Properties: (i) The J-test tends to reject the null more frequently than it
should. Also, the JA test has relatively low power when K71, the number of parameters in H; is
larger than K5, the number of parameters in Ho. Therefore, one should use the JA test when
K is about the same size as Kb, i.e., the same number of non-overlapping variables. (ii) If both
H, and Hs are false, these tests are inferior to the standard diagnostic tests. In practice, use
higher significance levels for the J-test, and supplement it with the artificially nested F-test
and standard diagnostic tests.

Table 8.6 Non-nested Hypothesis Testing

a=20

Not Rejected Rejected

Both Hy and Hs | H; rejected

=1 | Not Rejected .
@ ) are not rejected | Hs not rejected

H not rejected Both H; and H

Rejected . .
aecte Hj rejected are rejected

Note: J and JA tests are one degree of freedom tests, whereas the artificially nested F-test is
not.

For a recent summary of non-nested hypothesis testing, see Pesaran and Weeks (2001). Exam-
ples of non-nested hypothesis encountered in empirical economic research include linear versus
log-linear models, see section 8.5. Also, logit versus probit models in discrete choice, see Chap-
ter 13 and exponential versus Weibull distributions in the analysis of duration data. In the
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logit versus probit specification, the set of regressors is most likely to be the same. It is only
the form of the distribution functions that separate the two models. Pesaran and Weeks (2001,
p. 287) emphasize the differences between hypothesis testing and model selection:

The model selection process treats all models under consideration symmetrically,
while hypothesis testing attributes a different status to the null and to the alternative
hypotheses and by design treats the models asymmetrically. Model selection always
ends in a definite outcome, namely one of the models under consideration is selected
for use in decision making. Hypothesis testing on the other hand asks whether there
is any statistically significant evidence (in the Neyman-Pearson sense) of departure
from the null hypothesis in the direction of one or more alternative hypotheses.
Rejection of the null hypothesis does not necessarily imply acceptance of any one of
the alternative hypotheses; it only warns the investigator of possible shortcomings of
the null that is being advocated. Hypothesis testing does not seek a definite outcome
and if carried out with due care need not lead to a favorite model. For example, in the
case of nonnested hypothesis testing it is possible for all models under consideration
to be rejected, or all models to be deemed as observationally equivalent.

They conclude that the choice between hypothesis testing and model selection depends on the
primary objective of one’s study. Model selection may be more appropriate when the objective
is decision making, while hypothesis testing is better suited to inferential problems.

A model may be empirically adequate for a particular purpose, but of little relevance
for another use... In the real world where the truth is elusive and unknowable both
approaches to model evaluation are worth pursuing.

(5) White’s (1982) Information-Matrix (IM) Test

This is a general specification test much like the Hausman (1978) specification test which will
be considered in details in Chapter 11. The latter is based on two different estimates of the
regression coefficients, while the former is based on two different estimates of the Information
Matrix I(f) where ' = (3',0?) in the case of the linear regression studied in Chapter 7. The
first estimate of I(f) evaluates the expectation of the second derivatives of the log-likelihood
at the MLE, i.e., —E(8%logL/0000') at 0,,,. while the second sum up the outer products of
the score vectors >, (0logL;(0)/00)(0logLi(0)/00) evaluated at @,,;.. This is based on the
fundamental identity that

1(0) = —E(8logL/0000") = E(dlogL/d8)(dlogL/08)’

If the model estimated by MLE is not correctly specified, this equality will not hold. From Chap-
ter 7, equation (7.19), we know that for the linear regression model with normal disturbances,

o~

the first estimate of I(#) denoted by I(0,,) is given by

X'X/5° 0

. /25 (8.65)

L(Oare) =

where 62 = ¢’e/n is the MLE of o2 and e denotes the OLS residuals.
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Similarly, one can show that the second estimate of I(f) denoted by I3(6) is given by

L) = Y, (alogaf;i(e)> <8logalg(9)>’

— n ot 204 200

Dim1 wr,  udr! 1 u? ul (8.66)

204 206 40t 200 408

where x; is the i-th row of X. Substituting the MLE we get

iy € i) >y €T
~ ~4 ~6
LOyvrp) = o 20, 8.67
( ) dica e?ZCé o dict ‘3;‘1 ( )
26° 454 46°

where we used the fact that > " | e;z; = 0. If the model is correctly specified and the distur-
bances are normal then

plim Il(/éMLE)/n = plim IQ(/éMLE)/n = I((g)
Therefore, the Information Matrix (IM) test rejects the model when
[L(Orze) — Ii(Onrp)l/n (3.68)

is too large. These are two matrices with (k 4 1) by (k + 1) elements since 3 is k x 1 and o2
is a scalar. However, due to symmetry, this reduces to (k 4+ 2)(k + 1)/2 unique elements. Hall
(1987) noted that the first k(k + 1)/2 unique elements obtained from the first k x k block of
(8.68) have a typical element 37 | (e? — 62)x2is/n0" where 7 and s denote the r-th and s-th
explanatory variables with r,s = 1,2,..., k. This term measures the discrepancy between the
OLS estimates of the variance-covariance matrix of BO s and its robust counterpart suggested
by White (1980), see Chapter 5. The next k£ unique elements correspond to the off-diagonal block
S, e3x;/2n5%and this measures the discrepancy between the estimates of the cov(f, 52). The
last element correspond to the difference in the bottom right elements, i.e., the two estimates
of 2. This is given by
ST el 4o

These (k+1)(k+2)/2 unique elements can be arranged in vector form D(f) which has a limiting
normal distribution with zero mean and some covariance matrix V() under the null. One can
show, see Hall (1987) or Kramer and Sonnberger (1986) that if V() is estimated from the
sample moments of these terms, that the IM test statistic is given by

_ H
m =nD'(0)[V(0)] "' D(0) = X{ri1)kra)/2 (8.69)

In fact, Hall (1987) shows that this statistic is the sum of three asymptotically independent
terms

m =mi + mg + ms3 (8.70)

where m; = a particular version of White’s heteroskedasticity test; mo = n times the explained
sum of squares from the regression of €3 on x; divided by 65°%; and
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n

AN 2
=550 (>or, €f/n — 35%)

ms3

which is similar to the Jarque-Bera test for normality of the disturbances given in Chapter 5.

It is clear that the IM test will have power whenever the disturbances are non-normal or
heteroskedastic. However, Davidson and MacKinnon (1992) demonstrated that the IM test
considered above will tend to reject the model when true, much too often, in finite samples. This
problem gets worse as the number of degrees of freedom gets large. In Monte Carlo experiments,
Davidson and MacKinnon (1992) showed that for a linear regression model with ten regressors,
the IM test rejected the null at the 5% level, 99.9% of the time for n = 200. This problem did
not disappear when n increased. In fact, for n = 1000, the IM test still rejected the null 92.7%
of the time at the 5% level.

These results suggest that it may be more useful to run individual tests for non-normality,
heteroskedasticity and other misspecification tests considered above rather than run the IM
test. These tests may be more powerful and more informative than the IM test. Alternative
methods of calculating the IM test with better finite-sample properties are suggested in Orme
(1990), Chesher and Spady (1991) and Davidson and MacKinnon (1992).

Example 3: For the consumption-income data given in Table 5.3, we first compute the RESET
test from the consumption-income regression given in Chapter 5. Using EViews, one clicks on
stability tests and then selects RESET. You will be prompted with the option of the number
of fitted terms to include (i.e., powers of 7). Table 8.7 shows the RESET test including 72 and
7. The F-statistic for their joint-significance is equal to 94.94. This is significant and indicates
misspecification.

Table 8.7 Ramsey RESET Test

F-statistic 94.93796 Prob. F(2,45) 0.00000
Log likelihood ratio 80.96735 Prob. Chi-Square(2) 0.00000

Test Equation:

Dependent Variable: CONSUM
Method: Least Squares
Sample: 1959 2007

Included observations: 49

Variable Coefficient Std. Error t-Statistic Prob.
C 3519.599 1141.261 3.083956 0.0035
Y 0.421587 0.173597 2.428540 0.0192
FITTED"2 1.99E-05 1.09E-05 1.834317 0.0732
FITTED"3 -1.18E-10 2.10E-10 —0.560377 0.5780
R-squared 0.998789 Mean dependent var 16749.10
Adjusted R-squared 0.998708 S.D. dependent var 5447.060
S.E. of regression 195.7648 Akaike info criterion 13.46981
Sum squared resid 1724573. Schwarz criterion 13.62425
Log likelihood -326.0104 Hannan-Quinn criter. 13.52840
F-statistic 12372.26 Durbin-Watson stat 1.001605

Prob(F-statistic) 0.000000
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Table 8.8 Consumption Regression 1971-1995

Dependent Variable: CONSUM
Method: Least Squares
Sample: 1971 1995

Included observations: 25

Variable Coefficient Std. Error t-Statistic Prob.
C -1410.425 371.3812 -3.797783 0.0009
Y 0.963780 0.020036 48.10199 0.0000
R-squared 0.990157 Mean dependent var 16279.48
Adjusted R-squared 0.989730 S.D. dependent var 2553.097
S.E. of regression 258.7391 Akaike info criterion 14.02614
Sum squared resid 1539756. Schwarz criterion 14.12365
Log likelihood ~173.3267 Hannan-Quinn criter. 14.05318
F-statistic 2313.802 Durbin-Watson stat 0.613064
Prob(F-statistic) 0.000000

Next, we compute Utts (1982) Rainbow test. Table 8.8 gives the middle 25 observations of our
data, i.e., 1971-1995, and the EViews 6 regression using this data. The RSS of these middle
observations is given by €¢'¢ = 1539756.14, while the RSS for the entire sample is given by
e’e = 9001347.76 so that the observed F-statistic given in (8.49) can be computed as follows:

- (900134776 — 1539756.14) /25 _
B 1539756.14/23 B

This is distributed as Fbs 23 under the null hypothesis and rejects the hypothesis of linearity.
The PSW differencing test is computed using the artificial regression given in (8.56) with
Zy = Yiy1 + Yi_1. The results are given in Table 8.9 using EViews 6. The t-statistic for Z; is
1.19 and has a p-value of 0.24 which is insignificant.
Now consider the two competing non-nested models:

4.46

Hy; Co =09+ 01V + 321 +wu Hoy Cr =79+ 71Ye + 7201 + vt

The two non-nested models share Y; as a common variable. The artificial model that nests these
two models is given by:

Hsz; Cp =60+ 61Y; + 02Y;—1 + 63C—1 + €&

Table 8.10, runs regression (1) given by Hs and obtains the predicted values GQ(OQHAT).
Regression (2) runs consumption on a constant, income, lagged income and C2HAT. The coef-
ficient of this last variable is 1.18 and is statistically significant with a t-value of 16.99. This is
the Davidson and MacKinnon (1981) J-test. In this case, H; is rejected but Hs is not rejected.
The JA-test, given by Fisher and McAleer (1981) runs the regression in H; and keeps the pre-
dicted values C1(C1HAT). This is done in regression (3). Then C1HAT is run on a constant,
income and lagged consumption and the predicted values are stored as 52(6' 2TILDE). This is
done in regression (5). The last step runs consumption on a constant, income, lagged income
and C2TILDE, see regression (6). The coefficient of this last variable is 97.43 and is statistically
significant with a t-value of 16.99. Again H; is rejected but Hs is not rejected.
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Table 8.9 Artificial Regression to compute the PSW Differencing Test

Dependent Variable: CONSUM

Method: Least Squares

Sample (adjusted): 1960 2006

Included observations: 47 after adjustments

Coefficient Std. Error t-Statistic Prob.
C —-1373.390 226.1376 —6.073251 0.0000
Y 0.596293 0.321464 1.854930 0.0703
7 0.191494 0.160960 1.189700 0.2405
R-squared 0.993678 Mean dependent var 16693.85
Adjusted R-squared 0.993390 S.D. dependent var 5210.244
S.E. of regression 423.5942 Akaike info criterion 14.99713
Sum squared resid 7895011. Schwarz criterion 15.11523
Log likelihood —-349.4326 Hannan-Quinn criter. 15.04157
F-statistic 3457.717 Durbin-Watson stat 0.119325
Prob(F-statistic) 0.000000

Reversing the roles of Hy and Ho, the J and JA-tests are repeated. In fact, regression (4) runs
consumption on a constant, income, lagged consumption and 6% (which was obtained from
regression (3)). The coefficient on C) is —15.20 and is statistically significant with a t-value
of —6.5. This J-test rejects Ha but does not reject Hy. Regression (7) runs 6’2 on a constant,
income and lagged income and the predicted values are stored as C1(C1TILDE). The last step of
the JA test runs consumption on a constant, income, lagged consumption and C', see regression
(8). The coefficient of this last variable is —1.11 and is statistically significant with a t-value of
—6.5. This JA test rejects Ho but not Hy. The artificial model, given in Hj, is also estimated,
see regression (9). One can easily check that the corresponding F-tests reject H; against Hs
and also Ho against Hg. In sum, all evidence indicates that both C;_1 and Y;_1 are important
to include along with Y;. Of course, the true model is not known and could include higher lags
of both Y; and C}.

Stata 11 performs White’s (1982) Information matrix test by issuing the command estat
imtest after running the regression of consumption on income. The results yield:

. estat imtest
Cameron & Trivedi’s decomposition of IM-test

Source | chi2 af p
____________________ o
Heteroskedasticity | 2.64 0.2677

Skewness | 0.45 1 0.5030

Kurtosis | 4.40 0.0359
____________________ e
Total | 7.48 4 0.1124

This does not reject the null even though Kurtosis seems to be a problem. Note that the IM
test is split into its components following Hall (1987) as described above.
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Table 8.10 Non-nested J and JA Tests for the Consumption Regression

REGRESSION 1

Dependent Variable: CONSUM

Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C —254.5241 155.2906 -1.639019 0.1082
Y 0.211505 0.068310 3.096256 0.0034
CONSUM(-1) 0.800004 0.070537 11.34159 0.0000
R-squared 0.998367 Mean dependent var 16915.21
Adjusted R-squared 0.998294 S.D. dependent var 5377.825
S.E. of regression 222.1108 Akaike info criterion 13.70469
Sum squared resid 2219995. Schwarz criterion 13.82164
Log likelihood -325.9126 Hannan-Quinn criter. 13.74889
F-statistic 13754.09 Durbin-Watson stat 0.969327
Prob(F-statistic) 0.000000

REGRESSION 2

Dependent Variable: CONSUM

Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C 144.3306 125.5929 1.149194 0.2567
Y 0.425354 0.090692 4.690091 0.0000
Y(-1) -0.613631 0.094424 -6.498678 0.0000
C2HAT 1.184853 0.069757 16.98553 0.0000
R-squared 0.999167 Mean dependent var 16915.21
Adjusted R-squared 0.999110 S.D. dependent var 5377.825
S.E. of regression 160.4500 Akaike info criterion 13.07350
Sum squared resid 1132745. Schwarz criterion 13.22943
Log likelihood -309.7639 Hannan-Quinn criter. 13.13242
F-statistic 17585.25 Durbin-Watson stat 1.971939
Prob(F-statistic) 0.000000

8.4 Nonlinear Least Squares and the Gauss-Newton Regression?

So far we have been dealing with linear regressions. But, in reality, one might face a nonlinear
regression of the form:

y=x4(0) +uy fort=12....T (8.71)

where u; ~ IID(0,02) and x;(f3) is a scalar nonlinear regression function of k unknown param-
eters (. It can be interpreted as the expected value of y; conditional on the values of the inde-
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Table 8.10 (continued)

REGRESSION 3

Dependent Variable: CONSUM

Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C ~1424.802 231.2843 —-6.160393 0.0000
Y 0.943371 0.232170 4.063283 0.0002
Y(-1) 0.040368 0.234363 0.172244 0.8640
R-squared 0.993702 Mean dependent var 16915.21
Adjusted R-squared 0.993423 S.D. dependent var 5377.825
S.E. of regression 436.1488 Akaike info criterion 15.05431
Sum squared resid 8560159. Schwarz criterion 15.17126
Log likelihood -358.3033 Hannan-Quinn criter. 15.09850
F-statistic 3550.327 Durbin-Watson stat 0.174411
Prob(F-statistic) 0.000000

REGRESSION 4

Dependent Variable: CONSUM

Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C —21815.80 3319.691 —6.571637 0.0000
Y 15.01623 2.278648 6.589974 0.0000
CONSUM(-1) 0.947887 0.055806 16.98553 0.0000
C1HAT -15.20110 2.339106 —6.498678 0.0000
R-squared 0.999167 Mean dependent var 16915.21
Adjusted R-squared 0.999110 S.D. dependent var 5377.825
S.E. of regression 160.4500 Akaike info criterion 13.07350
Sum squared resid 1132745. Schwarz criterion 13.22943
Log likelihood -309.7639 Hannan-Quinn criter. 13.13242
F-statistic 17585.25 Durbin-Watson stat 1.971939
Prob(F-statistic) 0.000000

pendent variables. Nonlinear least squares minimizes ", (y: — z¢(0))? = (y — x(8))' (y — z(8)).

The first-order conditions for minimization yield

X'(B)(y —«(8) =0

(8.72)

where X () is a T' x k matrix with typical element Xy;(3) = 0z(3)/03; for j =1,... k. The
solution to these k equations yield the Nonlinear Least Squares (NLS) estimates of 3 denoted by
Bnrs- These normal equations given in (8.72) are similar to those in the linear case in that they
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Table 8.10 (continued)

REGRESSION 5

Dependent Variable: CIHAT

Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C —-1418.403 7.149223 —-198.3996 0.0000
Y 0.973925 0.003145 309.6905 0.0000
CONSUM(-1) 0.009728 0.003247 2.995785 0.0044
R-squared 0.999997 Mean dependent var 16915.21
Adjusted R-squared 0.999996 S.D. dependent var 5360.865
S.E. of regression 10.22548 Akaike info criterion 7.548103
Sum squared resid 4705.215 Schwarz criterion 7.665053
Log likelihood —178.1545 Hannan-Quinn criter. 7.592298
F-statistic 6459057. Durbin-Watson stat 1.678118
Prob(F-statistic) 0.000000

REGRESSION 6

Dependent Variable: CONSUM

Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C 138044.4 8211.501 16.81111 0.0000
Y -94.21814 5.603155 -16.81519 0.0000
Y(-1) —0.613631 0.094424 —6.498678 0.0000
C2TILDE 97.43471 5.736336 16.98553 0.0000
R-squared 0.999167 Mean dependent var 16915.21
Adjusted R-squared 0.999110 S.D. dependent var 5377.825
S.E. of regression 160.4500 Akaike info criterion 13.07350
Sum squared resid 1132745. Schwarz criterion 13.22943
Log likelihood -309.7639 Hannan-Quinn criter. 13.13242
F-statistic 17585.25 Durbin-Watson stat 1.971939
Prob(F-statistic) 0.000000

require the vector of residuals y—x(ﬁ) to be orthogonal to the matrix of derivatives X (B) In the

~

linear case, z(f3) = XEOLS and X () = X where the latter is independent of E Because of this
dependence of the fitted values x(3) as well as the matrix of derivatives X (/) on 3, one in general
cannot get explicit analytical solution to these NLS first-order equations. Under fairly general

conditions, see Davidson and MacKinnon (1993), one can show that the 3, ¢ has asymptotically
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Table 8.10 (continued)

REGRESSION 7

Dependent Variable: C2HAT

Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C —1324.328 181.8276 —7.283424 0.0000
Y 0.437200 0.182524 2.395306 0.0208
Y(-1) 0.551966 0.184248 2.995785 0.0044
R-squared 0.996101 Mean dependent var 16915.21
Adjusted R-squared 0.995928 S.D. dependent var 5373.432
S.E. of regression 342.8848 Akaike info criterion 14.57313
Sum squared resid 5290650. Schwarz criterion 14.69008
Log likelihood —346.7551 Hannan-Quinn criter. 14.61732
F-statistic 5748.817 Durbin-Watson stat 0.127201
Prob(F-statistic) 0.000000

REGRESSION 8

Dependent Variable: CONSUM

Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C -1629.522 239.4806 —-6.804403 0.0000
Y 1.161999 0.154360 7.527865 0.0000
CONSUM(-1) 0.947887 0.055806 16.98553 0.0000
C1TILDE -1.111718 0.171068 —6.498678 0.0000
R-squared 0.999167 Mean dependent var 16915.21
Adjusted R-squared 0.999110 S.D. dependent var 5377.825
S.E. of regression 160.4500 Akaike info criterion 13.07350
Sum squared resid 1132745. Schwarz criterion 13.22943
Log likelihood -309.7639 Hannan-Quinn criter. 13.13242
F-statistic 17585.25 Durbin-Watson stat 1.971939
Prob(F-statistic) 0.000000

a normal distribution with mean 3, and asymptotic variance o3(X’(3,) X (8,)) !, where 3, and
oq are the true values of the parameters generating the data. Similarly, defining

s = (y — 2(Byrs)) (v — #(Byrs)) /(T — k)

we get a feasible estimate of this covariance matrix as s2(X’(8)X (3))~!. If the disturbances
are normally distributed then NLS is MLE and therefore asymptotically efficient as long as the
model is correctly specified, see Chapter 7.
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Table 8.10 (continued)

REGRESSION 9

Dependent Variable: CONSUM

Method: Least Squares

Sample (adjusted): 1960 2007

Included observations: 48 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C ~157.2430 113.1743 -1.389389 0.1717
Y 0.675956 0.086849 7.783091 0.0000
Y(-1) -0.613631 0.094424 —6.498678 0.0000
CONSUM(-1) 0.947887 0.055806 16.98553 0.0000
R-squared 0.999167 Mean dependent var 16915.21
Adjusted R-squared 0.999110 S.D. dependent var 5377.825
S.E. of regression 160.4500 Akaike info criterion 13.07350
Sum squared resid 1132745. Schwarz criterion 13.22943
Log likelihood -309.7639 Hannan-Quinn criter. 13.13242
F-statistic 17585.25 Durbin-Watson stat 1.971939
Prob(F-statistic) 0.000000

Taking the first-order Taylor series approximation around some arbitrary parameter vector 3%,
we get

y=x(8%) + X(8")(8 — ") + higher-order terms + u (8.73)
or
y —x(8") = X(B")b+ residuals (8.74)

This is the simplest version of the Gauss-Newton Regression, see Davidson and MacKinnon
(1993). In this case the higher-order terms and the error term are combined in the residuals
and (8 — %) is replaced by b, a parameter vector that can be estimated. If the model is linear,
X (B") is the matrix of regressors X and the GNR regresses a residual on X. If B=3 ~NLS, the
unrestricted NLS estimator of 3, then the GNR becomes

y — T = Xb + residuals (8.75)

where 7 = a:(ﬂNLS) and X = X(ﬂNLS) From the first-order conditions of NLS we get (y —
7)’X = 0. In this case, OLS on this GNR yields bors = (X'X)~1X'(y — #) = 0 and this GNR
has no explanatory power. However, this regression can be used to (i) check that the first-
order conditions given in (8.72) are satisfied. For example, one could check that the ¢-statistics
are of the 1072 order, and that R? is zero up to several decimal places (ii) compute estimated
covariance matrices. In fact, this GNR prints out s2(X’X)!, where s? = (y—2) (y—2)/(T — k)
is the OLS estimate of the regression variance. This can be Verlﬁed easily using the fact that this
GNR has no explanatory power. This method of computing the estimated variance-covariance
matrix is useful especially in cases where B has been obtained by some method other than NLS.
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For example, sometimes the model is nonlinear only in one or two parameters which are known
to be in a finite range, say between zero and one. One can then search over this range, running
OLS regressions and minimizing the residual sum of squares. This search procedure can be
repeated over finer grids to get more accuracy. Once the final parameter estimate is found, one
can run the GNR to get estimates of the variance-covariance matrix.

Testing Restrictions (GNR Based on the Restricted NLS Estimates)

The best known use for the GNR is to test restrictions. These are based on the LM principle
which requires only the restricted estimator. In particular, consider the following competing
hypotheses:

Ho;y =(61,0)+u  Hyy=a(61,3;) +u

where u ~ IID(0, 0%1) and 3, and 3, are k x 1 and r x 1, respectively. Denote by B the restricted
NLS estimator of 3, in this case ﬂ, = (ﬂll, 0).
The GNR evaluated at this restricted NLS estimator of 3 is

(y — ) = X1b1 + Xaby + residuals (8.76)

where 7 = z(8) and X; = X;(5) with X;(3) = 0x/08; for i = 1,2.
By the FWL Theorem this yields the same estimate of by as

]5;(1 (y—2) = P)?l)?gbg + residuals (8.77)

But Pg (y —7) = (y — %) — Pz, (y — %) = (y — T) since X/|(y — &) = 0 from the first-order
conditions of restricted NLS. Hence, (8.77) reduces to

(y—x) = ]55(1 Xsby + residuals (8.78)
Therefore,
byors = (X4Pg Xo) ' X5 P (y — %) = (X5 Pg Xo) ' Xb(y — 7) (8.79)

and the residual sums of squares is (y — 7)'(y — =) — (y — 5)’)?2()@]521)?2)71)@(11 — ).
If X, was excluded from the regression in (8.76), (y — Z)'(y — %) would be the residual sum of

squares. Therefore, the reduction in the residual sum of squares brought about by the inclusion
of X is

(y — ) Xo(X5Pg X) ' Xh(y — 7)

This is also equal to the explained sum of squares from (8.76) since X'l has no explanatory
power. This sum of squares divided by a consistent estimate of o2 is asymptotically distributed
as x2 under the null.

Different consistent estimates of o2 yield different test statistics. The two most common
test statistics for Hy based on this regression are the following: (1) TR? where R2 is the
uncentered R? of (8.76) and (2) the F-statistic for by = 0. The first statistic is given by TR2 =
T(y— 55)')?2()?515)?1 Xo) 'X}(y—%)/(y — %) (y — T) where the uncentered R* was defined in the
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Appendix to Chapter 3. This statistic implicitly divides the explained sum of squares term by
52 = (restricted residual sums of squares)/T. This is equivalent to the LM-statistic obtained
by running the artificial regression (y — x)/d on X and getting the explained sum of squares.
Regression packages print the centered R?. This is equal to the uncentered R? as long as there
is a constant in the restricted regression so that (y — Z) sum to zero.

The F-statistic for by = 0 from (8.76) is

(RRSS — URSS)/r _ (y — T) Xo(X}Pg Xo) "' Xj(y — ) /r
URSS/(T=k)  [(y—2)(y—7) — (y — ) Xo(X}Pg Xo) ' X}(y — 7)] /(T — k)

(8.80)

The denominator is the OLS estimate of o2 from (8.76) which tends to 02 as T — oc. Hence
(rF-statistic — x2 ). In small samples, use the F-statistic.

Diagnostic Tests for Linear Regression Models

Variable addition tests suggested by Pagan and Hall (1983) consider the additional variables
Z of dimension (7" x r) and test whether their coefficients are zero using an F-test from the
regression

y=XB+ 7y +u (8.81)

If Hy; v = 0 is true, the model is y = X/ 4+ u and there is no misspecification. The GNR, for
this restriction would run the following regression:

Pxy = Xb+ Zc + residuals (8.82)
and test that c is zero. By the FWL Theorem, (8.82) yields the same residual sum of squares as
Pxy = PxZc + residuals (8.83)

Applying the FWL Theorem to (8.81) we get the same residual sum of squares as the regression
in (8.83). The F-statistic for v = 0 from (8.81) is therefore identical to the F-statistic for ¢ =0
from the GNR given in (8.82). Hence, “Tests based on the GNR are equivalent to variable
addition tests when the latter are applicable,” see Davidson and MacKinnon (1993, p. 194).

Note also, that the nR?2 test statistic for Hp; v = 0 based on the GNR in (8.82) is exactly the
LM statistic based on running the restricted least squares residuals of y on X on the unrestricted
set of regressors X and Z in (8.81). If X has a constant, then the uncentered R? is equal to
the centered R? printed by the regression.

Computational Warning: It is tempting to base tests on the OLS residuals 4 = Pxy by
simply regressing them on the test regressors Z. This is equivalent to running the GNR without
the X variables on the right hand side of (8.82) yielding test-statistics that are too small.

Functional Form

Davidson and MacKinnon (1993, p. 195) show that the RESET with y; = X3 + y7c+ residual
which is based on testing for ¢ = 0 is equivalent to testing for 6 = 0 using the nonlinear model
yr = X4 B(1 + 0X,3) + uy. In this case, it is easy to verify from (8.74) that the GNR is

ye — X B(1 + 0X,3) = (20(X:8) X + X;)b+ (X 0)%c + residual
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At # =0 and 8 = Bpys, the GNR becomes (y; — XiBo15) = Xib+ (XiBop5)%c+ residual. The
t-statistic on ¢ = 0 is equivalent to that from the RESET regression given in section 8.3, see
problem 25.

Testing for Serial Correlation

Suppose that the null hypothesis is the nonlinear regression model given in (8.71), and the
alternative is the model y; = x4(3) +v; with v; = pvy_1 +us where uy ~ IID(0, 0?). Conditional
on the first observation, the alternative model can be written as

ye = 21(B) + p(ye-1 — ve-1(8)) + ws

The GNR test for Hy; p = 0, computes the derivatives of this regression function with respect
to B and p evaluated at the restricted estimates under the null hypothesis, i.e., p = 0 and
b= B ~nLs (the nonlinear least squares estimate of 3 assuming no serial correlation). Those yield
Xt(BNLS) and (y;—1 —xt_l(ﬁNLS)) respectively. Therefore, the GNR runs u; = y; —xt(BNLS) =
Xt(B NLs)b+cui—1+ residual, and tests that ¢ = 0. If the regression model is linear, this reduces
to running ordinary least squares residuals on their lagged values in addition to the regressors
in the model. This is exactly the Breusch and Godfrey test for first-order serial correlation
considered in Chapter 5. For other applications as well as benefits and limitations of the GNR,
see Davidson and MacKinnon (1993).

8.5 Testing Linear Versus Log-Linear Functional Form®
In many economic applications where the explanatory variables take only positive values, econo-

metricians must decide whether a linear or log-linear regression model is appropriate. In general,
the linear model is given by

Yi = Z§:1 BiXij+ e VeZis +ui i=1,2,...,n (8.84)
and the log-linear model is
logy; = Y0, B logXij + > ey Ve Zis +wi i=12,....n (8.85)

with u; ~ NID(0,02). Note that, the log-linear model is general in that only the dependent

variable y and a subset of the regressors, i.e., the X variables are subject to the logarithmic

transformation. Of course, one could estimate both models and compare their log-likelihood

values. This would tell us which model fits best, but not whether either is a valid specification.
Box and Cox (1964) suggested the following transformation

-1
“5— when A#0
B(yi, \) = (8.86)
logy; when A =0
where y; > 0. Note that for A = 1, as long as there is constant in the regression, subjecting the
linear model to a Box-Cox transformation is equivalent to not transformation yields the log-

linear regression. Therefore, the following Box-Cox model regression. Therefore, the following
Box-Cox model

Blyi, \) = Y51 B;B(Xij, \) + Yey s Zis + s (8.87)
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encompasses as special cases the linear and log-linear models given in (8.84) and (8.85), respec-
tively. Box and Cox (1964) suggested estimating these models by ML and using the LR test to
test (8.84) and (8.85) against (8.87). However, estimation of (8.87) is computationally burden-
some, see Davidson and MacKinnon (1993). Instead, we give an LM test involving a Double
Length Regression (DLR) due to Davidson and MacKinnon (1985) that is easier to compute.
In fact, Davidson and MacKinnon (1993, p. 510) point out that “everything that one can do
with the Gauss-Newton Regression for nonlinear regression models can be done with the DLR
for models involving transformations of the dependent variable.” The GNR is not applicable in
cases where the dependent variable is subjected to a nonlinear transformation, so one should
use a DLR in these cases. Conversely, in cases where the GNR is valid, there is no need to run
the DLR, since in these cases the latter is equivalent to the GNR.

For the linear model (8.84), the null hypothesis is that A = 1. In this case, Davidson and
MacKinnon suggest running a regression with 2n observations where the dependent variable
has observations (e1/7,...,e,/0,1,...,1), i.e., the first n observations are the OLS residuals
from (8.84) divided by the MLE of o, where 62,, = €’¢/n. The second n observations are all
equal to 1. The 2n observations for the regressors have typical elements:

for B;: X;5—1 fori=1,...,n and 0 for the second n elements
for v, Z; fori=1,...,n and 0 for the second n elements
for o: ¢; /0 fori=1,...,n and -1 for the second n elements
for \: Z?:l ﬁj(XijlogXij - Xij + 1) — (yilog y; — yiy1) fori=1,...,n

and clogy; for the second n elements

The explained sum of squares for this DLR provides an asymptotically valid test for A = 1.
This will be distributed as x? under the null hypothesis.

Similarly, when testing the log-linear model (8.85), the null hypothesis is that A = 0. In this
case, the dependent variable of the DLR has observations (€1 /7,¢2/7,...,¢,/0,1,...,1), ie.,
the first n observations are the OLS residuals from (8.85) divided by the MLE for o, i.e., ¢
where 52 = &¢/n. The second n observations are all equal to 1. The 2n observations for the
regressors have typical elements:

for §;: logX;; fori=1,...,n and 0 for the second n elements
for v4: Z; fori=1,...,n and 0 for the second n elements
for o: ¢; /o fori=1,...,n and —1 for the second n elements

for A: %Zle ﬁj(logXij)z — 2(logy;)? fori=1,...,n
and ology; for the second n elements

The explained sum of squares from this DLR provides an asymptotically valid test for A = 0.
This will be distributed as x? under the null hypothesis.

For the cigarette data given in Table 3.2, the linear model is given by C = y+ 3, P+ 3,Y +u
whereas the log-linear model is given by logC' = v, + 7,logP + 7y5logY + € and the Box-Cox
model is given by B(C,\) = 60+ 61 B(P,\) + 62B(Y, \) + v, where B(C, \) is defined in (8.86).
In this case, the DLR which tests the hypothesis that Hg; A = 1, i.e., the model is linear, gives
an explained sum of squares equal to 15.55. This is greater than a Xio.og) = 3.84 and is therefore
significant at the 5% level. Similarly the DLR that tests the hypothesis that Hy; A = 0, i.e.,
the model is log-linear, gives an explained sum of squares equal to 8.86. This is also greater
than X%,o.os = 3.84 and is therefore significant at the 5% level. In this case, both the linear and
log-linear models are rejected by the data.
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Finally, it is important to note that there are numerous other tests for testing linear and
log-linear models and the interested reader should refer to Davidson and MacKinnon (1993).

Notes

1. This section is based on Belsley, Kuh and Welsch (1980).

2. Other residuals that are linear unbiased with a scalar covariance matrix (LUS) are the BLUS
residuals suggested by Theil (1971). Since we are explicitly dealing with time-series data, we use
subscript ¢ rather than ¢ to index observations and 71" rather than n to denote the sample size.

3. Ramsey’s (1969) initial formulation was based on BLUS residuals, but Ramsey and Schmidt (1976)
showed that this is equivalent to using OLS residuals.

4. This section is based on Davidson and MacKinnon (1993, 2001).

5. This section is based on Davidson and MacKinnon (1993, pp. 502-510).

Problems

1. We know that H = Px is idempotent. Also, (I, — Px) is idempotent. Therefore, b’ Hb > 0 for any
arbitrary vector b. Using these facts, show for ¥ = (1,0,...,0) that 0 < hy; < 1. Deduce that
0<h;<lfori=1,...,n.

2. For the simple regression with no constant y; = x;8+u; fori=1,....n
(a) What is h;;? Verify that 7" | hy; = 1.
(b) What is 3 — ), see (8.13)? What is 52, in terms of s and €2, see (8.18)? What is DFBE-
TAS;j, see (8.19)7
(¢c) What are DFFIT; and DFFITS;, see (8.21) and (8.22)?

(d) What is Cook’s distance measure D?(s) for this simple regression with no intercept, see
(8.24)7

(e) Verify that (8.27) holds for this simple regression with no intercept. What is COVRATIO;,
see (8.26)7
3. From the definition of s7;) in (8.17), substitute (8.13) in (8.17) and verify (8.18).

4. Consider the augmented regression given in (8.5) y = X 3" +d;o+u where ¢ is a scalar and d; = 1
for the i-th observation and 0 otherwise. Using the Frisch-Waugh Lovell Theorem given in section
7.3, verify that

(a) B = (X(,Xw) ' X(yye) = B

(b) @ = (d;Pxd;)"*d|Pxy = e;/(1 — h;;) where Py = I — Px.

(c) Residual Sum of Squares from (8.5) = (Residual Sum of Squares with d; deleted) — e2/(1 —

(d) Assuming Normality of u, show that the ¢-statistic for testing ¢ = 0is t = $/s.e.(p) = e as
given in (8.3).



216 CHAPTER 8: Regression Diagnostics and Specification Tests

5. Consider the augmented regression y = X% + PxD,p* + u, where D, is an n X p matrix of
dummy variables for the p suspected observations. Note that Px D, rather than D), appear in this
equation. Compare with (8.6). Let e, = Dje, then E(ey,) = 0, var(e,) = 0>D;,Px D,,. Verify that

(a) B = (X'X) X'y = Boys and
(b) @* = (D;prp)ilD;pr = (D;prp)leé)e = (D:/DPXDp)ilep.
(¢) Residual Sum of Squares = (Residual Sum of Squares with D, deleted) — /(D) Px)D, 'e,.

Using the Frisch-Waugh Lovell Theorem show this residual sum of squares is the same as
that for (8.6).

(d) Assuming normality of u, verify (8.7) and (8.9).
(e) Repeat this exercise for problem 4 with Pxd; replacing d;. What do you conclude?

6. Using the updating formula in (8.11), verify (8.12) and deduce (8.13).

7. Verify that Cook’s distance measure given in (8.25) is related to DFFITS;(o) as follows: DF-
FITS;(0) = VEkD;(0).

8. Using the matrix identity det(I; — ab’) =1 — V’a, where a and b are column vectors of dimension
k, prove (8.27). Hint: Use a = z; and ¥ = z/,(X’X)~! and the fact that det[X (X ;)] =det[{I —
ol (X' X)X X].

9. For the cigarette data given in Table 3.2

(a) Replicate the results in Table 8.2.

(b) For the New Hampshire observation (NH), compute exm, ey, B— ﬁ(NH)7 DFBETAS nw,
DFFITNH, DFFITSNH, D?VH(S)7 COVRAT[ONH, and FVARAT]ONH

(¢) Repeat the calculations in part (b) for the following states: AR, CT, NJ and UT.
(d) What about the observations for NV, ME, NM and ND? Are they influential?

10. For the Consumption-Income data given in Table 5.3, compute

The internal studentized residuals € given in (8.1).
The externally studentized residuals e* given in (8.3).

Cook’s statistic given in (8.25).

The DFFITS given in (8.22).
The COVRATIO given in (8.28).

)
)
)
(d) The leverage of each observation h.
)
)
) Based on the results in parts (a) to (f), identify the observations that are influential.

11. Repeat problem 10 for the 1982 data on earnings used in Chapter 4. This data is provided on the
Springer web site as EARN.ASC.

12. Repeat problem 10 for the Gasoline data provided on the Springer web site as GASOLINE.DAT.
Use the gasoline demand model given in Chapter 10, section 5. Do this for Austria and Belgium
separately.

13. Independence of Recursive Residuals.

(a) Ejsing; the updating formula given in (8.11) with A = (X/X;) and a = —b = x;_,, verify
8.31).
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(b) Using (8.31), verify (8.32).

(c) For uy ~ IIN(0,0?%) and w41 defined in (8.30) verify (8.33). Hint: define vy y1=+/frr1wii1.
From (8.30), we have

V1 =V frr1Weir = Yeyr — T By = 234 (B = By) + g for t=k,... T -1
Since fiy1 is fixed, it suffices to show that cov(vii1,vs41) =0 for ¢ # s.
14. Recursive Residuals are Linear Unbiased With Scalar Covariance Matriz (LUS).

(a) Verify that the (T'— k) recursive residuals defined in (8.30) can be written in vector form as
w = Cy where C is defined in (8.34). This shows that the recursive residuals are linear in y.

(b) Show that C satisfies the three properties given in (8.35) i.e., CX = 0, CC’ = Ir_j, and
C'C = Px. Prove that CX = 0 means that the recursive residuals are unbiased with zero
mean. Prove that the CC’ = Ir_;, means that the recursive residuals have a scalar covariance
matrix. Prove that C'C = Px means that the sum of squares of (T — k) recursive residuals
is equal to the sum of squares of T least squares residuals.

(c) If the true disturbances u ~ N(0,02I7), prove that the recursive residuals w ~ N (0,02 I7_})
using parts (a) and (b).

(d) Verify (8.36), i.e., show that RSS;11 = RSS, + w},, for t = k,...,T — 1 where RSS;, =
(Yo = Xu8,) (Y = XuBy).

15. The Harvey and Collier (1977) Misspecification t-Test as a Variable Additions Test. This is based
on Wu (1993).

(a) Show that the F-statistic for testing Hp; v = 0 versus v # 0 in (8.44) is given by

_ YPxy-yPxay y' P,y
Y Pxy/(T—k—-1) ' (Px—P.)y/(T-k—-1)

and is distributed as F(1,T — k — 1) under the null hypothesis.

(b) Using the properties of C' given in (8.35), show that the F-statistic given in part (a) is the
square of the Harvey and Collier (1977) ¢-statistic given in (8.43).

16. For the Gasoline data for Austria given on the Springer web site as GASOLINE.DAT and the
model given in Chapter 10, section 5, compute:
(a) The recursive residuals given in (8.30).
(b) The CUSUM given in (8.46) and plot it against r.

(¢) Draw the 5% upper and lower lines given below (8.46) and see whether the CUSUM crosses
these boundaries.

(d) The post-sample predictive test for 1978. Verify that computing it from (8.38) or (8.40) yields
the same answer.

(e) The modified von Neuman ratio given in (8.42).

(f) The Harvey and Collier (1977) functional misspecification test given in (8.43).

17. The Differencing Test in a Regression with Equicorrelated Disturbances. This is based on Baltagi
(1990). Consider the time-series regression

Y =wra+XB+u (1)
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18.

19.
20.

21.

22.
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where ¢ is a vector of ones of dimension T'. X is T'x K and [tp, X] is of full column rank. u ~ (0, )
where 2 is positive definite. Differencing this model, we get

DY = DXB+ Du (2)

where D is a (T'— 1) x T matrix given below (8.50). Maeshiro and Wichers (1989) show that GLS
on (1) yields through partitioned inverse:

B=(X'LX)"'X'LY (3)
where L = Q71 — Q7 Lip (LQ 7 ep) HQ 71 Also, GLS on (2) yields
B=(X'MX)"'X'MY (4)

where M = D'(DQD’)~1D. Finally, they show that M = L, and GLS on (2) is equivalent to GLS
on (1) as long as there is an intercept in (1).

Consider the special case of equicorrelated disturbances
Q= c[(1 - p)Ir + pJr] (5)
where I is an identity matrix of dimension T and Jr is a matrix of ones of dimension 7T'.

(a) Derive the L and M matrices for the equicorrelated case, and verify the Maeshiro and Wichers
result for this special case.

(b) Show that for the equicorrelated case, the differencing test given by Plosser, Schwert, and
White (1982) can be obtained as the difference between the OLS and GLS estimators of the
differenced equation (2). Hint: See the solution by Koning (1992).

For the 1982 data on earnings used in Chapter 4, provided as EARN.ASC on the Springer web
site, (a) compute Ramsey’s (1969) RESET. (b) Compute White’s (1982) information matrix test
given in (8.69) and (8.70).

Repeat problem 18 for the Hedonic housing data given on the Springer web site as HEDONIC.XLS.
Repeat problem 18 for the cigarette data given in Table 3.2.

Repeat problem 18 for the Gasoline data for Austria given on the Springer web site as GASO-
LINE.DAT. Use the model given in Chapter 10, section 5. Also compute the PSW differencing
test given in (8.54).

Use the 1982 data on earnings used in Chapter 4, and provided on the Springer web site as
EARN.ASC. Consider the two competing non-nested models

Hy; log(wage) = By + B ED+ B3,EXP + 3,EXP?* + ,WKS
+B5sMS + BgFEM + 3,BLK + 34UNION + u

Hy; log(wage) = 79+ ED+v,EXP +v,EXP? ++y,WKS
+750CC + 74 SOUTH + 77 SMSA+~vIND + ¢
Compute:

(a) The Davidson and MacKinnon (1981) J-test for Hy versus Hj.
(b) The Fisher and McAleer (1981) JA-test for Hy versus H;.
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(¢) Reverse the roles of Hy and H; and repeat parts (a) and (b).

(d) Both Hp and H; can be artificially nested in the model used in Chapter 4. Using the F-
test given in (8.62), test for Hy versus this augmented model. Repeat for H; versus this
augmented model. What do you conclude?

23. For the Consumption-Income data given in Table 5.3,

(a) Test the hypothesis that the Consumption model is linear against a general Box-Cox alter-
native.

(b) Test the hypothesis that the Consumption model is log-linear against a general Box-Cox
alternative.

24. Repeat problem 23 for the Cigarette data given in Table 3.2.

25. RESET as a Gauss-Newton Regression. This is based on Baltagi (1998). Davidson and MacKinnon
(1993) showed that Ramsey’s (1969) regression error specification test (RESET) can be derived
as a Gauss-Newton Regression. This problem is a simple extension of their results. Suppose that
the linear regression model under test is given by:

yf:XéﬂjLut t:1,2,,T (1)

where [ is a k x 1 vector of unknown parameters. Suppose that the alternative is the nonlinear
regression model between y; and X;:

ye = X{B[1 +0(X15) +v(X1B)* + MX[0)°] + ue, (2)

where 6, v, and A\ are unknown scalar parameters. It is well known that Ramsey’s (1969) RESET
is obtained by regressing y; on X, 4?7, 2 and ¥} and by testing that the coefficients of all powers
of g; are jointly zero. Show that this RESET can be derived from a Gauss-Newton Regression on
(2), which tests § =~y =X =0.
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CHAPTER 9
Generalized Least Squares

9.1 Introduction

This chapter considers a more general variance covariance matrix for the disturbances. In other
words, u ~ (0,02I,) is relaxed so that u ~ (0,02Q) where Q is a positive definite matrix of
dimension (nxn). First () is assumed known and the BLUE for 3 is derived. This estimator turns
out to be different from 3} g, and is denoted by B4 g, the Generalized Least Squares estimator
of . Next, we study the properties of BO s under this nonspherical form of the disturbances. It
turns out that the OLS estimates are still unbiased and consistent, but their standard errors as
computed by standard regression packages are biased and inconsistent and lead to misleading
inference. Section 9.3 studies some special forms of €2 and derive the corresponding BLUE for .
It turns out that heteroskedasticity and serial correlation studied in Chapter 5 are special cases
of €. Section 9.4 introduces normality and derives the maximum likelihood estimator. Sections
9.5 and 9.6 study the way in which test of hypotheses and prediction get affected by this general
variance-covariance assumption on the disturbances. Section 9.7 studies the properties of this
BLUE for 8 when €2 is unknown, and is replaced by a consistent estimator. Section 9.8 studies
what happens to the W, LR and LM statistics when u ~ N (0, 02Q). Section 9.9 gives another
application of GLS to spatial autocorrelation.

9.2 Generalized Least Squares

The regression equation did not change, only the variance-covariance matrix of the disturbances.
It is now o2€2 rather than o%1,,. However, we can rely once again on a result from matrix algebra
to transform our nonspherical disturbances back to spherical form, see the Appendix to Chapter
7. This result states that for every positive definite matrix €2, there exists a nonsingular matrix
P such that PP" = Q. In order to use this result, we transform the original model

y=XB+u (9.1)
by premultiplying it by P~!. We get

P ly=pP X+ P lu (9.2)
Defining y* as P~ !y and X* and «* similarly, we have

vt = X[+ u" (9.3)

with u* having 0 mean and var(u*) = P~ lvar(u) P~V = 2 P~1QP'~! = 02P~1PP'P'~! = 521,.
Hence, the variance-covariance of the disturbances in (9.3) is a scalar times an identity matrix.
Therefore, using the results of Chapter 7, the BLUE for 5 in (9.1) is OLS on the transformed
model in (9.3)

EBLUE _ (X*/X*)—lX*ly* _ (X/P—llP—lX)—lX/P—IIP—ly _ (X/Q_lX)_lX/Q_ly (94)

B.H. Baltagi, Econometrics, Springer Texts in Business and Economics, DOI 10.1007/978-3-642-20059-5 9, 223
© Springer-Verlag Berlin Heidelberg 2011
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with var(Bprpg) = o2(X¥X*)~! = ¢2(X'Q"1X)~!. This 8. is known as Bgpg. Define
Y=F (uu') = 02Q, then ¥ differs from € only by the positive scalar o2. One can easily verify
that Bgpe can be alternatively written as 3qrg = (X'S7'X) 71 X'S 1y and that var(8grg) =
(X'$71X) 7L Just substitute X! = Q71 /0? in this last expression for B¢ and verify that
this yields (9.4). R R

It is clear that B4 g differs from By g. In fact, since Byrg is still a linear unbiased estimator
of 3, the Gauss-Markov Theorem states that it must have a variance larger than that of BG LS
Using equation (7.5) from Chapter 7, i.e., Bprg = 3+ (X'X) "1 X'u it is easy to show that

var(Bors) = o (X'X) 7 (X'QX)(X'X) ! (9.5)

Problem 1 shows that Var(BOLS)— Var@GLS) is a positive semi-definite matrix. Note that
var(Bppg) is no longer o?(X’'X)~!, and hence a regression package that is programmed to
compute s?(X’X)~! as an estimate of the variance of B3¢ is using the wrong formula. Fur-
thermore, problem 2 shows that E(s?) is not in general 0. Hence, the regression package is also
wrongly estimating o2 by s?. Two wrongs do not make a right, and the estimate of var(8y.g)
is biased. The direction of this bias depends upon the form of Q and the X matrix. (We saw
some examples of this bias under heteroskedasticity and serial correlation in Chapter 5). Hence,
the standard errors and t-statistics computed using this OLS regression are biased. Under het-
eroskedasticity, one can use the White (1980) robust standard errors for OLS. In this case,
Y = 02Q in (9.5) is estimated by S = diagle?] where e; denotes the least squares residuals.
The resulting t-statistics are robust to heteroskedasticity. Similarly Wald type statistics for
Ho; R = r can be obtained based on By by replacing o?(X'X)~1 in (7.41) by (9.5) with
¥ = diag[e?]. In the presence of both serial correlation and heteroskedasticity, one can use the
consistent covariance matrix estimate suggested by Newey and West (1987). This was discussed
in Chapter 5. R

To summarize, B¢ is no longer BLUE whenever € # I,,. However, it is still unbiased and
consistent. The last two properties do not rely upon the form of the variance-covariance matrix
of the disturbances but rather on E(u/X) = 0 and plim X'u/n = 0. The standard errors of
Bors as computed by the regression package are biased and any test of hypothesis based on
this OLS regression may be misleading.

So far we have not derived an estimator for 2. We know however, from the results in Chapter
7, that the transformed regression (9.3) yields a mean squared error that is an unbiased estimator
for 2. Denote this by s*2 which is equal to the transformed OLS residual sum of squares
divided by (n — K). Let e* denote the vector of OLS residuals from (9.3), this means that

e =y* — X*Barg = P (y — XBars) = P leqrs and
s? = e’e*/(n—K)=(y— XBars) ¥ ' (y — XBarg)/(n — K) (9.6)
= eqrsQ tears/(n — K)

Note that s*? now depends upon Q1.

Necessary and Sufficient Conditions for OLS to be Equivalent to GLS

There are several necessary and sufficient conditions for OLS to be equivalent to GLS, see
Puntanen and Styan (1989) for a historical survey. For pedagogical reasons, we focus on the
derivation of Milliken and Albohali (1984). Note that y = Pxy + Pxy. Therefore, replacing y
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in BG 15 by this expression we get
Bars = (X'Q7'X) ' X'Q 7 [Pyy + Pxyl = Bors + (X'Q7 X) 1 X'Q 7 Pyy
The last term is zero for every y if and only if
X'Q Py =0 (9.7)

Therefore, EG LS = BO s if and only if (9.7) is true.
Another easy necessary and sufficient condition to check in practice is the following:

PxQ = QPx (9.8)

see Zyskind (1967). This involves Q rather than Q~1. There are several applications in economics
where these conditions are satisfied and can be easily verified, see Balestra (1970) and Baltagi
(1989). We will apply these conditions in Chapter 10 on Seemingly Unrelated Regressions,
Chapter 11 on simultaneous equations and Chapter 12 on panel data. See also problem 9.

9.3 Special Forms of Q2

If the disturbances are heteroskedastic but not serially correlated, then = diag[o?]. In this case,
P = diag[o;], P~ = Q72 = diag[l/0;] and Q~'= diag[1/c?]. Premultiplying the regression
equation by Q72 is equivalent to dividing the i-th observation of this model by o;. This makes
the new disturbance u;/o; have 0 mean and homoskedastic variance o, leaving properties
like no serial correlation intact. The new regression runs y; = y;/0; on X}, = Xy, /o, for
1=1,2,...,n,and k= 1,2,..., K. Specific assumptions on the form of these o;’s were studied
in the heteroskedasticity chapter.

If the disturbances follow an AR(1) process u; = pus—1 + € for t = 1,2,...,T; with |p| < 1
and €, ~IID(0,02), then cov(ug, us—s) = p*c? with 02 = 02/(1 — p?). This means that

1 P ,02 pT’1
T—2
o=| 0 1 0o (9.9
pT—l pT—Z pT—3 1
and
1 —p 0 0 0 0
1 —p 14+p> —p 0 0 0
Q= (1_ 2) : : (9.10)
p o 0 0 —p 1+p* —p
0 0 0 0 —p 1
Then
[ V1—-p2 0 0 0 0 0]
—p 1 0 0 0 0
e 0.11)
0 0 0 —p 1 0
0 0 0 0 —p 1]
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is the matrix that satisfies the following condition P~VP~! = (1 — p?)Q~!. Premultiplying
the regression model by P~ is equivalent to performing the Prais-Winsten transformation. In
particular the first observation on y becomes y; = /1 — p?y; and the remaining observations are
given by yf = (yt—pyi—1) for t = 2,3,..., T, with similar terms for the X’s and the disturbances.
Problem 3 shows that the variance covariance matrix of the transformed disturbances u* = P~ !
is o21r.

Other examples where an explicit form for P~! has been derived include, (i) the MA (1) model,
see Balestra (1980); (ii) the AR(2) model, see Lempers and Kloek (1973); (iii) the specialized
AR(4) model for quarterly data, see Thomas and Wallis (1971); and (iv) the error components
model, see Fuller and Battese (1974) and Chapter 12.

9.4 Maximum Likelihood Estimation
Assuming that u ~ N (0, 0%Q), the new likelihood function can be derived keeping in mind that
u* = P~y = Q Y2y and u* ~ N(0,021,). In this case

flul,. .. ul;02) = (1/2m02)"? exp{—u*"u*/207%} (9.12)
Making the transformation u = Pu* = Q'/2u*, we get

Flug, ... up;0?) = (1/2062)" Q2] exp{—u/Q 'u/202} (9.13)

where |Q271/2| is the Jacobian of the inverse transformation. Finally, substituting y = X3 + u
in (9.13), one gets the likelihood function

L(B,0% Q) = (1/270®)" Q2| exp{—(y — XB)Q " (y — XB)/20°} (9.14)

since the Jacobian of this last transformation is 1. Knowing €2, maximizing (9.14) with respect to
3 is equivalent to minimizing u*u* with respect to 3. This means that B vLE 1s the OLS estimate
on the transformed model, i.e., ﬁGLS. From (9.14), we see that this RSS is a weighted one with
the weight being the inverse of the variance covariance matrix of the disturbances. Similarly,
maximizing (9.14) with respect to o2 gets 614,z = the OLS residual sum of squares of the
transformed regression (9.3) divided by n. From (9.6) this can be written as 63,; 5 = €”e*/n =
(n — K)s*?/n. The distributions of these maximum likelihood estimates can be derived from
the transformed model using the results in Chapter 7. In fact, BGLS ~ N(B,c2(X'Q71X)™ 1)
and (n — K)s*?/o? ~ X2 _ .

9.5 Test of Hypotheses

In order to test Hy; R = r, under the general variance-covariance matrix assumption, one can
revert to the transformed model (9.3) which has a scalar identity variance-covariance matrix
and use the test statistic derived in Chapter 7

(RBars — ) [R(X*X*) 'R (RBgrs —1)/0* ~ X_g (9.15)
Note that BG s replaces BO s and X* replaces X. Replacing X* by P~1X, we get
(RBars — ) [RX'Q'X) 'R (RBgs —1)/0% ~ X5 (9.16)
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This differs from its counterpart in the spherical disturbances model in two ways. BG 1.5 replaces
BorLg, and (X’Q71X) takes the place of X’ X. One can also derive the restricted estimator based
on the transformed model by simply replacing X* by P~'X and the OLS estimator of 3 by its
GLS counterpart. Problem 4 asks the reader to verify that the restricted GLS estimator is

Brans = Bars — (X'Q X)'RIR(X'QX) 'R (RBgpLs — 1) (9.17)

Furthermore, using the same analysis given in Chapter 7, one can show that (9.15) is in fact
the Likelihood Ratio statistic and is equal to the Wald and Lagrangian Multiplier statistics,
see Buse (1982). In order to operationalize these tests, we replace o2 by its unbiased estimate
s*2) and divide by g the number of restrictions. The resulting statistic is an F(g,n — K) for the
same reasons given in Chapter 7.

9.6 Prediction

How is prediction affected by nonspherical disturbances? Suppose we want to predict one period
ahead. What has changed with a general Q7 For one thing, we now know that the period (7'+1)
disturbance is correlated with the sample disturbances. Let us assume that this correlation is
given by the (T x 1) vector w = E(upyiu), problem 5 shows that the BLUP for yr4q is

Ure1 =21 Bons + @'y — XBarg) /o (9.18)

The first term is as expected, however it is the second term that highlights the difference
between the spherical and nonspherical model predictions. To illustrate this, let us look at the
AR(1) case where cov(us,us_s) = pc2. This implies that «’ = o2 (p”, p" =1, ..., p). Using Q
which is given in (9.9), one can show that w is equal to po? multiplied by the last column of
Q. But Q7'Q = I7, therefore, Q! times the last column of Q gives the last column of the
identity matrix, i.e., (0,0,...,1)" . Substituting for the last column of Q its expression (w/pc?)
one gets, QY (w/pa?) = (0,0,...,1)". Transposing and rearranging this last expression, we get
w’Q_l/ai = p(0,0,...,1). This means that the last term in (9.18) is equal to p(0,0,...,1)(y —
XBars) = peraLs, where ergrs is the T-th GLS residual. This differs from the spherical
model prediction in that next year’s disturbance is not independent of the sample disturbances
and hence, is not predicted by its mean which is zero. Instead, one uses the fact that upy; =
pur + er41 and predicts ur41 by pergrs. Only ery; is predicted by its zero mean but ur is
predicted by er.grs.

9.7 Unknown 2

If €2 is unknown, the practice is to get a consistent estimate of 2, say Q and substitute that in
Bars. The resulting estimator is

Brars = (X'Q7'X)7' X0y (9.19)

and is called a feasible GLS estimator of 3. Once Q replaces €} the Gauss-Markov Theorem
no longer necessarily holds. In other words, 8rq g is not BLUE, although it is still consistent.
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The finite sample properties of B rars are in general difficult to derive. However, we have the
following asymptotic results.

Theorem 1: \/ﬁ(BGLS — () and \/E(BFGLS — ) have the same asymptotic distribution
N(0,02Q1), where Q@ = lim(X'Q'X)/n as n — oo, if (i) plim X'(Q1 — Q) X/n = 0
and (ii) plim X'(Q! — Q 1)u/n = 0. A sufficient condition for this theorem to hold is that Q)
is a consistent estimator of 2 and X has a satisfactory limiting behavior.

Lemma 1: If in addition plim W (QF — Q Yu/n = 0, then s*2 = e s teqrs/(n — K) and
52 = el s terars/(n — K) are both consistent for 0. This means that one can perform
test of hypotheses based on asymptotic arguments using @ raLs and 82 rather than @G g and
5*2, respectively. For a proof of Theorem 1 and Lemma 1, see Theil (1971), Schmidt (1976) or
Judge et al. (1985).

Monte Carlo evidence under heteroskedasticity or serial correlation suggest that there is gain
in performing feasible GLS rather than OLS in finite samples. However, we have also seen in
Chapter 5 that performing a two-step Cochrane-Orcutt procedure is not necessarily better than
OLS if the X’s are trended. This says that feasible GLS omitting the first observation (in this
case Cochrane-Orcutt) may not be better in finite samples than OLS using all the observations.

0.8 The W, LR and LM Statistics Revisited

In this section we present a simplified and more general proof of W > LR > LM due to
Breusch (1979). For the general linear model given in (9.1) with v ~ N(0,%) and Ho; RB = 1.
The likelihood function given in (9.14) with ¥ = &%), can be maximized with respect to
B and ¥ without imposing Hy, yielding the unrestricted estimators 3, and X, where 3, =
(X’f]_l){v)_lX’i_ly. Similarly, this likelihood can be maximized subject to the restriction Hy,
yielding (3, and X, where

3, = (XS X)X’y — (XS X) 'R (9.20)

as in (9.17), where g = ﬁ_l(Rﬁr —r) is the Lagrange multiplier described in equation (7.35) of
Chapter 7 and A = [R(X'S"'X)"LR/]. The major distinction from Chapter 7 is that ¥ is un-
known and has to be estimated. Let Br denote the unrestricted maximum likelihood estimator of
[ conditional on the restricted variance-covariance estimator 3 and let 3, denote the restricted
maximum likelihood of 8 (satisfying Hy) conditional on the unrestricted variance-covariance

estimator Y. More explicitly,

~

3, = (X'T7IX)IX's Yy (9.21)
and

B, =B, — (X'S'X)'RATN(RB, ) (9.22)
Knowing 2, the Likelihood Ratio statistic is given by

LR = —Zlogmax L(B/S)/max L(B/%)] = ~2AoslL(5,B)/L(5, ) (9.23)

= ¥y u-ax '
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where u =y — XE and u =1y — Xﬁ, both estimators of 3 are conditional on a known .
RB, ~ N(R3,R(X'S'X)"'R))
and the Wald statistic is given by

W = (RB, —r)A Y(RB, —r) where A=[R(X'S'X)'R] (9.24)
Using (9.22), it is easy to show that u, =y — XBU and Uy, =y — XBu are related as follows:

Uy =y + X(X'STIX) 'R AY(RB, — 1) (9.25)
and

WSV, = 0,5 Y, + (RB, — ) A (RB, — ) (9.26)
The cross-product terms are zero because X ’i_lﬂu = 0. Therefore,

W o= @S Y, — a5 M, = —2log|L(3,%)/L(3,5)] (9.27)

= —210g[H;gXTL(ﬁ/E)/maX L(3/%)]

and the Wald statistic can be interpreted as a LR statistic conditional on f], the unrestricted
maximum likelihood estimator of .
Similarly, the Lagrange multiplier statistic, which tests that u = 0, is given by

LM =/ Ap= (RB, —r) A" (RB, — 1) (9.28)
Using (9.20) one can easily show that

Uy =Ur + X(X'ST'X) 'RAYRB, — 1) (9.29)
and

WX, =0, 4l Ap (9.30)
The cross-product terms are zero because X' i_lﬂr = 0. Therefore,

LM = .3 %, — a5, = —2log[L(3,,%)/L(B,,%)] (9.31)

= —2log[nl}zger(ﬁ/E)/maxL(ﬂ/E)]

and the Lagrange multiplier statistic can be interpreted as a LR statistic conditional on Y the
restricted maximum likelihood of 3. Given that

max L(3/%) < max L(3,%) = ma L(3/T) (9.32)
L(B/% < L(3,X) = L(3/Y .
max | (B/%) max L (8,%) = max (8/%) (9.33)
it can be easily shown that the likelihood ratio statistic given by
LR =-2] L3, X L(3,X .34
R oglmax L(f,X)/max L(5, )] (9.34)

satisfies the following inequality
W >LR>LM (9.35)

The proof is left to the reader, see problem 6.
This general and simple proof holds as long as the maximum likelihood estimator of 3 is
uncorrelated with the maximum likelihood estimator of ¥, see Breusch (1979).
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9.9 Spatial Error Correlation’

Unlike time-series, there is typically no unique natural ordering for cross-sectional data. Spatial
autocorrelation permit correlation of the disturbance terms across cross-sectional units. There
is an extensive literature on spatial models in regional science, urban economics, geography
and statistics, see Anselin (1988). Examples in economics usually involve spillover effects or
externalities due to geographical proximity. For example, the productivity of public capital, like
roads and highways, on the output of neighboring states. Also, the pricing of welfare in one
state that pushes recipients to other states. Spatial correlation could relate directly to the model
dependent variable y, the exogenous variables X, the disturbance term u, or to a combination
of all three. Here we consider spatial correlation in the disturbances and leave the remaining
literature on spatial dependence to the motivated reader to pursue in Anselin (1988, 2001) and
Anselin and Bera (1998) to mention a few.
For the cross-sectional disturbances, the spatial autocorrelation is specified as

w=AWu+e (9.36)

where ) is the spatial autoregressive coefficient satisfying |[A\| < 1, and € ~ IIN(0,02). W is a
known spatial weight matrix with diagonal elements equal to zero. W also satisfies some other
regularity conditions like the fact that I,, — AW must be nonsingular.

The regression model given in (9.1) can be written as

y=XB+ (I, — \W) e (9.37)
with the variance-covariance matrix of the disturbances given by

Y =0?Q = oI, — \W) NI, = xW")~! (9.38)
Under normality of the disturbances, Ord (1975) derived the maximum likelihood estimators

InL = —%lnm\ — ganﬂ'O‘Q —(y—XB)Q Yy — XB)/20? (9.39)
The Jacobian term simplifies by using

In|Q| = —2In|] — AW| = -23"7" | In(1 — Aw;) (9.40)

where w; are the eigenvalues of the spatial weight matrix W. The first-order conditions yield
the familiar GLS estimator of 3 and the associated estimator of o2:

Bure = (X'Q'X)IX'O Yy and  G3p = e tenie/n (9.41)

where ey =y — XBMLE. An estimate of A\ can be obtained using the iterative solution of
the first-order conditions in Magnus (1978, p. 283):

1 N1 N1
A K ) ) Q} = L (m) eMLE (6-42)
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where
OO = W — W + \W'W (9.43)

Alternatively, one can substitute 8, and 53, from (9.41) into the log-likelihood in (9.39)
to get the concentrated log-likelihood which will be a nonlinear function of A, see Anselin (1988)
for details.

Testing for zero spatial autocorrelation i.e., Hp; A = 0 is usually based on the Moran I-test
which is similar to the Durbin-Watson statistic in time-series. This is given by

n [eWe
MI = o ( - ) (9.44)

where e denotes the vector of OLS residuals and Sy is a standardization factor equal to the sum
of the spatial weights > """ | Z?zlwij. For a row-standardized weights matrix W where each row
sums to one, Sp = n and the Moran [-statistic simplifies to e'WWe/e’e. In practice the test is
implemented by standardizing it and using the asymptotic N(0, 1) critical values, see Anselin
and Bera (1988). In fact, for a row-standardized W matrix, the mean and variance of the Moran
I-statistic is obtained from

/
E(MI)=E (e v/Ve
ee

) = tr(PxW)/(n — k) (9.45)

and

o tr(PxWPxW') + tr(PxW)? + {tr(PxW)}?

B(MI) CEDIOELES)

Alternatively, one can derive the Lagrange Multiplier test for Hp; A = 0 using the result that
OlnL/O\ evaluated under the null of A = 0 is equal to v/Wu/o? and the fact that the Information
matrix is block-diagonal between 3 and (02, \), see problem 14. In fact, one can show that

B (€We/5?)?
LMy = tr[(W' + W)W] (9.46)

with 3% = ¢e /n. Under Hy, LM), is asymptotically distributed as x3. One can clearly see the
connection between Moran’s [-statistic and LM). Computationally, the W and LR tests are
more demanding since the require ML estimation under spatial autocorrelation.

This is only a brief introduction into the spatial dependence literature. Hopefully, it will moti-
vate the reader to explore alternative formulations of spatial dependence, alternative estimation
and testing methods discussed in this literature and the numerous applications in economics on
hedonic housing, crime rates, police expenditures and R&D spillovers, to mention a few.

Note

1. This section is based on Anselin (1988, 2001) and Anselin and Bera (1998).
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Problems

1. GLS Is More Efficient than OLS.

(a) Using equation (7.5) of Chapter 7, verify that var(B; ) is that given in (9.5).
(b) Show that var(Bp;g)— var(Bayg) = 02AQA" where

A=[(X'X)' X —(x’Q ' x)"IxX'Q7 1.
Conclude that this difference in variances is positive semi-definite.
2. 52 Is No Longer Unbiased for o.

(a) Show that E(s?) = o2tr(QPx)/(n — K) # o°. Hint: Follow the same proof given below
equation (7.6) of Chapter 7, but substitute 022 instead of o21I,,.

(b) Use the fact that Px and ¥ are non-negative definite matrices with tr(XPx) > 0 to show
that 0 < E(s?) < tr(X)/(n — K) where tr(X) = Y., 0?7 with ¢7 = var(u;) > 0. This
bound was derived by Dufour (1986). Under homoskedasticity, show that this bound becomes
0 < E(s?) <no?/(n— K). In general, 0 < {mean of n — K smallest characteristic roots of
¥} < E(s?) < {mean of n — K largest characteristic roots of X} < tr(X)/(n — K), see Sathe
and Vinod (1974) and Neudecker (1977, 1978).

(c) Show that a sufficient condition for s*> to be consistent for o? irrespective of X is that
Amaz = the largest characteristic root of € is o(n), i.e., Apaz/n — 0 as n — oo and plim
(v'u/n) = 0% Hint: s> = v/'Pxu/(n — K) = v'u/(n — K) —u'Pxu/(n — K). By assumption,
the first term tends in probability limits to o2 as n — co. The second term has expectation
o%tr(PxQ)/(n — K). Now Px( has rank K and therefore exactly K non-zero characteristic
roots each of which cannot exceed A4, This means that E[u’ Pxu/(n—K)] < 02K \paz/(n—
K). Using the condition that Ay,q. /1 — 0 proves the result. See Kramer and Berghoff (1991).

(d) Using the same reasoning in part (a), show that s*2 given in (9.6) is unbiased for o2.
3. The AR(1) Model. See Kadiyala (1968).

(a) Verify that QQ~! = I for Q and Q! given in (9.9) and (9.10), respectively.
(b) Show that PPt = (1 — p?)Q~! for P~ defined in (9.11).
(c) Conclude that var(P~'u) = o2Ir. Hint: Q = (1 — p?)PP’ as can be easily derived from part

(b).

4. Restricted GLS. Using the derivation of the restricted least squares estimator for u ~ (0, %1,
Chapter 7, verify equation (9.17) for the restricted GLS estimator based on u ~ (0,0%0Q). Hlnt
Apply restricted least squares results to the transformed model given in (9.3).

5. Best Linear Unbiased Prediction. This is based on Goldberger (1962). Consider all linear predictors
of yrys = ¥, B + urys of the form yr . = 'y, where u ~ (0,X) and ¥ = a2 Q.
(a) Show that ¢'X = z7.,  for 71, to be unbiased.
(b) Show that var(yr4s) = ¢/'Sc+ 07, — 2w where var(urys) = 07, and w = E(urysu).

(c) Minimize var(yr4,) given in part (b) subject to ¢’X = 7., and show that
C=2 I - X(X'2'X) XY o+ 27X (XS X) ey,
This means that §p, s =y = x}+SBGLS +w'¥ legrs = xi“_S@GLS +w'Q tegrs/o?. For

s =1, i.e., predicting one period ahead, this verifies equation (9.18). Hint: Use partitioned
inverse in solving the first-order minimization equations.
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(d) Show that yris = x’TJrS@GLS + p*er.qrs for the stationary AR(1) disturbances with autore-
gressive parameter p, and |p| < 1.

6. The W, LR and LM Inequality. Using the inequalities given in equations (9.32) and (9.33) verify
equation (9.35) which states that W > LR > LM. Hint: Use the conditional likelihood ratio
interpretations of W and LM given in equations (9.27) and (9.31) respectively.

7. Consider the simple linear regression
y=a+p0X;+u; 1=1,2....n

with u; ~ IIN(0, 02). For Hy; 8 = 0, derive the LR, W and LM statistics in terms of conditional like-

lihood ratios as described in Breusch (1979). In other words, compute W = —2 log[m?}{X (o, B/5%)/
0

ma)%L(a, B/5%)], LM = 7210g[m%1x L(a, 5/52)/ma>%L(a, 3/5°)] and LR = 7210g[mz}qx L(a, B,0%)/

max L(a, 8, 02)] where 67 is the unrestricted MLE of o2 while 5 is the restricted MLE of o under
a,B,0

Hj. Use these results to infer that W > LR > LM.

8. Sampling Distributions and Efficiency Comparison of OLS and GLS. Consider the following re-
gression model y; = Bay + u; for (t = 1,2), where 8 = 2 and x; takes on the fixed values z; = 1,
xo = 2. The u;’s have the following discrete joint probability distribution:

(u1,uz) | Probability

(—1,-2) 1/8
(1,-2) 3/8
(—1,2) 3/8

(1,2) 1/8

(a) What is the variance-covariance matrix of the disturbances? Are the disturbances het-
eroskedastic? Are they correlated?

(b) Find the sampling distributions of B¢ and By s and verify that var(3,,¢) > var(Barg)-

(¢) Find the sampling distribution of the OLS residuals and verify that the estimated var(3p ;)
is biased. Also, find the sampling distribution of the GLS residuals and verify that the MSE
of the GLS regression is an unbiased estimator of the GLS regression variance. Hint: Read
Oksanen (1991) and Phillips and Wickens (1978), pp. 3—4. This problem is based on Baltagi
(1992). See also the solution by Im and Snow (1993).

9. Fqui-correlation. This problem is based on Baltagi (1998). Consider the regression model given
in (9.1) with equi-correlated disturbances, i.e., equal variances and equal covariances: FE(uu') =
0?Q = 02[(1 — p)Ir + purily] where vr is a vector of ones of dimension T and I7 is the identity
matrix. In this case, var(u;) = o2 and cov(uy, us) = po? for t # s with t = 1,2,...,T. Assume
that the regression has a constant.

(a) Show that OLS on this model is equivalent to GLS. Hint: Verify Zyskind’s condition given
in (9.8) using the fact that Pxir = v if ¢ is a column of X.

(b) Show that F(s?) = o%(1— p). Also, that () is positive semi-definite when —1/(T —1) < p < 1.
Conclude that if —=1/(T —1) < p <1, then 0 < E(s?) < [T/(T — 1)]o?. The lower and upper
bounds are attained at p =1 and p = —1/(T — 1), respectively, see Dufour (1986). Hint: Q
is positive semi-definite if for every arbitrary non-zero vector a we have a’Qa > 0. What is
this expression for a = vp?

(c) Show that for this equi-correlated regression model, the BLUP of yry1 = 2/, 1B+ ury s

Yr41 = o7, Bors as long as there is a constant in the model.
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Consider the simple regression with no regressors and equi-correlated disturbances:
y=a+u i=1,...,n

where E(u;) =0 and

cov(uj,uj) = po? for i#j

o for i=1j

with (n_£1) < p <1 for the variance-covariance matrix of the disturbances to be positive definite.

(a) Show that the OLS and GLS estimates of « are identical. This is based on Kruskal (1968).
(b) Show that the bias in s2, the OLS estimator of o2, is given by —po?.
(c) Show that the GLS estimator of o2 is unbiased.

(d) Show that the Elestimated var(a)— true var(aors)] is also —po?.

Prediction Error Variances Under Heteroskedasticity. This is based on Termayne (1985). Consider
the t-th observation of the linear regression model given in (9.1).

Y = T8+ up t=1,2,...,T

where y, is a scalar zj is 1 x K and 3 is a K x 1 vector of unknown coefficients. u; is assumed to
have zero mean, heteroskedastic variances E(u?) = (z}7)? where z} is a 1 x r vector of observed
variables and «y is an r x 1 vector of parameters. Furthermore, these u;’s are not serially correlated,
so that FE(usus) = 0 for t # s.

(a) Find the V&I‘(BOLS) and var(B; ¢) for this model.

(b) Suppose we are forecasting y for period f in the future knowing z, i.e., yy = 28+ uy with
f>T. Let €5 and € be the forecast errors derived using OLS and GLS, respectively. Show
that the prediction error variances of the point predictions of y; are given by

- T - T T -
var(ey) = x/f(thl T2y ! It xtx;(227)2](2t:1 Texy) le + (2}7)2
var(ey) = x} [Zthl Jitx;(zh)z]ile + (Z/f'Y)2

(c) Show that the variances of the two forecast errors of conditional mean E(y;/xy) based

upon BO g and BG s and denoted by ¢y and ¢y, respectively are the first two terms of the
corresponding expressions in part (b).

(d) Now assume that K = 1 and r» = 1 so that there is only one single regressor x; and one
z; variable determining the heteroskedasticity. Assume also for simplicity that the empirical
moments of x; match the population moments of a Normal random variable with mean zero
and variance ¢. Show that the relative efficiency of the OLS to the GLS predictor of yy is
equal to (T'+1)/(T + 3), whereas the relative efficiency of the corresponding ratio involving
the two predictions of the conditional mean is (1/3).

12. Estimation of Time Series Regressions with Autoregressive Disturbances and Missing Observations.

This is based on Baltagi and Wu (1997). Consider the following time series regression model,
y=xf+u t=1,...,T,

where (3 is a K x 1 vector of regression coeflicients including the intercept. The disturbances follow
a stationary AR(1) process, that is,

Ut = PpUt—1 + €,
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with |p| < 1, € is IIN(0,0?), and ug ~ N(0,02/(1 — p*)). This model is only observed at times ¢,
forj=1,...,nwithl=1¢ <...<t, =T and n > K. The typical covariance element of u; for
the observed periods t; and t, is given by

o?
1—p2p

cov(ug,;, ug,) = [tj—ts]

for s,7=1,....n

Knowing p, derive a simple Prais-Winsten-type transformation that will obtain GLS as a simple
least squares regression.

Multiplicative Heteroskedasticity. This is based on Harvey (1976) Consider the linear model given
in (9.1) and let u ~ N(0, Z) where ¥ = diag[c?]. Assume that 02 = 02h;(0) with ¢’ = (61,...,05)
and h;(0) = exp(0121; + ... + 025) = exp(z 9) with 2} = (214, .., 2si)-

(a) Show that log-likelihood function is given by

N 1
log L(5.6,0%) =~ log 2n0% - 3 Y, log hi(8) - 55 521, Z-(f))m

and the score with respect to 0 is

1N18h

dlog L|99 = 2 ] (y: = 2i0) O

=P
= 1h()89 202 =1 (hi(6))2 00
Conclude that for multiplicative heteroskedasticity, equating this score to zero yields

(y: — i)

2 N
exp(z}0) %= 07 Y B

N
izt

(b) Show that the Information matrix is given by

XYY 0 0 1
1 N 1 0h; Oh; 1 1 8hi
0 oy -
1(8,0,0%) = 3 21 (hi(0))2 00 06 202 b hi(0) 06
1 N 1 0Oh; N
0 — =
L 202 Lt ha(0) 06 20 _
and for multiplicative heteroskedasticity this becomes
X'y'X 0 0
1 1 N
168,0,0% = | O 377 g im
1 N N
R R
where Z! = (z1,...,2N).

(c¢) Assume that h;(0) satisfies h;(0) = 1, then the test for heteroskedasticity is Hy; 6 = 0 versus
Hy; 6 # 0. Show that the score with respect to 6 and 2 evaluated under the null hypothesis,
ie,at@=0and s’ = e’e/N is given by

1 N e?
S — §Zizlzi ~2*1
0
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where e denotes the vector of OLS residuals. The Information matrix with respect to 6 and
o?can be obtained from the bottom right block of 1(8, 6, o?) given in part (b). Conclude that
the score test for Hy is given by

-1

e =) (Sl -2 —2)) T (e -5
25"

LM =

This statistic is asymptotically distributed as x? under Hy. From Chapter 5, we can see that
this is a special case of the Breusch and Pagan (1979) test-statistic which can be obtained as
one-half the regression sum of squares of e?/ &2 on a constant and Z. Koenker and Bassett
(1982) suggested replacing the denominator 25 by Zivzl (e2—52)2/N to make this test more
robust to departures from normality.

14. Spatial Autocorrelation. Consider the regression model given in (9.1) with spatial autocorrelation

defined in (9.36).
(a) Verify that the first-order conditions of maximization of the log-likelihood function given in
(9.39) yield (9.41).

(b) Show that for testing Hop; A = 0, the score dlnL/O\ evaluated under the null, i.e., at A = 0,
is given by v Wu/o?.

(c) Show that the Information matrix with respect to o2and ), evaluated under the null of A = 0,
is given by

n tr(W)
204 o?
tr(W)

tr(W?2) + tr(W'W)

(d) Conclude from parts (b) and (c) that the Lagrange Multiplier for Hy; A = 0 is given by LM
in (9.46). Hint: Use the fact that the diagonal elements of W are zero, hence tr(W) = 0.

15. Neighborhood Effects and Housing Demand. Toannides and Zabel (2003) use data from the Amer-

ican Housing Survey to estimate a model of housing demand with neighborhood effects. The
number of observations on housing units used were 1947 in 1985, 2318 in 1989 and 2909 in 1993.
The housing survey has detailed information for each of these housing units and their owners,
including: the owner’s schooling, whether the owner is white, whether the owner is married, the
number of persons in the household, household income, and whether the house has changed owners
(“changed hands”) in the last 5 years. In addition, the current owner’s evaluation of the housing
unit’s market value, as well as various structural characteristics of the housing unit (such as num-
ber of bedrooms, bathrooms, and whether the house has a garage). The variable definitions are
given in Table VI of Toannides and Zabel (2003, p. 568) and the data is available from the Journal
of Applied Econometrics archive:

(a) Replicate Table VII of Ioannides and Zabel (2003, p. 569) which displays the means and
standard deviations for some of the variables by year and for the pooled sample. Note that
the price and income variables are different from the numbers reported in the paper.

(b) Replicate Table VIII of Ioannides and Zabel (2003, p. 577) which reports regression results of
housing demand. Note that these regressions are different from those reported in the paper.
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CHAPTER 10
Seemingly Unrelated Regressions

When asked “How did you get the idea for SUR?” Zellner responded: “On a rainy
night in Seattle in about 1956 or 1957, I somehow got the idea of algebraically writing
a multivariate regression model in single equation form. When I figured out how to do
that, everything fell into place because then many univariate results could be carried
over to apply to the multivariate system and the analysis of the multivariate system
1s much simplified notationally, algebraically and, conceptually.” Read the interview
of Professor Arnold Zellner by Rossi (1989, p. 292).

10.1 Introduction
Consider two regression equations corresponding to two different firms
yi=XiBitu,  1=1,2 (10.1)

where y; and u; are T x 1 and X; is (T x K;) with u; ~ (0,0417). OLS is BLUE on each
equation separately. Zellner’s (1962) idea is to combine these Seemingly Unrelated Regressions
in one stacked model, i.e.,

Y1 X 0 B4 > ( uq )
_ + 10.2
HEEEA A a02)
which can be written as

y=X0B+u (10.3)

where v = (v}, y5) and X and u are obtained similarly from (10.2). y and u are 27 x 1, X is
2T x (K1 + K2) and ( is (K1 + K2) x 1. The stacked disturbances have a variance-covariance
matrix

onlr o2lr

Q= =Y ®Ip (10.4)

oo lr ooolr

where ¥ = [oy;] for i,j = 1,2; with p = 012/\/011022 measuring the extent of correlation
between the two regression equations. The Kronecker product operator ® is defined in the Ap-
pendix to Chapter 7. Some important applications of SUR models in economics include the
estimation of a system of demand equations or a translog cost function along with its share
equations, see Berndt (1991). Briefly, a system of demand equations explains household con-
sumption of several commodities. The correlation among equations could be due to unobservable
household specific attributes that influence the consumption of these commodities. Similarly, in
estimating a cost equation along with the corresponding input share equations based on firm
level data. The correlation among equations could be due to unobservable firm-specific effects
that influence input choice and cost in production decisions.

B.H. Baltagi, Econometrics, Springer Texts in Business and Economics, DOI 10.1007/978-3-642-20059-5_10, 241
© Springer-Verlag Berlin Heidelberg 2011
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Problem 1 asks the reader to verify that OLS on the system of two equations in (10.2) yields
the same estimates as OLS on each equation in (10.1) taken separately. If p is large we expect
gain in efficiency in performing GLS rather than OLS on (10.3). In this case

Bars = (X'Q71X) I XYy (10.5)

where Q! = 7! ® Ip. GLS will be BLUE for the system of two equations estimated jointly.
Note that we only need to invert ¥ to obtain Q~'. ¥ is of dimension 2 x 2 whereas, (2 is of
dimension 27 x 2T. In fact, if we denote by =1 = [¢%/], then

B . UllX{Xl 0’12X{X2 B JllX{yl + UlQX{yQ (10 6)
GLS = | oM XIXy 0% X)X, a*' Xoy1 + 0% X5ys '
Zellner (1962) gave two sufficient conditions where it does not pay to perform GLS, i.e., GLS
on this system of equations turns out to be OLS on each equation separately. These are the
following:

Case 1: Zero correlation among the disturbances of the i-th and j-th equations, i.e., o;; = 0 for
i # j. This means that ¥ is diagonal which in turn implies that ¥~! is diagonal with o = 1/0;
for i =1,2, and 0% = 0 for i # j. Therefore, (10.6) reduces to

5o [ onxix) 0 ][XMﬁm]: Prors (10.7)
GLS 0 o22(X5X5) ™! X5y2/022 Ba2.0Ls

Case 2: Same regressors across all equations. This means that all the X;’s are the same, i.e.,

X1 = X9 = X*. This rules out different number of regressors in each equation and all the X;’s
must have the same dimension, i.e., K1 = Ko = K. Hence, X = I, ® X* and (10.6) reduces to

Bars = (o X ) @ Ir) (o X)) [0 X)(S™ @ Ir)y (10.8)
= Ee@Xx)E @XMy = [Le (X'X) X"y = Bors
These results generalize to the case of M regression equations, but for simplicity of exposition
we considered the case of two equations only.
A necessary and sufficient condition for SUR(GLS) to be equivalent to OLS, was derived by
Dwivedi and Srivastava (1978). An alternative derivation based on the Milliken and Albohali
(1984) necessary and sufficient condition for OLS to be equivalent to GLS, is presented here,

see Baltagi (1988). In Chapter 9, we saw that GLS is equivalent to OLS, for every y, if and only
if

X'Q'Px =0 (10.9)

In this case, X = diag[X;], 7! = ¥7! ® I, and Py = diag[Py,]. Hence, the typical element
of (10.9), see problem 1, is

o X{Px, =0 (10.10)

This is automatically satisfied for i = j. For i # j, this holds if 0 = 0 or X{PXJ. = 0. Note
that ¢ = 0 is the first sufficient condition provided by Zellner (1962). The latter condition
X {PXJ. = 0 implies that the set of regressors in the i-th equation are a perfect linear combination



10.2  Feasible GLS Estimation 243

of those in the j-th equation. Since X }PXi = 0 has to hold also, X; has to be a perfect linear
combination of the regressors in the i-th equation. X; and X; span the same space. Both X; and
X have full column rank for OLS to be feasible, hence they have to be of the same dimension
for X{PXJ, = X]’-PXi = 0. In this case, X| = C’X;, where C' is a nonsingular matrix, i.e., the
regressors in the i-th equation are a perfect linear combination of those in the j-th equation.
This includes the second sufficient condition derived by Zellner (1962). In practice, different
economic behavioral equations contain different number of right hand side variables. In this
case, one rearranges the SUR into blocks where each block has the same number of right hand
side variables. For two equations (i and j) belonging to two different blocks (i # j), (10.10)
is satisfied if the corresponding o is zero, i.e., 3 has to be block diagonal. However, in this
case, GLS performed on the whole system is equivalent to GLS performed on each block taken
separately. Hence, (10.10) is satisfied for SUR if it is satisfied for each block taken separately.
Revankar (1974) considered the case where X is a subset of X;. In this case, there is no gain in
using SUR for estimating (35. In fact, problem 2 asks the reader to Verlfy that 52 SUR = ﬁQ OLS-

However, this is not the case for 3;. It is easy to show that Bl SUR = ﬁl ors — Aea oLs, where
A is a matrix defined in problem 2, and ez o1 are the OLS residuals for the second equation.

Telser (1964) suggested an iterative least squares procedure for SUR equations. For the two
equations model given in (10.1), this estimation method involves the following:

1. Compute the OLS residuals e; and es from both equations.

2. Include e; as an extra regressor in the second equation and e; as an extra regressor
in the first equation. Compute the new least squares residuals and iterate this step until
convergence of the estimated coefficients. The resulting estimator has the same asymptotic
distribution as Zellner’s (1962) SUR estimator.

Conniffe (1982) suggests stopping at the second step because in small samples this provides most
of the improvement in precision. In fact, Conniffe (1982) argues that it may be unnecessary and
even disadvantageous to calculate Zellner’s estimator proper. Extensions to multiple equations
is simple. Step 1 is the same where one computes least squares residuals of every equation. Step
2 adds the residuals of all other equations in the equation of interest. OLS is run and the new
residuals are computed. One can stop at this second step or iterate until convergence.

10.2 Feasible GLS Estimation

In practice, ¥ is not known and has to be estimated. Zellner (1962) recommended the following
feasible GLS estimation procedure:

si =4 e2/(T—K;) for =12 (10.11)
and
sij = Sty eireji /(T — K)YH(T — Kj)Y? for i,5=1,2 and i#j (10.12)

where e;; denotes OLS residuals of the i-th equation. s;; is the s of the regression for the i-th
equation. This is unbiased for o;;. However, s;; for i # j is not unbiased for o;;. In fact, the
unbiased estimate is

5= ewet/)[T — K; — K; + tr (B)]  for  i,j=1,2 (10.13)
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where B = X;(X{X;)"' X[ X;(X}X;)"' X} = Px,Px;, see problem 4. Using this last estimator
may lead to a variance-covariance matrix that is not positive definite. For consistency, however,
all we need is a division by 7', however this leaves us with a biased estimator:

Sij =Y €ivee/T for i,j=1,2 (10.14)

Using this consistent estimator of ¥ will result in feasible GLS estimates that are asymptoti-
cally efficient. In fact, if one iterates this procedure, i.e., compute feasible GLS residuals and
second round estimates of ¥ using these GLS residuals in (10.14), and continue iterating, until
convergence, this will lead to maximum likelihood estimates of the regression coefficients, see
Oberhofer and Kmenta (1974).

Relative Efficiency of OLS in the Case of Simple Regressions

To illustrate the gain in efficiency of Zellner’s SUR compared to performing OLS on each
equation separately, Kmenta(1986, pp. 641-643) considers the following two simple regression
equations:

Yie = Bu+BraXu + uy (10.15)
Yoo = Py + BouXor +uy for t=1,2,...T;

and proves that

Var(BlQ,GLS)/Var(BH,OLS) =(1-=p°)/[1 = p*r?] (10.16)

where p is the correlation coefficient between u; and us, and r is the sample correlation coefficient
between X; and Xs. Problem 5 asks the reader to verify (10.16). In fact, the same relative
efficiency ratio holds for (49, i.e., Var(BQZGLS)/Var(EQZOLS) is given by that in (10.16). This
confirms the two results obtained above, namely, that as p increases this relative efficiency ratio
decreases and OLS is less efficient than GLS. Also, as r increases this relative efficiency ratio
increases and there is less gain in performing GLS rather than OLS. For p = 0 or r = 1, the
efficiency ratio is 1, and OLS is equivalent to GLS. However, if p is large, say 0.9 and r is small,
say 0.1 then (10.16) gives a relative efficiency of 0.11. For a tabulation of (10.16) for various
values of p? and r2, see Table 12-1 of Kmenta (1986, p. 642).

Relative Efficiency of OLS in the Case of Multiple Regressions

With more regressors in each equation, the relative efficiency story has to be modified, as
indicated by Binkley and Nelson (1988). In the two equation model considered in (10.2) with
K regressors X7 in the first equation and Ky regressors Xs in the second equation

11y 12y -1
2 —1y\—1 o X7Xq o= X! Xy
Var(ﬁG’LS) = (X/Q X) = |: UZleXl J22)(;)(2 = {AU] (1017)
If we focus on the regression estimates of the first equation, we get var(ﬁLGLS) = A =

[ XXy — 012X X2(022 X} X5) 10?1 X X1] 71 see problem 6. Using the fact that

. 2 g
SR
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where p? = 0%2/011022, one gets
var(By grs) = loni (1 — pHXI X1 — p(X) Py, X0) ) (10.18)
Add and subtract p?X{X; from the expression to be inverted, one gets
var(By grs) = on{ X1 X1 + [0*/(1 = p*)| E'E} ! (10.19)

where E = Pyx,X; is the matrix whose columns are the OLS residuals of each variable in
Xj regressed on Xy. If £ = 0, there is no gain in SUR over OLS for the estimation of ;.
X1 = Xo or X is a subset of Xy are two such cases. One can easily verify that (10.19) is the
variance-covariance matrix of an OLS regression with regressor matrix
X1

v o
where 02 = p?/(1 — p?). Now let us focus on the efficiency of the estimated coefficient of the
g-th variable, X, in X7. Recall, from Chapter 4, that for the regression of y on X;

var(B,ors) = 011/ {Z,:Tzl (1 - Rﬁ)} (10.20)

where the denominator is the residual sum of squares of X, on the other (K — 1) regressors in
X1 and R?I is the corresponding R? of that regression. Similarly, from (10.19),

) T T *
Var(/@q,SUR) = 011/ {Zt:l ‘Tz%q + 0° thl egq} (1 - qu) (10'21)
. . : Xy
where the denominator is the residual sum of squares of be. | o0 the other (K —1) regressors
q

in W, and R;Q is the corresponding R? of that regression. Add and subtract Z?zl qu(l — Rg)
to the denominator of (10.21), we get

> o11
var(8 sur) = T = P

{Cla3,0 - B+ S a3 (B — R+ 0* X1 3,1 - R }
This variance differs from var(ﬁqvo rs) in (10.20) by the two extra terms in the denominator. If
p =0, then 6> = 0, so that W’ = [X{,0] and R = R;?. In this case, (10.22) reduces to (10.20).
If X, also appears in the second equation, or in general is spanned by the variables in X5, then
erg = 0, Zthl e7, = 0 and from (10.22) there is gain in efficiency only if Ry > R!?. RZ is a
measure of multicollinearity of X, with the other (/; —1) regressors in the first equation, i.e., X;.
If this is high, then it is more likely for RZ > RZ2. Therefore, the higher the multicollinearity
within X, the greater the potential for a decrease in variance of OLS by SUR. Note that
Rc21 = R;Q when 0F = 0. This is true if § = 0, or £ = 0. The latter occurs when X is
spanned by the sub-space of Xs. Problem 7 asks the reader to verify that Rg = R;2 when X3
is orthogonal to Xo. Therefore, with more regressors in each equation, one has to consider the
correlation between the X'’s within each equation as well as that across equations. Even when
the X’s across equations are highly correlated, there may still be gains from joint estimation
using SUR when there is high mulicollinearity within each equation.

(10.22)



246 CHAPTER 10: Seemingly Unrelated Regressions
10.3 Testing Diagonality of the Variance-Covariance Matrix

Since the diagonality of ¥ is at the heart of using SUR estimation methods, it is important
to look at tests for Hyp: ¥ is diagonal. Breusch and Pagan (1980) derived a simple and easy
to use Lagrange multiplier statistic for testing Hy. This is based upon the sample correlation
coefficients of the OLS residuals:

LM =Ty, Y0 (10.23)
where M denotes the number of equations and 7;; = 5;;/ (Eiﬁjj)l/ 2. The S;j’s are computed
from OLS residuals as in (10.14). Under the null hypothesis, Az has an asymptotic X?M(Mﬂ)/z
distribution. Note that the s;j;’s are needed for feasible GLS estimation. Therefore, it is easy
to compute the 7;;’s and Apps by summing the squares of half the number of off-diagonal
elements of R = [r;;] and multiplying the sum by T'. For example, for the two equations case,
Ay = Tr3; which is asymptotically distributed as x? under Hy. For the three equations case,
Ay = T(r3, +r2 +r2,) which is asymptotically distributed as x3 under H,.

Alternatively, the Likelihood Ratio test can also be used to test for diagonality of ¥. This
is based on the determinants of the variance covariance matrices estimated by MLE for the
restricted and unrestricted models:

Ap=T (Z?i  logBii — 1og|§y) (10.24)

where §;; is the restricted MLE of 0;; obtained from the OLS residuals as in (10.14). The matrix
3 denotes the unrestricted MLE of ¥. This may be adequately approximated with an estimator
based on the feasible GLS estimator BFGLS, see Judge et al. (1982). Under Hy, Arr has an
asymptotic X?w( M-1)/2 distribution.

10.4 Seemingly Unrelated Regressions with Unequal Observations

Srivastava and Dwivedi (1979) surveyed the developments in the SUR model and described
the extensions of this model to the serially correlated case, the nonlinear case, the misspecified
case, and that with unequal number of observations. Srivastava and Giles (1988) dedicated a
monograph to SUR models, and surveyed the finite sample as well as asymptotic results. More
recently, Fiebig (2001) gives a concise and up to date account of research in this area. In this
section, we consider one extension to focus upon. This is the case of SUR with unequal number
of observations considered by Schmidt (1977), Baltagi, Garvin and Kerman (1989) and Hwang
(1990).

Let the first firm have T observations common with the second firm, but allow the latter to
have N extra observations. In this case, (10.2) will have y; of dimension T' x 1 whereas yo will
be of dimension (T'+ N) x 1. In fact, y4 = (y3',v9) and X} = (X3, X§') with % denoting the
T common observations for the second firm, and o denoting the extra N observations for the
second firm. The disturbances will now have a variance-covariance matrix

oculr oiw2dr 0
Q= | oplr owlr 0 (10.25)
0 0 ool N
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GLS on (10.2) will give

3. - | etxix 12X X3 -
GLS — I 0_12X§</X1 0_22X§/Xék + (XS/XQO)/O-22>
(10.26)
[ o Xy + 02Xy }
o2 X5y + 0 X5 ys + (X'y3) /022)

where 7! = [0¥] for i, j = 1,2. If we run OLS on each equation (T for the first equation, and
T + N for the second equation) and denote the residuals for the two equations by e; and es,
respectively, then we can partition the latter residuals into e} = (€3, e9). In order to estimate
2, Schmidt (1977) considers the following procedures:

(1) Ignore the extra N observations in estimating 2. In this case

811 = S11 = 6/161/T; 812 = S12 = C&GS/T and 322 = 8;2 = e’é’e;/T (10.27)

(2) Use T'+ N observations to estimate og2. In other words, use s11, s12 and 092 = S92 =
ehea /(T + N). This procedure is attributed to Wilks (1932) and has the disadvantage of
giving estimates of {2 that are not positive definite.

(3) Use s11 and sa2, but modify the estimate of 015 such that Qis positive definite. Srivastava
and Zaatar (1973) suggest o12 = 512(522/532)1/2.

(4) Use all (T + N) observations in estimating 2. Hocking and Smith (1968) suggest using
G11 = 511 — (N/N + T)(s12/8%9)2 (555 — 555) Where 59, = €5'€3/N; G12 = s12(522/5%,) and
022 = 522.

(5) Use a maximum likelihood procedure.

All estimators of € are consistent, and 3 rcrs based on any of these estimators will be asymp-
totically efficient. Schmidt considers their small sample properties by means of Monte Carlo
experiments. Using the set up of Kmenta and Gilbert (1968) he finds for 7' = 10, 20,50 and
N = 5,10, 20 and various correlation of the X’s and the disturbances across equations the fol-
lowing disconcerting result: “..it is certainly remarkable that procedures that essentially ignore
the extra observations in estimating ¥ (e.g., Procedure 1) do not generally do badly relative to
procedures that use the extra observations fully (e.g., Procedure 4 or MLE). Except when the
disturbances are highly correlated across equations, we may as well just forget about the extra
observations in estimating ». This is not an intuitively reasonable procedure.”

Hwang (1990) re-parametrizes these estimators in terms of the elements of ¥ =1 rather than X.
After all, it is X! rather than ¥ that appears in the GLS estimator of 3. This re-parametrization
shows that the estimators of ¥~ no longer have the ordering in terms of their use of the extra
observations as that reported by Schmidt (1977). However, regardless of the parametrization
chosen, it is important to point out that all the observations are used in the estimation of
0 whether at the first stage for obtaining the least squares residuals, or in the final stage in
computing GLS. Baltagi et al. (1989) show using Monte Carlo experiments that better estimates
of ¥ or its inverse ¥~! in Mean Square Error sense, do not necessarily lead to better GLS
estimates of [.
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10.5 Empirical Examples

Example 1: Baltagi and Griffin (1983) considered the following gasoline demand equation:

Car
—|— ﬁ3log7 +u

Y Py
04+5110g + Bolog——— N

) as
OgCar Pap
where Gas/Car is motor gasoline consumption per auto, Y/N is real per capita income,
Py /Pepp is real motor gasoline price and Car/N denotes the stock of cars per capita.
This data consists of annual observations across 18 OECD counties, covering the period 1960—
1978. Tt is provided as GASOLINE.DAT on the Springer web site. We consider the first two
countries: Austria and Belgium. OLS on this data yields

. Gas Y Pya Car
Austria  log=—— = 3.727 + 0.761 log— — 0.793 log — 0.520 log——
Car N Papp N

(0.373)  (0.211) (0.150) (0.113)
) Gas Y Pya Car
Belgium log@ = 3.042 + 0.845 logN— 0.042 logp — 0.673 logT

(0.453)  (0.170) 0.158)  ~ °P7 (0.093)

where the standard errors are shown in parentheses. Based on these OLS residuals, the estimate
of ¥ is given by

$_ 0.0012128 0.00023625

N 0.00092367

The Seemingly Unrelated Regression estimates based on this fl, i.e., after one iteration, are
given by

. Gas Y P, Car
Austria  log—— 3.713 + 0.721 log— — MG 0.496 log——
Car N GDP N

(0.111)

G Y P, C

Belgium log—— as 4+ 0.835 log— — ¢ _ 0.686 logﬂ
Car N GDP N

(0.445) (0.170) (0.154) (0.093)

The Breusch-Pagan (1980) Lagrange multiplier test for diagonality of ¥ is Tr3; = 0.947 which is
distributed as x7 under the null hypothesis. The Likelihood Ratio test for the diagonality of 3,
given in (10.23), yields a value of 1.778 which is also distributed as x under the null hypothesis.
Both test statistics do not reject Hg. These SUR results were run using SHAZAM and could be
iterated further. Note the reduction in the standard errors of the estimated regression coefficients
is minor as we compare the OLS and SUR estimates.

Suppose that we only have the first 15 observations (1960-1974) on Austria and all 19 ob-
servations (1960-1978) on Belgium. We now apply the four feasible GLS procedures described
by Schmidt (1977). The first procedure which ignores the extra 4 observations in estimating %
yields s1; = 0.00086791, s12 = 0.00026357 and s3, = 0.00109947 as described in (10.27). The
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resulting SUR estimates are given by

. Gas Y Pya Car
Austria  log=— = 4.484 + 0.817 log— — 0.580 log — 0.487 log——
Car N PGDP N
(0.438)  (0.168) (0.176) (0.098)
. Gas Y P, Car
Belgium logz— = 2936 + 0848 log7= — 0.095 log G]ﬁ— 0.686 log—
(0.436)  (0.164) (0.151) (0.090)

The second procedure, due to Wilks (1932) uses the same sj; and sj2 in procedure 1, but
099 = S99 = 6/262/19 = 0.00092367. The resulting SUR estimates are given by

. Gas Y P Car
Austria log—— = 4521 + 0.806 log— — 0.554 log—=—% — 0476 log——
Car N Papp N

(0.437)  (0.167) (0.174) (0.008)
) Gas Y P, Car
Belgium log—— = 2037 + 0.848 log— — 0.094 log=2% — 0,685 log——
Car N Pepp N

(0.399)  (0.150) (0.138) (0.082)

The third procedure based on Srivastava and Zaatar (1973) use the same s17 and s99 as proce-
dure 2, but modify o195 = 312(822/552)1/2 = 0.00024158. The resulting SUR estimates are given
by

. Gas Y Py Car
Austria  log—=—— = 4.503 + 0.812 log— — 0.567 log — 0.481 log——
Car N Papp N

(0.438)  (0.168) (0.176) (0.098)
. Gas Y P, Car
Belgium log—— = 2046 + 0.847 log~ — 0.090 log—— — 0.684 log——
Car N Papp N

(0.400)  (0.151) (0.139) (0.082)

The fourth procedure due to Hocking and Smith (1968) yields 17 = 0.00085780, 712 =
0.0022143 and 099 = s99 = 0.00092367. The resulting SUR estimates are given by

. Gas Y Py Car
Austria log— = 4.485 + 0.817 log— — 0.579 log — 0.487 log——
Car N Papp N

(0.437)  (0.168) (0.176) (0.098)
) Gas Y P, Car
Belgium log—— = 2052 + 0.847 log— — 0.086 log—2% — 0.684 log——
ar N Papp N

(0.400)  (0.151) (0.139) (0.082)

In this case, there is not much difference among these four alternative estimates.

Example 2: Growth and Inequality. Lundberg and Squire (2003) estimate a two equation model
of growth and inequality using SUR. The first equation relates Growth (dly) to education (adult
years schooling: yrt), the share of government consumption in GDP (gov), M2/GDP (m2y),
Inflation (inf), Sachs-Warner measure of openness (swo), changes in the terms of trade (dtot),
initial income (f_pcy), dummy for 1980s (d80) and dummy for 1990s (d90). The second equation
relates the Gini coefficient (gih) to education, M2/GDP, civil liberties index (civ), mean land
Gini (mlg), mean land Gini interacted with a dummy for developing countries (mlgldc). The
data contains 119 observations for 38 countries over the period 1965-1990, and can be obtained
from http://www.res.org.uk/economic/datasets/datasetlist.asp.
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Table 10.1 Growth and Inequality: SUR Estimates

. sureg (Growth: dly = yrt gov m2y inf swo dtot f_pcy d80 d90)
(Inequality: gih = yrt m2y civ mlg mlgldc), corr

Seemingly unrelated regression

Equation Obs Parms RMSE “R-sq” chi2 P
Growth 119 9 2.313764 0.4047 80.36 0.0000
Inequality 119 5 6.878804 0.4612 102.58 0.0000
Coef. Std. Err. z P > |z| [95% Conf. Intervall
Growth
yrt —.0497042 1546178 -0.32 0.748 —.3527496 .2533412
gov  —.0345058 .0354801 -0.97 0.331 —.1040455 .0350338
m2y .0084999 .0163819 0.52 0.604 —.023608 .0406078
inf  —.0020648 .0013269 -1.56 0.120 —.0046655 .000536
SWO 3.263209 .60405 5.40 0.000 2.079292 4.447125
dtot 17.74543 21.9798 0.81 0.419 —-25.33419 60.82505
fpcy —1.038173 .4884378 -2.13 0.034 -1.995494 -.0808529
d80  —1.615472 .5090782 -3.17 0.002 -2.613247 —.6176976
do0  -3.339514 .6063639 -5.51 0.000 —4.527965 —2.151063
_cons 10.60415 3.471089 3.05 0.002 3.800944 17.40736
Inequality
yrt  —1.000843 .3696902 -2.71 0.007 ~1.725422 —.2762635
m2y  —.0570365 0471514 -1.21 0.226 —.1494516 .0353785
civ .0348434 .5533733 0.06 0.950 -1.049748 1.119435
mlg 1684692 0625023 2.70 0.007 .0459669 .2909715
mlgldc .0344093 .0421904 0.82 0.415 —.0482823 117101
_cons 33.96115 4.471626 7.59 0.000 25.19693 42.72538

Correlation matrix of residuals:

Growth Inequality
Growth 1.0000
Inequality 0.0872 1.0000

Breusch-Pagan test of independence: chi2(1) = 0.905, Pr = 0.3415.

Table 10.1 gives the SUR estimates reported in Table 1 of Lundberg and Squire (2003, p.
334) using the sureg command in Stata. Among other things, these results show that openness
enhances growth and education reduces inequality. The correlation among the residuals of the
two equations is weak (0.0872) and the Breusch-Pagan test for diagonality of the variance-
covariance matrix of the disturbances of the two equations is statistically insignificant, not
rejecting zero correlation among the two equations.
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Problems

1. When Is OLS as Efficient as Zellner’s SUR?

(a) Show that OLS on a system of two Zellner’s SUR equations given in (10.2) is the same as OLS
on each equation taken separately. What about the estimated variance-covariance matrix of
the coeflicients? Will they be the same?

(b) In the General Linear Model, we found a necessary and sufficient condition for OLS to be
equivalent to GLS is that X’Q~'Px = 0 for every y where Px = I — Px. Show that a neces-
sary and sufficient condition for Zellner’s GLS to be equivalent to OLS is that 0%/ X/Px, =0
for ¢ # j as described in (10.10). This is based on Baltagi (1988).

(¢) Show that the two sufficient conditions given by Zellner for SUR to be equivalent to OLS
both satisfy the necessary and sufficient condition given in part (b).

(d) Show that if X; = X;C" where C is an arbitrary nonsingular matrix, then the necessary and
sufficient condition given in part (b) is satisfied.

2. What Happens to Zellner’s SUR Estimator when the Set of Regressors in One Equation Are a
Subset of Those in the Second Equation? Consider the two SUR equations given in (10.2). Let
X1 = (X3, Xe), i.e., Xo is a subset of X;. Prove that

(a) ﬁQ,SUR = 52,OLS~

(b) BLSUR = BLOLS — Aesors, where A = 515(X]X1) 1 X] /S22. €2 015 are the OLS residuals
from the second equation, and the 5;;’s are defined in (10.14).

3. What Happens to Zellner’s SUR Estimator when the Set of Regressors in One Equation Are Or-
thogonal to Those in the Second Equation? Consider the two SUR equations given in (10.2). Let
X; and X5 be orthogonal, i.e., X] X5 = 0. Show that knowing the true ¥ we get

(a) Bigrs = BroLs + (0'?/a™) (X1 X1) ' X]y2 and Ba.crs = Baors + (0% /o??)(X5Xa) ™"
Xy
(b) What are the variances of these estimates?

(c) If Xy and X, are single regressors, what are the relative efficiencies of ﬁi,O g With respect

o~

to ﬁi,GLS for ¢ = 1727

4. An Unbiased Estimate of o0;;. Verify that s;;, given in (10.13), is unbiased for o;;. Note that for
computational purposes tr(B) = tr(Px, Px; ).

5. Relative Efficiency of OLS in the Case of Simple Regressions. This is based on Kmenta (1986, pp.
641-643). For the system of two equations given in (10.15), show that

(a) V_ar(5127OLS_) = 011/Maya, and var(By ons) = 022/Maye, Where mg g, = Z?:1(Xit -
Xz)(th — X]) for ’L,] - 1,2
3 —1
Bra,aLs 2 022Mg g —012Mg,
b) var{ =% = (011092 — O e 12 .
v ( 22,GLS (01102 12) —O012Myg 2 011 Moz,
Deduce that var(ﬁlz)GLS) = (011022 — 019)011 Mgz, /(011022 Mgz, My 2y, — O1om ] and

Var(ﬁgz,cLs) = (011022 — 072)022Ma, 2, /[011022M0 ) 0, Moy, — OT9ME 4]

(c) Using p = 012/(011092)"? and 7 = My, 2y / (M) 2y My, ) /2 and the results in parts (a) and

(b), show that (10.16) holds, i.e., Var(Bm,GLS)/Var(Bm,OLS) = (1—p?)/[1 — p?r?].
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(d) Differentiate (10.16) with respect to § = p? and show that (10.16) is a non-increasing function
of 6. Similarly, differentiate (10.16) with respect to A = r? and show that (10.16) is a non-
decreasing function of A. Finally, compute this efficiency measure (10.16) for various values
of p? and 7?2 between 0 and 1 at 0.1 intervals, see Kmenta’s (1986) Table 12-1, p. 642.

. Relative Efficiency of OLS in the Case of Multiple Regressions. This is based on Binkley and

Nelson (1988). Using partitioned inverse formulas, verify that var(BLGLS) = Ay given below
(10.17). Deduce (10.18) and (10.19).

Consider the multiple regression case with orthogonal regressors across the two equations, i.e.,
X{Xy = 0. Verify that R2 = R}? where R2 and R}? are defined below (10.20) and (10.21),
respectively.

(a) SUR With Unequal Number of Observations. This is based on Schmidt (1977). Derive the
GLS estimator for SUR with unequal number of observations given in (10.26).

(b) Show that if o12 = 0, SUR with unequal number of observations reduces to OLS on each
equation separately.

. Grunfeld (1958) considered the following investment equation:

Iiy = o+ (1 Fyp 4 BoCs + uy

where I;; denotes real gross investment for firm ¢ in year ¢, Fy; is the real value of the firm (shares
outstanding) and Cj; is the real value of the capital stock. This data set consists of 10 large U.S.
manufacturing firms over 20 years, 1935-1954, and are given in Boot and de Witt (1960). It is
provided as GRUNFELD.DAT on the Springer web site. Consider the first three firms: G.M., U.S.
Steel and General Electric.

(a) Run OLS of I on a constant, F' and C' for each of the 3 firms separately. Plot the residuals
against time. Print the variance-covariance of the estimates.

Test for serial correlation in each regression.
Run Seemingly Unrelated Regressions (SUR) for the first two firms. Compare with OLS.

Test for the diagonality of 3 across these three equations.

)
(c)
(d) Run SUR for the three assigned firms. Compare these results with those in part (c).
)
) Test for the equality of all coefficients across the 3 firms.

(Continue Problem 9). Consider the first two firms again and focus on the coefficient of F'. Refer
to the Binkley and Nelson (1988) article in The American Statistician, and compute Rﬁ, RZZ, Eefq
and a7, .

(a) What would be equations (10.20) and (10.21) for your data set?

(b) Substitute estimates of o1 and 6 and verify that the results are the same as those obtained
in problems 9(a) and 9(c).
(¢) Compare the results from equations (10.20) and (10.21) in part (a). What do you conclude?

(Continue Problem 9). Consider the first two firms once more. Now you only have the first 15
observations on the first firm and all 20 observations on the second firm. Apply Schmidt’s (1977)
feasible GLS estimators and compare the resulting estimates.
For the Baltagi and Griffin (1983) Gasoline Data considered in section 10.5, the model is
Gas Y Car
log% =a+ Bllogﬁ + Bylog + ﬁ?’logT +u

where Gas/Car is motor gasoline consumption per auto, Y /N is real per capita income, Py /Papp
is real motor gasoline price and Car/N denotes the stock of cars per capita.

Pya
FPepp
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(a) Run Seemingly Unrelated Regressions (SUR) for the first two countries. Compare with OLS.

(b) Run SUR for the first three countries. Comment on the results and compare with those of
part (a). (Are there gains in efficiency?)

(¢c) Test for Diagonality of 3 across the three equations using the Breusch and Pagan (1980) LM
test and the Likelihood Ratio test.

(d) Test for the equality of all coefficients across the 3 countries.

(e) Consider the first 2 countries once more. Now you only have the first 15 observations on the
first country and all 19 observations on the second country. Apply Schmidt’s (1977) feasible
GLS estimators, and compare the results.

Trace Minimization of Singular Systems with Cross-Equation Restrictions. This is based on Baltagi
(1993). Berndt and Savin (1975) demonstrated that when certain cross-equation restrictions are
imposed, restricted least squares estimation of a singular set of SUR equations will not be invariant
to which equation is deleted. Consider the following set of three equations with the same regressors:

yi=air+6,X+e i=1,23.

where y; = (yi1, Yiz,-- -, yir) s, X = (x1,22,...,27)", and ¢; for (i = 1,2,3) are T x 1 vectors
and ¢ is a vector of ones of dimension T'. «; and [3; are scalars, and these equations satisfy the
adding up restriction Zle yir = 1 for every t = 1,2,...,T. Additionally, we have a cross-equation

restriction: 8, = 3,.

(a) Denote the unrestricted OLS estimates of 3; by b; where b; = Zthl(xt —Z)Yit/ Zthl(xt —7)?2
for i =1,2,3, and = Z?:l x¢/T. Show that these unrestricted b;’s satisfy the adding up
restriction 8, + (5 + B3 = 0 on the true parameters automatically.

(b) Show that if one drops the first equation for ¢ = 1 and estimate the remaining system by
trace minimization subject to 3, = 35, one gets B, = 0.4b; + 0.6bs.

(¢) Now drop the second equation for ¢ = 2, and show that estimating the remaining system by
trace minimization subject to 3, = 5, gives 3; = 0.6b; + 0.4bs.

(d) Finally, drop the third equation for i = 3, and show that estimating the remaining system
by trace minimization subject to 5; = B, gives 8; = 0.5b; + 0.5bs.

Note that this also means the variance of ﬁl is not invariant to the deleted equation. Also, this
non-invariancy affects Zellner’'s SUR estimation if the restricted least squares residuals are used
rather than the unrestricted least squares residuals in estimating the variance covariance matrix
of the disturbances. Hint: See the solution by Im (1994).

For the Natural Gas data considered in Chapter 4, problem 16. The model is

logConsiyy = [y + BilogPgir + BylogPoi + BslogPey + B4logH DDy,
+05logP i + uit

where ¢ = 1,2,...,6 states and t = 1,2,...,23 years.

(a) Run Seemingly Unrelated Regressions (SUR) for the first two states. Compare with OLS.

(b) Run SUR for all six states. Comment on the results and compare with those of part (a). (Are
there gains in efficiency?)

(¢) Test for Diagonality of 3 across the six states using the Breusch and Pagan (1980) LM test
and the Likelihood Ratio test.

(d) Test for the equality of all coefficients across the six states.
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15. Equivalence of LR Test and Hausman Test. This is based on Qian (1998). Suppose that we have
the following two equations:

Ygt = Qg + Ugy g=1,2, t=1,2,...T

where (u1s, ug) is normally distributed with mean zero and variance Q = ¥ ® Ip where ¥ = [0,
for g, s = 1,2. This is a simple example of the same regressors across two equations.

(a) Show that the OLS estimator of ¢ is the same as the GLS estimator of oy and both are
equal to gy = Zthl yge/T for g =1,2.

(b) Derive the maximum likelihood estimators of oy and o4 for g,s,= 1,2. Compute the log-
likelihood function evaluated at these unrestricted estimates.

(c) Compute the maximum likelihood estimators of o, and o4, for g,s = 1,2 under the null
hypOt]hESiS Ho; 011 = 022.

(d) Using parts (b) and (c¢) compute the LR test for Hy; 011 = 022.

(e) Show that the LR test for Hy derived in part (c) is asymptotically equivalent to the Hausman

test based on the difference in estimators obtained in parts (b) and (c). Hausman’s test is
studied in Chapter 12.

16. Estimation of a Triangular, Seemingly Unrelated Regression System by OLS. This is based on
Sentana (1997). Consider a system of three SUR equations in which the explanatory variables for
the first equation are a subset of the explanatory variables for the second equation, which are in
turn a subset of the explanatory variables for the third equation.

(a) Show that SUR applied to the first two equations is the same (for those equations) as SUR
applied to all three equations. Hint: See Schmidt (1978).

(b) Using part (a) show that SUR for the first equation is equivalent to OLS.

(c) Using parts (a) and (b) show that SUR for the second equation is equivalent to OLS on the
second equation with one additional regressor. The extra regressor is the OLS residuals from
the first equation. Hint: Use Telser’s (1964) results.

(d) Using parts (a), (b) and (c) show that SUR for the third equation is equivalent to OLS on the
third equation with the residuals from the regressions in parts (b) and (c) as extra regressors.

17. Growth and Inequality. Lundberg and Squire (2003). See example 2, section 10.5. The data con-
tains 119 observations for 38 countries over the period 1965-1990, and can be obtained from
http://www.res.org.uk/economic/datasets/datasetlist.asp.

(a) Estimate these equations using SUR, see Table 10.1, and verify the results reported in Table
1 of Lundberg and Squire (2003, p. 334). These results show that openness enhances growth
and education reduces inequality.

(b) Report the Breusch-Pagan test for diagonality of the variance-covariance matrix of the dis-
turbances of the two equations. Compare the SUR estimates in part (a) to OLS on each
equation separately.
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CHAPTER 11
Simultaneous Equations Model

11.1 Introduction

Economists formulate models for consumption, production, investment, money demand and
money supply, labor demand and labor supply to attempt to explain the workings of the econ-
omy. These behavioral equations are estimated equation by equation or jointly as a system
of equations. These are known as simultaneous equations models. Much of today’s economet-
rics have been influenced and shaped by a group of economists and econometricians known as
the Cowles Commission who worked together at the University of Chicago in the late 1940’s,
see Chapter 1. Simultaneous equations models had their genesis in economics during that pe-
riod. Haavelmo’s (1944) work emphasized the use of the probability approach to formulating
econometric models. Koopmans and Marschak (1950) and Koopmans and Hood (1953) in two
influential Cowles Commission monographs provided the appropriate statistical procedures for
handling simultaneous equations models. In this chapter, we first give simple examples of simul-
taneous equations models and show why the least squares estimator is no longer appropriate.
Next, we discuss the important problem of identification and give a simple necessary but not
sufficient condition that helps check whether a specific equation is identified. Sections 11.2 and
11.3 give the estimation of a single and a system of equations using instrumental variable pro-
cedures. Section 11.4 gives a test of over-identification restrictions whereas, section 11.5 gives a
Hausman specification test. Section 11.6 concludes with an empirical example. The Appendix
revisits the identification problem and gives a necessary and sufficient condition for identifica-
tion.

11.1.1 Simultaneous Bias

Example 1: Consider a simple Keynesian model with no government

Ct = Ot—f‘ﬁY;f—i-Ut t:].,Q,...,T (111)
Y, = Ci+ 1, (11.2)
where C; denotes consumption, Y; denotes disposable income, and I; denotes autonomous in-

vestment. This is a system of two simultaneous equations, also known as structural equations
with the second equation being an identity. The first equation can be estimated by OLS giving

Bors = St/ Spqyi  and dors =C — BorsY (11.3)

with y; and ¢; denoting Y; and C; in deviation form, i.e., y; = ¥; — Y, and Y = Zle Y:/T.
Since I; is autonomous, it is an exogenous variable determined outside the system, whereas CY
and Y; are endogenous variables determined by the system. Let us solve for Y; and C} in terms
of the constant and I;. The resulting two equations are known as the reduced form equations

Co = of(1=p5)+B8L(1-8)+u/(1-p5) (11.4)
Vi = o/A=8)+ 1/ =p)+u/(1-75) (11.5)
B.H. Baltagi, Econometrics, Springer Texts in Business and Economics, DOI 10.1007/978-3-642-20059-5 11, 257
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These equations express each endogenous variable in terms of exogenous variables and the error
terms. Note that both Y; and C} are a function of u;, and hence both are correlated with u;. In
fact, Y — E(Y;) = u /(1 — (), and

cov(Yy, up) = E[(Yy — E(Y,))u] = 03,/(1=5) >0 if 0<f<1 (11.6)

This holds because u; ~ (0,02) and I, is exogenous and independent of the error term. Equation
(11.6) shows that the right hand side regressor in (11.1) is correlated with the error term. This
causes the OLS estimates to be biased and inconsistent. In fact, from (11.1),

¢ =Cy—C =By + (ug — )
and substituting this expression in (11.3), we get
> T T
Bors = B+ 1o yeue) Yoy i (11.7)

From (11.7), it is clear that E(BO Ls) # [, since the expected value of the second term is not
necessarily zero. Also, using (11.5) one gets

Yy =Y =Y = [ip + (ue — 0)]/(1 - B)
where iy = I; — [ and [ = Zle I;/T. Defining my,,, = ZtT:1 y? /T, we get

My = (Mg + 2y + M) /(1 = B)° (11.8)
where mj; = Y1 12T, My = Sy it (ur — @) /T and muyy = S, (us — @)?/T. Also,

Myu = (M + M) /(1 = B) (11.9)
Using the fact that plim mg, = 0 and plim m.,, = 02, we get

plim Bopg =+ plim (myu/myy) = B+ o5 (1 = B)/(plim my; + o)

which shows that BO g overstates 3 if 0 < 3 < 1.

Example 2: Consider a simple demand and supply model

¢ = a+BP+uy (11.10)

Qf = Y+OP+un (11.11)

f = Q=@ t=12,....T (11.12)
Substituting the equilibrium condition (11.12) in (11.10) and (11.11), we get

Q = a+ (P +uy (11.13)

Qt - ’Y+6Pt+U2t t:172a"'7T (1114)

For the demand equation (11.13), the sign of 3 is expected to be negative, while for the supply
equation (11.14), the sign of § is expected to be positive. However, we only observe one equilib-
rium pair (@, P;) and these are not labeled demand or supply quantities and prices. When we
run the OLS regression of @y on P; we do not know what we are estimating, demand or supply?
In fact, any linear combination of (11.13) and (11.14) looks exactly like (11.13) or (11.14). It
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will have a constant, Price, and a disturbance term in it. Since demand or supply cannot be
distinguished from this ‘mongrel’ we have what is known as an identification problem. If the
demand equation (or the supply equation) looked different from this mongrel, then this partic-
ular equation would be identified. More on this later. For now let us examine the properties of
the OLS estimates of the demand equation. It is well known that

Bors = Sy apr) Sty E = B+ Sy pelure — @)/ o, b} (11.15)

where ¢; and p; denote Q; and P, in deviation form, i.e., ¢ = @Q; — Q. This estimator is
unbiased depending on whether the last term in (11.15) has zero expectations. In order to find
this expectation we solve the structural equations in (11.13) and (11.14) for Q; and P,

Qe = (ab—=9B)/(6—B)+ (bur — Puzt)/(6 — ) (11.16)
Bo= (a=7)/(6=B)+ (u1r — u2) /(6 — 5) (11.17)

(11.16) and (11.17) are known as the reduced form equations. Note that both @; and P; are
functions of both errors u; and us. Hence, P; is correlated with uq;. In fact,

pe = (ury — 1)/ (6 — B) — (uze — 2) /(8 — ) (11.18)
and
plim Y7, py(uyy — @1)/T = (011 — 012) /(6 — ) (11.19)
plim Y0 p?/T = (011 + 022 — 2012) /(6 — B)? (11.20)

where 0;; = cov(ui, uj) for i, =1,2; and t = 1,...,T. Hence, from (11.15)

plim BOLS = ﬁ + (0’11 — 0’12)(6 — ﬁ)/(o‘n + 099 — 20’12) (1121)

and the last term is not necessarily zero, implying that BO s 18 not consistent for 3. Similarly,
one can show that the OLS estimator for 6 is not consistent, see problem 1. This simultaneous
bias is once again due to the correlation of the right hand side variable (price) with the error
term w;. This correlation could be due to the fact that P, is a function of ug, from (11.17),
and uo; and uy¢ are correlated, making P; correlated with uy;. Alternatively, P; is a function of
Qy, from (11.13) or (11.14), and @ is a function of uy, from (11.13), making P; a function of
u1¢. Intuitively, if a shock in demand (i.e., a change in wuj4) shifts the demand curve, the new
intersection of demand and supply determines a new equilibrium price and quantity. This new
price is therefore, affected by the change in uq;, and is correlated with it.

In general, whenever a right hand side variable is correlated with the error term, the OLS
estimates are biased and inconsistent. We refer to this as an endogeneity problem. Recall, Figure
3 of Chapter 3 with cov(P;, u1) > 0. This shows that P,’s above their mean are on the average
associated with uy;’s above their mean, (i.e., uy; > 0). This implies that the quantity @; asso-
ciated with this particular P; is on the average above the true line (o + §F;). This is true for
all observations to the right of E(P;). Similarly, any P; to the left of E(P;) is on the average
associated with a uy; below its mean, (i.e., u1; < 0). This implies that quantities associated with
prices below their mean E(P;) are on the average data points that lie below the true line. With
this observed data, the estimated line using OLS will always be biased. In this case, the intercept
estimate is biased downwards, whereas the slope estimate is biased upwards. This bias does not
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disappear with more data, as any new observation will on the average be either above the true
line if P, > E(F;) or below the line if P, < F(P;). Hence, these OLS estimates are inconsistent.

Deaton (1997, p. 95) has a nice discussion of endogeneity problems in development economics.
One important example pertains to farm size and farm productivity. Empirical studies using
OLS have found an inverse relationship between productivity as measured by log(Output/Acre)
and farm size as measured by (Acreage). This seems counter-intuitive as it suggests that smaller
farms are more productive than larger farms. Economic explanations of this phenomenon in-
clude the observation that hired labor (which is typically used on large farms) is of lower quality
than family labor (which is typically used on small farms). The latter needs less monitoring
and can be entrusted with valuable animals and machinery. Another explanation is that this
phenomenon is an optimal response by small farmers to uncertainty. It could also be a sign of
inefficiency as farmers work too much on their own farms pushing their marginal productivity
below market wage. How could this be an endogeneity problem? After all, the amount of
land is outside the control of the farmer. This is true, but that does not mean that acreage
is uncorrelated with the disturbance term. After all, size is unlikely to be independent of the
quality of land. “Desert farms that are used for low-intensity animal grazing are typically larger
than garden farms, where the land is rich and output/acre is high.” In this case, land quality is
negatively correlated with land size. It takes more acres to sustain a cow in West Texas than in
less arid areas. This negative correlation between acres, the explanatory variable and quality
of land which is an omitted variable included in the error term introduces endogeneity. This
in turn results in downward bias of the OLS estimate of acreage on productivity.

Endogeneity can also be caused by sample selection. Gronau (1973) observed that women with
small children had higher wages than women with no children. An economic explanation is that
women with children have higher reservation wages and as a result fewer of them work. Of those
that work, their observed wages are higher than those without children. The endogeneity works
through the unobserved component in the working women’s wage that induces her to work. This
is positively correlated with the number of children she has and therefore introduces upward
biases in the OLS estimate of the effect of the number of children on wages.

11.1.2 The ldentification Problem

In general, we can think of any structural equation, say the first, as having one left hand
side endogenous variable y1, g1 right hand side endogenous variables, and k; right hand side
exogenous variables. The right hand side endogenous variables are correlated with the error
term rendering OLS on this equation biased and inconsistent. Normally, for each endogenous
variable, there exists a corresponding structural equation explaining its behavior in the model.
We say that a system of simultaneous equations is complete if there are as many endogenous
variables as there are equations. To correct for the simultaneous bias we need to replace the
right hand side endogenous variables in this equation by variables which are highly correlated
with the ones they are replacing but not correlated with the error term. Using the method of
instrumental variable estimation, discussed below, we will see that these variables turn out to
be the predictors obtained by regressing each right hand side endogenous variable on a subset of
all the exogenous variables in the system. Let us assume that there are K exogenous variables
in the simultaneous system. What set of exogenous variables should we use that would lead
to consistent estimates of this structural equation? A search for the minimum set needed for
consistency leads us to the order condition for identification.
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The Order Condition for Identification: A necessary condition for identification of any
structural equation is that the number of excluded exogenous variables from this equation are
greater than or equal to the number of right hand side included endogenous variables. Let K
be the number of exogenous variables in the system, then this condition requires ko > g1, where
ko = K — k1.

Let us consider the demand and supply equations given in (11.13) and (11.14) but assume
that the supply equation has in it an extra variable W; denoting weather conditions. In this
case the demand equation has one right hand side endogenous variable P, i.e., g1 = 1 and
one excluded exogenous variable Wy, making ko = 1. Since ko > g1, this order condition is
satisfied, in other words, based on the order condition alone we cannot conclude that the
demand equation is unidentified. The supply equation, however, has g = 1 and k3 = 0, making
this equation unidentified, since it does not satisfy the order condition for identification. Note
that this condition is only necessary but not sufficient for identification. In other words, it
is useful only if it is not satisfied, in which case the equation in question is not identified.
Note that any linear combination of the new supply and demand equations would have a
constant, price and weather. This looks like the supply equation but not like demand. This
is why the supply equation is not identified. In order to prove once and for all whether the
demand equation is identified, we need the rank condition for identification and this will be
discussed in details in the Appendix to this chapter. Adding a third variable to the supply
equation like the amount of fertilizer used F} will not help the supply equation any, since a
linear combination of supply and demand will still look like supply. However, it does help the
identification of the demand equation. Denote by ¢ = ko — g1, the degree of over-identification.
In (11.13) and (11.14) both equations are unidentified (or under-identified) with ¢ = —1. When
Wy is added to the supply equation, £ = 0 for the demand equation, and it is just-identified.
When both W; and F; are included in the supply equation, £ = 1 and the demand equation is
over-identified.

Without the use of matrices, we can describe a two-stage least squares method that will
estimate the demand equation consistently. First, we run the right hand side endogenous variable
P, on a constant and W; and get Pt, then replace P; in the demand equation with Pt and perform
this second stage regression. In other words, the first step regression is

Py =my1 + moWi + v (11.22)

with v = P, — 13t satisfying the OLS normal equations Zthl v = Zthl Wy = 0. The second
stage regression is

Qu=a+ 8P +e (11.23)
with S>7 & = Y7 &P, = 0. Using (11.13) and (11.23), we can write
et = B(Pr — P) + w1y = By + g (11.24)

so that Zt L€ = Zt L w1y and Zt 16tPt = Zt 1U1tPt using the fact that Z;‘F LU =
Zt 1UtPt = 0. So the new error ¢; behaves as the original disturbance wui;. However, our
right hand side variable is now Pt which is independent of uj; since it is a linear combination
of exogenous variables only. We essentially decomposed P; into two parts, the first part ]3t is a
linear combination of exogenous variables and therefore, independent of the ui:’s. The second
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part is v; which is correlated with wu1;. In fact, this is the source of simultaneous bias. The
two parts ﬁt and 7; are orthogonal to each other by construction. Hence when the @t’sA become
part of the new error €, they are orthogonal to the new regressor P;. Furthermore, P; is also
independent of wq;.

Why would this procedure not work on the estimation of (11.13) if the model is given by
equations (11.13) and (11.14). The answer is that in (11.22) we will only have a constant, and
no W;. When we try to run the second-stage regression in (11.23) the regression will fail because
of perfect multicollinearity between the constant and ]3t. This will happen whenever the order
condition is not satisfied and the equation is not identified, see Kelejian and Oates (1989).
Hence, in order for it to succeed in the second stage we need at least one excluded exogenous
variable from the demand equation that is in the supply equation, i.e., variables like W} or
F;. Therefore, whenever the second-stage regression fails because of perfect multicollinearity
between the right hand side regressors, this implies that the order condition of identification is
not satisfied.

In general, if we are given an equation like

Y1 = aigyz + B Xa + BraXo +w (11.25)

the order condition requires the existence of at least one exogenous variable excluded from
(11.25), say X3. These extra exogenous variables like X3 usually appear in other equations of
our simultaneous equation model. In the first step regression we run

Y2 = w1 X1 + maaXo + ma3 X3 + v2 (11.26)
with the OLS residuals v, satisfying

Y1 G2 X1e =05 3L 0 Xo =05 Y 0u Xy =0 (11.27)
and in the second step, we run the regression

Y1 = a2l + 011 X1+ BpXe + @ (11.28)

where €1 = a12(y2 — ¥2) + u1 = a1202 + uy. This regression will lead to consistent estimates,
because

T ~ T ~ T T

Dot Y2u€1e = D opq Y2uUass D pq X1t€lr = D g X1sUis
T T

Zt:1 Xotery = thl Xotuiy

and wus is independent of the exogenous variables. In order to solve for 3 structural parameters
a12, B1; and (B9 one needs three linearly independent OLS normal equations. Zle Yare1r =0
is a new piece of information provided ys is regressed on at least one extra variable besides
X1 and Xs. Otherwise, Z?zl Xieny = Zthl Xoie1; = 0 are the only two linearly independent
normal equations in three structural parameters.

What happens if there is another right hand side endogenous variable, say y3? In that case
(11.25) becomes

(11.29)

Y1 = a1y + a13ys + B11 X1 + B2 Xo + 1w (11.30)

Now we need at least two exogenous variables that are excluded from (11.30) for the order
condition to be satisfied, and the second stage regression to run. Otherwise, we will have less
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linearly independent equations than there are structural parameters to estimate, and the second
stage regression will fail. Also, y» and y3 should be regressed on the same set of exogenous vari-
ables. Furthermore, this set of second-stage regressors should always include the right hand side
exogenous variables of (11.30). These two conditions will ensure consistency of the estimates.
Let X3 and X4 be the excluded exogenous variables from (11.30). Our first step regression
would regress 1o and y3 on X1, Xo, X3 and X4 to get 7> and 73, respectively. The second stage
regression would regress y; on o, y3, X1 and Xo. From the first step regressions we have

Yo="Yy2+02 and y3=1y3+u3 (11.31)

where 7> and y3 are linear combinations of the X’s, and v2 and v3 are the residuals. The second
stage regression has the following normal equations

S et = S T = S Xufre = Sy Xoer =0 (11.32)
where €; denotes the residuals from the second stage regression. In fact
€1 = a1V + 1303 + Uy (11.33)

Now Zthl €1¢Y2t = Zthl U14Yo¢ because Zthl Voot = Zthl 03:y2¢ = 0. The latter holds because
72, the predictor, is orthogonal to U, the residual. Also, 75 is orthogonal to 73 if ys is regressed on
a set of X’s that are a subset of the regressors included in the first step regression of y3. Similarly,
Zle €11Y3t = Zthl u1y3e if y3 is regressed on a set of exogenous variables that are a subset of
the X’s included in the first step regression of yo. Combining these two conditions leads to the
following fact: yo and y3 have to be regressed on the same set of exogenous variables for the
composite error term to behave like the original error. Furthermore these exogenous variables
should include the included X ’s on the right hand side of the equation to be estimated, i.e., X
and X, otherwise, ZZ;I €1: X1¢ 1s not necessarily equal to ZZ;I u1; X1, because Zthl Vo X1¢
or Zthl v3: X1; are not necessarily zero. For further analysis along these lines, see problem 2.

11.2 Single Equation Estimation: Two-Stage Least Squares
In matrix form, we can write the first structural equation as
Y1 :}/1(11+X1ﬂ1+ul = Z161+u1 (11.34)

where y; and u; are (T x 1), Y7 denotes the right hand side endogenous variables which is
(T x g1) and X7 is the set of right hand side included exogenous variables which is (7" x k1), a1
is of dimension g and f3; is of dimension ki. Z; = [Y7, X1] and 8] = (o}, 3}]). We require the
existence of excluded exogenous variables, from (11.34), call them X5, enough to identify this
equation. These excluded exogenous variables appear in the other equations in the simultaneous
model. Let the set of all exogenous variables be X = [X7, Xs] where X is of dimension (7" X k).
For the order condition to be satisfied for equation (11.34) we must have (k—k1) > g1. If all the
exogenous variables in the system are included in the first step regression, i.e., Y7 is regressed on
X to get 5/}1, the resulting second stage least squares estimator obtained from regressing y; on
}A/l and X is called two-stage least squares (2SLS). This method was proposed independently
by Basmann (1957) and Theil (1953). In matrix form Y, = PxY; is the predictor of the right
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hand side endogenous variables, where Px is the projection matrix X (X'X)~1X’. Replacing Y1
by Y7 in (11.34), we get

= ?1041 + Xlﬁl +w = 2151 =+ w1 (11.35)
where Z; = [Y1, X1] and w; = uy + (Y7 — ¥1)o. Running OLS on (11.35) one gets
5172515 = (2{21)_121341 = (ZiPle)_IZ{PXyl (11.36)

where the second equality follows from the fact that 21 = PxZ; and the fact that Px is
idempotent. The former equality holds because Px X = X, hence Px X; = X1, and PxY; = 371.
If there is only one right hand side endogenous variable, running the first-stage regression o
on X1 and X and testing that the coefficients of Xo are all zero against the hypothesis that
at least one of these coefficients is different from zero is a test for rank identification. In case
of several right hand side endogenous variables, things get complicated, see Cragg and Donald
(1996), but one can still run the first-stage regressions for each right hand side endogenous
variable to make sure that at least one element of X is significantly different from zero.! This
is not sufficient for the rank condition but it is a good diagnostic for whether the rank condition
fails. If we fail to meet this requirement we should question our 2SLS estimator.

Two-stage least squares can also be thought of as a simple instrumental variables estimator
with the set of instruments W = 21 = [?1, X1]. Recall that Y] is correlated with wu;, rendering
OLS inconsistent. The idea of simple instrumental variables is to find a set of instruments,
say W for Z; with the following properties: (1) plim W'u;/T = 0, the instruments have to
be exogenous, i.e., uncorrelated with the error term, otherwise this defeats the purpose of the
instruments and result in inconsistent estimates. (2) plim W/'W/T = @, # 0, where Q,, is
finite and positive definite, the W’s should not be perfectly multicollinear. (3) W should be
highly correlated with Zy, i.e., the instruments should be highly relevant, not weak instruments
as we will explain shortly. In fact, plim W’Z; /T should be finite and of full rank (k1 + g1).
Premultiplying (11.34) by W', we get

W/yl = W/2151 + W’ul (11.37)

In this case, W = 21 is of the same dimension as Z7, and since plim W’Z; /T is square and of
full rank (k1 + g1), the simple instrumental variable (IV) estimator of §; becomes

Sy = (W'Z0) Wyt = 61+ (W'Z1) Wy (11.38)
with plim 6, ;v = 6 which follows from (11.37) and the fact that plim W'u; /T = 0.

Digression: In the general linear model, y = X3 + u, X is the set of instruments for X.
Premultiplying by X’ we get X'y = X' X8 + X'u and using the fact that plim X'u/T = 0, one
gets

Bry = (X'X)"'X'y = BoLs-

This estimator is consistent as long as X and u are uncorrelated. In the simultaneous equation
model for the first structural equation given in (11.34), the right hand side regressors Z; include
endogenous variables Y7 that are correlated with u;. Therefore OLS on (11.34) will lead to
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inconsistent estimates, since the matrix of instruments W = Z;, and Z; is correlated with wq.
In fact,

61018 = (Z121) " Ziyy = 61+ (Z1 20) " Zywy

with plim /5170LS # 01 since plim Zjuy /T # 0.
Denote by e1.0rs = y1 — Z161,0Ls as the OLS residuals on the first structural equation, then

TNV AL
T — (g1 + k1)

/ I D
2 €1,00L8€1,0LS . uy Pz, uq

P T — (g1 + k1) plmT—(gl-Fkl)

=011 — plim > 011,
since the last term is positive. Only if plim Zju;/T is zero will plim 3% = 011, otherwise it is
smaller. OLS fits very well, it minimizes (y; — Z161)"(y1 — Z161). Since Z; and u; are correlated,
OLS attributes part of the variation in y; that is due to u; incorrectly to the regressor Z.

Both the simple IV and OLS estimators can be interpreted as method of moments estimators.
These were discussed in Chapter 2. For OLS, the population moment conditions are given
by E(X'u) = 0 and the corresponding sample moment conditions yield X'(y — X B) /T = 0.
Solving for B results in BO 1g- Similarly, the population moment conditions for the simple IV
estimator in (11.37) are E(W'u;) = 0 and the corresponding sample moment conditions yield
W' (y1 Z161)/T = 0. Solving for 81 results in &; v given in (11.38).

ftw= [Yl, X1], then (11.38) results in

~ ~ 1 - o~
- v, VX, v
F3 _ 1 1 1 11.39

LIV [ Xy Xix X!y (11.39)

which is the same as (11.36)

~ o~ ~ —1 —~
< Y/Y1 Y/Xl Y/y
5 _ | Y Y1 11.40
125LS XV XX, [ Xy ( )

provided 1?1’ Y, = }Afl’ Y1, and X1Y; = X {171 The latter conditions hold because Y; = PxYi, and
Px X1 = Xi.

In general, let X™* be our set of first stage regressors. An IV estimator with }A/l* = Px-Yy, ie.,
with every right hand side y regressed on the same set of regressors X*, will satisfy

}/}l*l?vl* _ }/;Vl*/PX*Yl _ }/}l*lyvl

In addition, for X {?1* to equal X]Y7, X1 has to be a subset of the regressors in X*. Therefore

* should include X1 and at least as many X’s from Xy as is required for identification, i.e.,
(at least g1 of the X’s from X3). In this case, the IV estimator using W* = [171*, X1] will result
in the same estimator as that obtained by a two stage regression where in the first step 171*
is obtained by regressing Y7 on X*, and in the second step y; is regressed on W*. Note that
these are the same conditions required for consistency of an IV estimator. Note also, that if this
equation is just-identified, then there is exactly g; of the X’s excluded from that equation. In
other words, X5 is of dimension (7" x g1), and X* = X is of dimension T' x (g1 + k1). Problem
3 shows that 2SLS in this case reduces to an IV estimator with W = X, i.e.

1250 = o11v = (X' Z21) ' X'y (11.41)
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Note that if the first equation is over-identified, then X’Z; is not square and (11.41) cannot be
computed.

Rather than having W, the matrix of instruments, be of exactly the same dimension as 2
which is required for the expression in (11.38), one can define a generalized instrumental variable
in terms of a general matrix W of dimension T x £ where £ > g1 + k1. The latter condition is
the order condition for identification. In this case, 31, 7v is obtained as GLS on (11.37). Using
the fact that

plim W/uiu)W/T = o1 plim WW/T,
one gets
gl,[\/ = (Z{PWZl)’lZ{PWyl =61+ (ZiPWz1)71ZiPWu1

with plim 31, ;v = 61 and limiting covariance matrix o1 plim (Z} Py Z1/T) . Therefore, 2SLS
can be obtained as a generalized instrumental variable estimator with W = X. This also means
that 2SLS of 61 can be obtained as GLS on (11.34) after premultiplication by X', see problem
4. Note that GLS on (11.37) minimizes (y1 — Z161)' Pw (y1 — Z161) which yields the first-order
conditions

Z1Pw (1 — Z151,1V) =0

the solution of which is EMV = (Z{PwZ1)"'Z{ Pyyi. Tt can also be shown that 2SLS and
the generalized instrumental variables estimators are special cases of a Generalized Method of
Moments (GMM) estimator considered by Hansen (1982). See Davidson and MacKinnon (1993)
and Hall (1993) for an introduction to GMM.

For the matrix Z] Py Z; to be of full rank and invertible, a necessary condition is that W must
be of full rank ¢ > (g1 + k1). This is in fact, the order condition of identification. If £ = g1 + k1,
then this equation is just-identified. Also, W’Z; is square and nonsingular. Problem 10 asks
the reader to verify that the generalized instrumental variable estimator reduces to the simple
instrumental variable estimator given in (11.38). Also, under just-identification the minimized
value of the criterion function is zero.

One of the biggest problems with IV estimation is the choice of the instrumental variables
W. We have listed some necessary conditions for this set of instruments to yield consistent
estimators of the structural coefficients. However, different choices by different researchers may
yield different estimates in finite samples. Using more instruments will yield more efficient IV
estimation. Let W7 and W5 be two sets of IV’s with W being spanned by the space of Ws. In
this case, Py, W1 = W; and therefore, Py, Py, = Pyy,. For the corresponding IV estimators

S1w, = (Z)Pw,20) ' Z, Py, for i =1,2
are both consistent for ¢; as long as plim W/u; /T = 0 and have asymptotic covariance matrices
o11 plim (Z) Py, Z,/T) "

Note that 517W2 is at least as efficient as gl,wl, if the difference in their asymptotic covariance
matrices is positive semi-definite, i.e., if

Z! Py, Z4

Z! Py, Z1] "
T

—1
o11 [plim } — 011 [plim T
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is p.s.d. This holds, if Z{ Py, Z1 — Z{ Pw, Z1 is p.s.d. This last condition holds since Py, — Py, is
idempotent. Problem 11 asks the reader to verify this result. ;5\17W2 is more efficient than /5\1’W1
since Wy explains Z; at least as well as ;. This seems to suggest that one should use as many
instruments as possible. If T' is large this is a good strategy. But, if T is finite, there will be a
trade-off between this gain in asymptotic efficiency and the introduction of more finite sample
bias in our IV estimator.

In fact, the more instruments we use, the more will }71 resemble Y] and the more bias is
introduced in this second stage regression. The extreme case where Y] is perfectly predicted
by }/}1 returns us to OLS which we know is biased. On the other hand, if our set of instru-
ments have little ability in predicting Y7, then the resulting instrumental variable estimator
will be inefficient and its asymptotic distribution will not resemble its finite sample distribu-
tion, see Nelson and Startz (1990). If the number of instruments is fixed and the coefficients
of the instruments in the first stage regression go to zero at the rate 1/ VT, indicating weak
correlation, Staiger and Stock (1997) find that even as T increases, IV estimation is not consis-
tent and has a nonstandard asymptotic distribution. Bound et al. (1995) recommend reporting
the R? or the F-statistic of the first stage regression as a useful indicator of the quality of IV
estimates.

Instrumental variables are important for obtaining consistent estimates when endogeneity is
suspected. However, invalid instruments can produce meaningless results. How do we know
whether our instruments are valid? Stock and Watson (2003) draw an analogy between a
relevant instrument and a large sample. The more relevant the instrument, i.e., the more the
variation in the right hand side endogenous variable that is explained by this instrument, the
more accurate the resulting estimator. This is similar to the observation that the larger the
sample size, the more accurate the estimator. They argue that the instruments should not just
be relevant, but highly relevant if the normal distribution is to provide a good approximation to
the sampling distribution of 2SLS. Weak instruments explain little of the variation in the right
hand side endogenous variable they are instrumenting. This renders the normal distribution as a
poor approximation to the sampling distribution of 2SLS, even if the sample size is large. Stock
and Watson (2003) suggest a simple rule of thumb to check for weak instruments. If there is one
right hand side endogenous variable, the first-stage regression can test for the significance of the
excluded exogenous variables (or instruments) using an F-statistic. This first-stage F-statistic
should be larger than 10.2 Stock and Watson (2003) suggest that a first-stage F-statistic less
than 10 indicates weak instruments which casts doubt on the validity of 2SLS, since with weak
instruments, 2SLS will be biased even in large samples and the corresponding t-statistics and
confidence intervals will be unreliable. Finding weak instruments, one can search for additional
stronger instruments, or use alternative estimators than 2SLS which are less sensitive to weak
instruments like LIML. Deaton (1997, p. 112) argues that it is difficult to find instruments that
are exogenous while at the same time highly correlated with the endogenous variables they
are instrumenting. He argues that it is easy to generate 2SLS estimates that are different from
OLS but much harder to make the case that these 2SLS estimates are necessarily better than
OLS. “Credible identification and estimation of structural equations almost always requires
real creativity, and creativity cannot be reduced to a formula.” Stock and Watson (2003, p.
371) show that for the case of a single right hand side endogenous variable with no included
exogenous variables and one weak instrument, the distribution of the 2SLS estimators is non-
normal even for large samples, with the mean of the sampling distribution of the 2S5LS estimator
approximately equal to the true coefficient plus the asymptotic bias of the OLS estimator divided
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by (E(F') — 1) where F' is the first-stage F-statistic. If E(F) = 10, then the large sample bias
of 2SLS is (1/9) that of the large sample bias of OLS. They argue that this rule of thumb is
an acceptable cutoff for most empirical applications.

2SLS is a single equation estimator. The focus is on a particular equation. [y;, Y7, X1] is spec-
ified and therefore all that is needed to perform 2SLS is the matrix X of all exogenous variables
in the system. If a researcher is interested in a particular behavioral economic relationship which
may be a part of a big model consisting of several equations, one need not specify the whole
model to perform 2SLS on that equation, all that is needed is the matrix of all exogenous vari-
ables in that system. Empirical studies involving one structural equation, specify which right
hand side variables are endogenous and proceed by estimating this equation via an IV procedure
that usually includes all the feasible exogenous variables available to the researcher. If this set
of exogenous variables does not include all the X’s in the system, this estimation method is not
2SLS. However, it is a consistent IV method which we will call feasible 2SLS.

Substituting (11.34) in (11.36), we get

gl,QSLS =61 + (ZiPle)_1Z£PXu1 (11.42)

with plim 51,25 Ls = 01 and an asymptotic variance covariance matrix given by o171 plim
(Z1PxZ,/T)t. 011 is estimated from the 2SLS residuals 4 = y; — ZlgLQSLS, by comput-
ing s11 = wyu1 /(T — g1 — k1). It is important to emphasize that s1; is obtained from the 2SLS
residuals of the original equation (11.34), not (11.35). In other words, s1; is not the mean
squared error (i.e., s?) of the second stage regression given in (11.35). The latter regression has
171 in it and not Y;. Therefore, the asymptotic variance covariance matrix of 25LS can be esti-
mated by s11(Z]PxZ1)"! = 511(2{21)_1. The t-statistics reported by 2SLS packages are based
on the standard errors obtained from the square root of the diagonal elements of this matrix.
These standard errors and t-statistics can be made robust for heteroskedasticity by computing
(7 21)*1(Z\{diag[AQ}Zl)(Z{Z})*l where @; denotes the i-th 2SLS residual. Wald type statistics
for Ho; R61 = r based on 2SLS estimates of 61 can be obtained as in_equation (7.41) with
61 2sLs replacing BOLS and var(él 2SLS) = sll(ZlZl) replacing var(ﬁOLS) = s (X' X)7!
This can be made robust for heteroskedasticity by using the robust variance covariance matrix
of 612515 described above. The resulting Wald statistic is asymptotically distributed as xZ
under the null hypothesis, with q being the number of restrictions imposed by Ré; = r.

LM type tests for exclusion restrictions, like a subset of d1 set equal to zero can be performed
by running the restricted 2SLS residuals on the matrix of unrestricted second stage regressors 7.
The test statistic is given by TR2? where R? denotes the uncentered R?. This is asymptotically
distributed as Xg under the null hypothesis, where q is the number of coefficients in 61 set equal
to zero. Note that it does not matter whether the exclusion restrictions are imposed on [3; or
a1, i.e., whether the excluded variables to be tested are endogenous or exogenous. An F-test for
these exclusion restrictions can be constructed based on the restricted and unrestricted residual
sums of squares from the second stage regression. The denominator of this F-statistic, however,
is based on the unrestricted 2SLS residual sum of squares as reported by the 2SLS package. Of
course, one has to adjust the numerator and denominator by the appropriate degrees of freedom.
Under the null, this is asymptotically distributed as F'(q,T — (g1 +k1)). See Wooldridge (1990)
for details. Also, see the over-identification test in Section 11.5.

Finite sample properties of 2SLS are model specific, see Mariano (2001) for a useful summary.
One important result is that the absolute moments of positive order for 2SLS are finite up to
the order of over-identification. So, for the 2SLS estimator to have a mean and variance, we
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need the degree of over-identification to be at least 2. This also means that for a just-identified
model, no moments for 2SLS exist. For 2SLS, the absolute bias is an increasing function of the
degree of over-identification. For the case of one right hand side included endogenous regressor,
like equation (11.25), the size of OLS bias relative to 2SLS gets larger, the lower the degree of
over-identification, the bigger the sample size, the higher the absolute value of the correlation
between the disturbances and the endogenous regressor yo and the higher the concentration
parameter 1. The latter is defined as pu? = E(y2) (Px — Px,)E(y2)/w? and w? = var(ys). In
terms of MSE, larger values of ;2 and large sample size favor 2SLS over OLS.

Another important single equation estimator is the Limited Information Mazximum Likelihood
(LIML) estimator which as the name suggests maximizes the likelihood function pertaining to
the endogenous variables appearing in the estimated equation only. Excluded exogenous vari-
ables from this equation as well as the identifiability restrictions on other equations in the
system are disregarded in the likelihood maximization. For details, see Anderson and Rubin
(1950). LIML is invariant to the normalization choice of the dependent variable whereas 2SLS
is not. This invariancy of LIML is in the spirit of a simultaneous equation model where nor-
malization should not matter. Under just-identification 2SLS and LIML are equivalent. LIML
is also known as the Least Variance Ratio (LVR) method, since the LIML estimates can be
obtained by minimizing a ratio of two variances or equivalently the ratio of two residual sum of
squares. Using equation (11.34), one can write

yi =y — Yia= X106 +w

For a choice of a; one can compute y] and regress it on X; to get the residual sum of squares
RSS1. Now regress y] on X; and X2 and compute the residual sum of squares RSS3. Equation
(11.34) states that X9 does not enter the specification of that equation. In fact, this is where
our identifying restrictions come from and the excluded exogenous variables that are used as
instrumental variables. If these identifying restrictions are true, adding Xs to the regression
of y7 and X; should lead to minimal reduction in RSS;. Therefore, the LVR method finds
the o that will minimize the ratio (RSS1/RSS2). After ay is estimated, 3, is obtained from
regressing y; on Xjp. In contrast, it can be shown that 2SLS minimizes RSS; — RSS>. For
details, see Johnston (1984) or Mariano (2001). Estimator bias is less of a problem for LIML
than 2SLS. In fact as the number of instruments increase with the sample size such that their
ratio is a constant, Bekker (1994) shows that 2SLS becomes inconsistent while LIML remains
consistent. Both estimators are special cases of the following estimator:

01 = (ZPxZ1 — 02, 2,) " (Z, Pxyr — 0Z,11)

with 6 = 0 yielding 2SLS, and @ = the smallest eigenvalue of {(DyD1)~'D|PxD;} yielding
LIML, where Dy = [y1, Z1].

Example 3: Simple Keynesian Model
For the data from the Economic Report of the President, given in Table 5.3, consider the simple
Keynesian model with no government

Ci=a+0Yi4+u t=12,....T
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Table 11.1 Two-Stage Least Squares

Dependent Variable: CONSUMP
Method: Two-Stage Least Squares
Sample: 1959 2007

Included observations: 49
Instrument specification: INV
Constant added to instrument list

Variable Coefficient Std. Error t-Statistic Prob.
C 4081.653 3194.839 1.277577 0.2077
Y 0.685609 0.172415 3.976513 0.0002
R-squared 0.904339 Mean dependent var 16749.10
Adjusted R-squared 0.902304 S.D. dependent var 5447.060
S.E. of regression 1702.552 Sum squared resid 1.36E+408
F-statistic 15.81265 Durbin-Watson stat 0.014554
Prob (F-statistic) 0.000240 Second-Stage SSR 1.38E+4-09
J-statistic 0.000000 Instrument rank 2

The OLS estimates of the consumption function yield:

Cy = —1343.31 + 0.979 Y; + residuals
(219.56)  (0.011)

The 2SLS estimates assuming that [I; is exogenous and is the only instrument available, yield

Cy = 4081.65 + 0.686 Y; + residuals
(3194.8) (0.172)

Table 11.1 reports these 2SLS results using EViews. Note that the OLS estimate of the intercept
is understated, while that of the slope estimate is overstated indicating positive correlation
between Y; and the error as described in (11.6). The standard errors of 2SLS are bigger than
those of OLS. This is always the case for an instrumental variable estimator as will be shown
analytically for a simple regression in Example 4 below.

OLS on the reduced form equations yield

Cy =12982.72 + 2.18 I; +residuals and Y; =12982.72 + 3.18 I; + residuals
(3110.4)  (1.74) (3110.4)  (1.74)

From example (A.5) in the Appendix, we see that 3= T12/T22 = 2.18/3.18 = 0.686 as described
in (A.24). Also, § = (Ta2—1)/722 = (3.18 —1)/3.18 = 2.18/3.18 = 0.686 as described in (A.25).
Similarly, @ = 711 /oo = 721 /722 = 12982.72/3.18 = 4081.65 as described in (A.22).

This confirms that under just-identification, the 2SLS estimates of the structural coefficients
are identical to the Indirect Least Squares (ILS) estimates. The latter estimates uniquely solve
for the structural parameter estimates from the reduced form estimates under just-identification.
Note that in this case both 2SLS and ILS estimates of the consumption equation are identical

to the simple IV estimator using [; as an instrument for Y;; i.e., By, = mei/my; as shown in
(A.24).
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11.2.1 Spatial Lag Dependence

An alternative popular model for spatial lag dependence considered in Section 9.9 is given by:
y=pWy+XB+e€

where € ~ IIN(0, 02), see Anselin (1988). Here 3; may denote output in region i which is affected
by output of its neighbors through the spatial coefficient p and the weight matrix W. Recall
from section 9.9, W is a known weight matrix with zero elements along its diagonal. It could
be a contiguity matrix having elements 1 if its a neighboring region and zero otherwise. Usually
this is normalized such that each row sums to 1. Alternatively, W could be based on distances
from neighbors again normalized such that each row sums to 1. It is clear that the presence of
Wy as a regressor introduces endogeneity. Assuming (I,, — pWW) nonsingular, one can solve for
the reduced form model:

y=(In—pW) ' XB+¢

where €* = (I, — pW) e has mean zero and variance covariance matrix which has the same
form as (9.38), i.e.,

Y = B(e'e”) = 0?Q = o*(I,, — pW) (I, — pW') 7!
For |p| < 1, one obtains
(In — pW) L =L, + pW + o> W2 4 p*W3 + ..
Hence
E(y/X) = (I, — pW)'XB= X3+ pWXB+ p*W2X3+ p*W3X3 + ...
This also means that
EWy/X) =W, —pW) 'XB=WXB+ pW?XB+ p"W3X[+ pWAX3 + ...

Based on this last expression, Kelejian and Robinson (1993) and Kelejian and Prucha (1998)
suggest the use of a subset of the following instrumental variables:

(X, WX, WX, W3X, WX, ..}
Lee (2003) suggested using the optimal instrument matrix:
{X, W(L, — W)X}

where the values for p and E are obtained from a first stage IV estimator, using {X, WX}
as instruments, possibly augmented with W2X. Note that Lee’s (2003) instruments involve
inverting a matrix of dimension n. Kelejian, et al. (2004) suggest an approximation based upon:

T o~
(X, 2 P IXB)
s=0
where 7, the highest order of this approximation depends upon the sample size, with r = o(nl/ ).

In their Monte Carlo experiments, they set r = n¢ where ¢ = 0.25,0.35, and 0.45. This is a
natural application of 2SLS to deal with the problem of spatial lag dependence.
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11.3 System Estimation: Three-Stage Least Squares

If the entire simultaneous equations model is to be estimated, then one should consider system
estimators rather than single equation estimators. System estimators take into account the zero
restrictions in every equation as well as the variance-covariance matrix of the disturbances of
the whole system. One such system estimator is Three-Stage Least Squares (3SLS) where the
structural equations are stacked on top of each other, just like a set of SUR equations,

y=276+u (11.43)
where
Y1 Zy 0 ... 0 01 uy
ya 0 ... Za ba e

and v has zero mean and variance-covariance matrix X ® I, indicating the possible correlation
among the disturbances of the different structural equations. ¥ = [o;], with E(u;u}) = o517,
for i,5 = 1,2,...,G. This ® notation was used in Chapter 9 and defined in the Appendix
to Chapter 7. Problem 4 shows that premultiplying the i-th structural equation by X’ and
performing GLS on the transformed equation results in 2SLS. For the system given in (11.43),
the analogy is obtained by premultiplying by (I¢®X'), i.e., each equation by X', and performing
GLS on the whole system. The transformed error (I ® X’)u has a zero mean and variance-
covariance matrix ¥ ® (X’X). Hence, GLS on the entire system obtains

bars = {Z'Uge X)) e (X'X) e X)Z}
{(Z(Ic 2 X)[Z e (X' X) (e ® Xy (11.44)

which upon simplifying yields
baLs = {2571 ® Px]Z} " HZ'[57! @ Px]y} (11.45)

Y has to be estimated to make this estimator operational. Zellner and Theil (1962), suggest
getting the 2SLS residuals for the i-th equation, say u; = y; — Z;0; 2515 and estimating ¥ by
¥ = [0};] where

Gij = [Wa; /(T — gi — ki) 2T — g; — k)% for d,j=1,2,...,G.
If 3 is substituted for ¥ in (11.45), the resulting estimator is called 3SLS:
63515 = {Z/[E7 @ Px]Z} " HZ'[E7' @ Pxly} (11.46)

The asymptotic variance-covariance matrix of ggsLS can be estimated by {Z’ [i_l ® Px|Z} L.
If the system of equations (11.43) is properly specified, 3SLS is more efficient than 2SLS. But
if say, the second equation is improperly specified while the first equation is properly specified,
then a system estimator like 3SLS will be contaminated by this misspecification whereas a single
equation estimator like 2SLS on the first equation is not. So, if the first equation is of interest
it does not pay to go to a system estimator in this case.
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Two sufficient conditions exist for the equivalence of 2SLS and 3SLS, these are the following;:
(i) X is diagonal, and (ii) every equation is just identified. Problem 5 leads you step by step
through these results. It is also easy to show, see problem 5, that a necessary and sufficient
condition for 3SLS to be equivalent to 2SLS on each equation is given by

=0 for i,j=1,2,...,G

where /Z\l = Px Z;, see Baltagi (1989). This is similar to the condition derived in the seemingly
unrelated regressions case except it involves the set of second stage regressors of 2SLS. One can
easily see that besides the two sufficient conditions given above, 21/152 = 0 states that the set
of second stage regressors of the i-th equation have to be a perfect linear combination of those
in the j-th equation and vice versa. A similar condition was derived by Kapteyn and Fiebig
(1981). If some equations in the system are over-identified while others are just-identified, the
3SLS estimates of the over-identified equations can be obtained by running 3SLS ignoring the
just-identified equations. The 3SLS estimates of each just-identified equation differ from those of
2SLS by a vector which is a linear function of the 3SLS residuals of the over-identified equations,
see Theil (1971) and problem 17.

11.4 Test for Over-ldentification Restrictions

We emphasized instrument relevance, now we turn to instrument exogeneity. Under just-
identification, one cannot statistically test instruments for exogeneity. This choice of exogenous
instruments requires making an expert judgement based on knowledge of the empirical applica-
tion. However, if the first structural equation is over-identified, i.e., the number of instruments
¢ is larger than the number of right hand side variables (g1 + k1), then one can test these over-
identifying restrictions. A likelihood ratio test for this over-identification condition based on
maximum likelihood procedures was given by Anderson and Rubin (1950). This version of the
test requires the computation of LIML. This was later modified by Basmann (1960) so that it
could be based on the 2SLS procedure. Here we present a simpler alternative based on Davidson
and MacKinnon (1993) and Hausman (1983). In essence, one is testing

Hy; 1y = Z161 +wuy versus  Hy; yp = Z161 + Wiy +uq (11.47)

where u; ~ IID(0, 011I7). Let W be the matrix of instruments of full rank ¢. Also, let W* be a
subset of instruments W, of dimension (¢—k;— g1 ), that are linearly independent of 21 = PwZ;.
In this case, the matrix [21, W*] has full rank ¢ and therefore, spans the same space as W. A
test for over-identification is a test for v = 0. In other words, W* has no ability to explain any
variation in y; that is not explained by Z; using the matrix of instruments W.

If W* is correlated with u; or the first structural equation (11.34) is misspecified, say by Z;
not including some variables in W*, then v # 0. Hence, testing v = 0 should be interpreted as a
joint test for the validity of the matrix of instruments W and the proper specification of (11.34)
see, Davidson and MacKinnon (1993). Testing H,; v = 0 can be obtained as an asymptotic
F-test as follows:

(RRSS* — URSS™)/ (¢ — (g1 + k1))
URSS /(T — {)

(11.48)
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This is asymptotically distributed as F'(¢ — (g1 + k1),T — £) under H,. Using instruments W,
we regress Z1 on W and get 21, then obtain the restricted 2SLS estimate 61 2575 by regressing
Y1 on 21. The restricted residual sum of squares from the second stage regression is RRSS* =
(y1— 2151 QSLS)/(yl — 2151 2515)- Next we regress y; on 21 and W* to get the unrestricted 2SLS
estimates 61 2srs and 7ygrg. The unrestricted residual sum of squares from the second stage
regression is URSS* = (y1 — Z161 2515 — W99s1.5) (11 — 716, 25Ls — W*95515). The URSS
in (11.48) is the 2SLS residuals sum of squares from the unrestricted model which is obtained
as follows (y; Z161725L5 —W*%s1s) (11 Z161 2515 — W*9591,5). URSS differs from URSS*
in that Z; rather than 21 is used in obtaining the residuals. Note that this differs from the
Chow-test in that the denominator is not based on URSS*, see Wooldridge (1990).

This test does not require the construction of W* for its implementation. This is because the
model under H; is just-identified with as many regressor as there are instruments. This means
that its

URSS* = yi Pwir = yiy1 — y1 Pwin
see problem 10. It is easy to show, see problem 12, that
RRSS* =y Py y1 = vhyr — v Py i
where 21 = Py Z;. Hence,
RRSS* — URSS* = v\ Py, — y'leyl (11.49)

The test for over-identification can therefore be based on RRSS* — URSS* divided by a con-
sistent estimate of o171, say,

o1 = (y1 — Zlgl,QSLS)/(yl - Zlgl,QSLS)/T (11.50)

Problem 12 shows that the resulting test statistic is exactly that proposed by Hausman (1983).
In a nutshell, the Hausman over-identification test regresses the 2SLS residuals y; — Zlgl,gs LS
on the matrix W of all pre-determined variables in the model. The test statistic is 1" times the
uncentered R? of this regression. See the Appendix to Chapter 3 for a definition of uncentered
R?. This test statistic is asymptotically distributed as x? with £ — (g1 + k1) degrees of freedom.
Large values of this statistic reject the null hypothesis.

Alternatively, one can get this test statistic as a Gauss-Newton Regression (GNR) on the
unrestricted model in (11.47). To see this, recall from section 8.4 that the GNR applies to a
general nonlinear model y; = () + u;. Using the set of instruments W, the GNR becomes

y — 2(B) = Pw X (B)b + residuals

where E denotes the restricted instrumental variable estimate of 5 under the null hypothesis and
X(B) is the matrix of derivatives with typical elements X;;(3) = 0z;(3)/08; for j = 1,... k.
Thus, the only difference between this GNR and that in Chapter 8 is that the regressors are
multiplied by Py, see Davidson and MacKinnon (1993, p. 226). Therefore, the GNR for (11.47)
yields

— Z151,2SLS = Zlbl + W*by + residuals (11.51)
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since Py [Z1, W*] = [21,W*] and 51725'[,5 is the restricted estimator under H,; v = 0. But,
[21, W*] spans the same space as W, see problem 12. Hence, the GNR in (11.51) is equivalent
to running the 2SLS residuals on W and computing 7' times the uncentered R* as described
above. Once again, it is clear that W* need not be constructed.

The basic intuition behind the test for over-identification restriction rests on the fact that
one can compute several legitimate IV estimators if all these instruments are relevant and
exogenous. For example, suppose there are two instruments and one right hand side endogenous
variable. Then one can compute two IV estimators using each instrument separately. If these
IV estimators produce very different estimates, then may be one instrument or the other or
both are not exogenous. The over-identification test we just described implicitly makes this
comparison without actually computing all possible IV estimates. Exogenous instruments have
to be uncorrelated with the disturbances. This suggests that the 2SLS residuals have to be
uncorrelated with the instruments. This is the basis for the TR2 test statistic. If all the
instruments are exogenous, the regression coefficient estimates should all be not significantly
different from zero and the R? should be low.

11.5 Hausman’s Specification Test?

A critical assumption for the linear regression model y = X + u is that the set of regressors
X are uncorrelated with the error term u. Otherwise, we have simultaneous bias and OLS is
inconsistent. Hausman (1978) proposed a general specification test for H,; E(u/X) = 0 versus
Hy; E(u/X) # 0. Two estimators are needed to implement this test. The first estimator must
be a consistent and efficient estimator of under H, which becomes inconsistent under Hi. Let
us denote this efficient estimator under H, by B The second estimator, denoted by 61, must
be consistent for g under both H, and Hi, but inefficient under H,. Hausman’s test is based
on the difference between these two estimators ¢ = El — ﬁo. Under H,; plim q is zero, while
under Hi; plim g # 0. Hausman (1978) shows that var(q) = var(3;)— var(f,) and Hausman’s
test becomes

m = q'[var(q)]~'q (11.52)

which is asymptotically distributed under H, as X% where k is the dimension of .

It remains to show that var(q) is the difference between the two variances. This can be
illustrated for a single regressor case without matrix algebra, see Maddala (1992, page 507).
Flrst one shows that cov(ﬂo, q) = 0. To prove this, consider a new estimator of J defined as

B ﬂ + A\q where )\ is an arbitrary constant. Under H,, plim ﬁ [ for every A\ and

var(B3) = var(B,) + A*var(q) + 2Acov(83,, )
Since BO is efficient, var(ﬁ) > Var(ﬁo) which means that A2 var(q) 42\ cov(ﬁo, q) > 0 for every .
If cov(ﬂo, q) > 0, then for A = —cov( ,q)/var(q) the above inequality is violated. Similarly, if
cov(ﬁo, q) < 0, then for A= —Cov(ﬁo, q) / var( q) the above inequality is violated. Therefore, under
H,, for the above inequality to be satisfied for every A, it must be the case that Cov(ﬁ q) =0.
Now, ¢ = ﬂl ﬂo can be rewritten as ﬁl = q+ﬂ with var(ﬁl) = var(q)+ var(ﬁ )+2cov(q, EO)
Using the fact that the last term is zero, we get the required result: var(q) = Var(Bl)— var(f3,).
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Example 4: Consider the simple regression without a constant
yi = Bry +uy  t=1,2,...,T with u; ~IIN(0,0?)

and where 3 is a scalar. Under H,; E(u:/x:) = 0 and OLS is efficient and consistent. Under
Hy; OLS is not consistent. Using w; as an instrumental variable, with w; uncorrelated with w;
and preferably highly correlated with x;, yields the following IV estimator of 3:

Brv = Xim yewe) Yoimy wowy = B+ 31y wwe/ Y1y wow,
with plim B v = B under H, and H; and

- ;2
var(Bry) = 0® Yy wi /(S ) = —— [1]

Zthl x% Tw
where 72 (Zt 1 Tywy)? /Zt L Wi Zt 1 x7. Also,
> T T T T
BoLs = Zt:l Tyt / Zt:l x% =p+ Zt:l Tyuy/ Et:l x?

with plim Bp.¢ = 8 under H, but plim Bp;g # 8 under Hy, with var(Bp.g) = 02/ S ad.
One can see that var(BOLS) < var(ﬁlv) since 0 < 2, < 1. In fact for a weak IV, 72, is small
and close to zero and the var(ﬁ 1v) blows up. Strong IV is where 2, is close to 1 and the closer
is the var(ﬂlv) to Var(ﬂOLS) In this case, ¢ = BIV ﬂOLS and phm q¢ # 0 under Hy, while
plim ¢ = 0 under H,, with

N ~ 2 R .2
var(q) = var(8y) — var(Bors) = _7 [1 — 1] =var(Bors) [1 TQTW]

T 2
i @i LTzw zw

Therefore, Hausman’s test statistic is

m = @\QT:%w/V&r(QOLS)(l - Tgw)

which is asymptotically distributed as x? under H,. Note that the same estimator of o2 is used
for var(3;,) and var(B3,.g). This is the estimator of o2 obtained under H,,.
The Hausman-test can also be obtained from the following augmented regression:

= Bxy + YT + €

where 7 is the predicted value of x; from regressing it on the instrumental variable w;. Problem
13 asks the reader to show that Hausman’s test statistic can be obtained by testing v = 0.
The IV estimator assumes that w; and u; are uncorrelated. If this is violated in practice, then
the IV estimator is inconsistent and the asymptotic bias can be aggravated if in addition this
is a weak instrument. To see this,
cov(wy, uy) corr(wg, ug) o

limB3,y, = B + plim(>°L, wyu I zow) =8+ —"2Y =5+
plimfy = 3+ plim(3my wite/ 3 ey Te0r) = 3 cov(xy, wy) g corr(xy, wy) o
where cov(wy, uy) and corr(xy, w;) denote the population covariance and correlation, respec-
tively. Also, o, and o, denote the population standard deviations. If corr(wg, ug) # 0, there is
an asymptotic bias in Gy If corr(wy,u;) is small and the instrument is strong (with a large
corr(xy,wy)), this bias could be small. However, this bias could be large, even if corr(wg, u;) is
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small, in the case of weak instruments (small corr(z, w;)). This warns researchers of using an
instrument which they deem much better than x; because it is less correlated with wu;. If this
instrument is additionally weak, the bias of the resulting IV estimator will be enlarged due to
the smaller corr(z;, wy). In sum, weak instruments may have large asymptotic bias in practice
even if they are slightly correlated with the error term.

In matrix form, the Durbin-Wu-Hausman test for the first structural equation is based upon
the difference between OLS and IV estimation of (11.34) using the matrix of instruments .
In particular, the vector of contrasts is given by

qg = /517]{/ —/('5\17()[,5 = (Z{PWZl)’l[Z{PWyl — (ZiPWz1)<Zizl)71Ziy1] (11.53)
= (Z1PwZ1) " [Z1Pw Pz,y1]

Under the null hypothesis, § = (Z] Py Z1) ' Z| Py Pz, u1. The test for § = 0 can be based on the
test for Z] Py Pz, u1 having mean zero asymptotically. This last vector is of dimension (g + k1 ).
However, not all of its elements are necessarily random variables since Pz may annihilate some
columns of the second stage regressors Z; = Py Z;. In fact, all the included X’s which are part
of W, i.e., X1, will be annihilated by Py, . Only the g; linearly independent variables Yy = PwY;
are not annihilated by Py, .

Our test focuses on the vector 171’ Pyz,u; having mean zero asymptotically. Now consider the
artificial regression

y1 = Z161 + f/l'y + residuals (11.54)

Since [Zl,ffl], [ZI,EI], [Z1, 721 — 21] and [Z1,Y] — 171] all span the same column space, this
regression has the same sum of squares residuals as

y1 = 2161+ (Y1 — }}1)17 + residuals (11.55)

The DWH-test may be based on either of these regressions. It is equivalent to testing v = 0
in (11.54) or n = 0 in (11.55) using an F-test. This is asymptotically distributed as F'(g1,7T —
2g1 — k1). Davidson and MacKinnon (1993, p. 239) warn about interpreting this test as one of
exogeneity of Y7 (the variables in Z; not in the space spanned by W). They argue that what
is being tested is the consistency of the OLS estimates of 01, not that every column of Z; is
independent of u;.

In practice, one may be sure about using Wy as a set of IV’s but is not sure whether some
r additional variables in Z; are legitimate as instruments. The DWH-test in this case will be
based upon the difference between two IV estimators for 6. The first is 327 v based on Wy and
the second is 317 1v based on Wj. The latter set includes W5 and the additional r variables in Z;.

borv —orv = (ZiPw,Z0) 2 Pwyyn — (Z4Pw, Z0)(Z4 Py Z1) " Z4 Pwyn] - (11.56)
= (Z1Pw,20) " 21 Pw, (Pry,, ,

since Py, Py, = Py,. The DWH-test is based on this contrast having mean zero asymptotically.
Once again this last vector has dimension ¢g; + k1 and not all its elements are necessarily
random variables since Ppwl 2, annihilates some columns of Py, Z;. This test can be based on
the following artificial regression:

y1 = Z161 + Py, Z]7 + residuals (11.57)

where Py, Z; consists of the r columns of Pyy,Z; that are not annihilated by Py,. Regression
(11.57) is performed with Ty as the set of IV’s and v = 0 is tested using an F-test.
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11.6 Empirical Examples

Example 1: Crime in North Carolina. Cornwell and Trumbull (1994) estimated an economic
model of crime using data on 90 counties in North Carolina observed over the years 1981-87.
This data set is available on the Springer web site as CRIME.DAT. Here, we consider cross-
section data for 1987 and reconsider the full panel data set in Chapter 12. Table 11.2 gives the
OLS estimates relating the crime rate (which is an FBI index measuring the number of crimes
divided by the county population) to a set of explanatory variables. This was done using Stata.
All variables are in logs except for the regional dummies. The explanatory variables consist of the
probability of arrest (which is measured by ratio of arrests to offenses), probability of conviction
given arrest (which is measured by the ratio of convictions to arrests), probability of a prison
sentence given a conviction (measured by the proportion of total convictions resulting in prison
sentences); average prison sentence in days as a proxy for sanction severity. The number of police
per capita as a measure of the county’s ability to detect crime, the population density which
is the county population divided by county land area, a dummy variable indicating whether
the county is in the SMSA with population larger than 50,000. Percent minority, which is the

Table 11.2 Least Squares Estimates: Crime in North Carolina

Source SS df MS Number of obs = 90

F(20,69) = 19.71
Model 22.8072483 20 1.14036241 Prob > F = 0.0000
Residual 3.99245334 69 .057861643 R-squared = 0.8510

Adj R-squared = 0.8078
Total 26.7997016 89 301120243 Root MSE = .24054
lermrte Coef. Std. Err. t P> |t [95% Conf. Interval]
Iprbarr —.4522907 .0816261 —5.54 0.000 —.6151303 —.2894511
Iprbconv —.3003044 .0600259 —5.00 0.000 —.4200527 —.180556
Iprbpris —.0340435 1251096 —0.27 0.786 —.2836303 .2155433
lavgsen —.2134467 1167513 —1.83 0.072 —.4463592 .0194659
Ipolpc .3610463 .0909534 3.97 0.000 1795993 .5424934
ldensity .3149706 .0698265 4.51 0.000 1756705 4542707
Iwcon 2727634 2198714 1.24 0.219 —.165868 7113949
lwtuc 1603777 1666014 0.96 0.339 —.171983 4927385
lwtrd 1325719 .3005086 0.44 0.660 —.4669263 7320702
lwfir —.3205858 251185 —1.28 0.206 —.8216861 1805146
lwser —.2694193 .1039842 —2.59 0.012 —.4768622 —.0619765
lwmfg .1029571 1524804 0.68 0.502 —.2012331 4071472
lwfed .3856593 .3215442 1.20 0.234 —.2558039 1.027123
lwsta —.078239 2701264 —0.29 0.773 —.6171264 4606485
lwloc —.1774064 4251793 —0.42 0.678 —1.025616 .670803
Ipctymle .0326912 1580377 0.21 0.837 —.2825855 .3479678
Ipctmin .2245975 .0519005 4.33 0.000 .1210589 3281361
west —.087998 1243235 —0.71 0.481 —.3360167 .1600207
central —.1771378 .0739535 —2.40 0.019 —.3246709 —.0296046
urban —.0896129 1375084 —0.65 0.517 —.3639347 .184709
_cons —3.395919 3.020674 —1.12 0.265 —9.421998 2.630159
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Table 11.3 Instrumental Variables (2SLS) Regression: Crime in North Carolina

Source SS df MS Number of obs = 90
F(20,69) = 17.35
Model 22.6350465 20 1.13175232 Prob > F = 0.0000
Residual 4.16465515 69 060357321 R-squared = 0.8446
Adj R-squared = 0.7996
Total 26.7997016 89 301120243 Root MSE = .24568
lermrte Coef.  Std. Err. t P> |t [95% Conf. Interval]
Iprbarr —.4393081 2267579 —1.94 0.057 —.8916777 .0130615
Ipolpc .5136133 .1976888 2.60 0.011 1192349 9079918
Iprbconv —.2713278 0847024  —3.20 0.002 —.4403044 —.1023512
lprbpris —.0278416 1283276 —0.22 0.829 —.2838482 .2281651
lavgsen —.280122 1387228 —2.02 0.047 —.5568663 —.0033776
ldensity .3273521 .0893292 3.66 0.000 1491452 .505559
Iwcon .3456183 .2419206 1.43 0.158 —.137 .8282366
lwtuc 1773533 1718849 1.03 0.306 —.1655477 .5202542
lwtrd 212578 .3239984 0.66 0.514 —.433781 .8589371
lwfir —.3540903 2612516 —1.36 0.180 —.8752731 1670925
lwser —.2911556 1122454 —2.59 0.012 —.5150789 —.0672322
lwmfg .0642196 1644108 0.39 0.697 —.263771 .3922102
lwfed .2974661 .3425026 0.87 0.388 —.3858079 9807402
lwsta .0037846 .3102383 0.01 0.990 —.615124 6226931
lwloc —.4336541 .5166733 —0.84 0.404 —1.464389 597081
Ipctymle .0095115 1869867 0.05 0.960 —.3635166 .3825397
Ipctmin .2285766 .0543079 4.21 0.000 1202354 3369179
west —.0952899 1301449 —0.73 0.467 —.3549219 1643422
central —.1792662 0762815 —2.35 0.022 —.3314437 —.0270888
urban —.1139416 143354 —0.79 0.429 —.3999251 1720419
_cons —1.159015 3.898202 —0.30 0.767 —8.935716 6.617686
Instrumented: Iprbarr Ipolpc
Instruments: Iprbeconv lprbpris lavgsen ldensity lwcon lwtuc Iwtrd Iwfir lwser lwmfg lwfed

lwsta lwloc Ipctymle Ipctmin west central Itaxpc Imix

proportion of the county’s population that is minority or non-white. Percent young male which
is the proportion of the county’s population that is males and between the ages of 15 and 24.
Regional dummies for western and central counties. Opportunities in the legal sector captured
by the average weekly wage in the county by industry. These industries are: construction;
transportation, utilities and communication; wholesale and retail trade; finance, insurance and
real estate; services; manufacturing; and federal, state and local government.

Results show that the probability of arrest as well as conviction given arrest have a negative
and significant effect on the crime rate with estimated elasticities of —0.45 and —0.30 respec-
tively. The probability of imprisonment given conviction as well as the sentence severity have a
negative but insignificant effect on the crime rate. The greater the number of police per capita,
the greater the number of reported crimes per capita. The estimated elasticity is 0.36 and it is
significant. This could be explained by the fact that the larger the police force, the larger the
reported crime. Alternatively, this could be an endogeneity problem with more crime resulting
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Table 11.4 Hausman’s Test: Crime in North Carolina

Coefficients
(b) (B) (b-B) sqrt(diag(V_b-V_B))
b2sls bols Difference S.E.
Iprbarr —.4393081 —.4522907 .0129826 2115569
Ipolpc .5136133 .3610463 152567 1755231
Iprbconv —.2713278 —.3003044 .0289765 .0597611
Iprbpris —.0278416 —.0340435 .0062019 .0285582
lavgsen —.280122 —.2134467 —.0666753 .0749208
ldensity 3273521 .3149706 .0123815 .0557132
lwcon .3456183 2727634 .0728548 .1009065
Iwtuc 1773533 1603777 .0169755 .0422893
Iwtrd 212578 1325719 .0800061 1211178
Iwfir —.3540903 —.3205858 —.0335045 0718228
Iwser —.2911556 —.2694193 —.0217362 .0422646
lwmfg .0642196 1029571 —.0387375 .0614869
Iwfed 2974661 .3856593 —.0881932 1179718
lwsta .0037846 —.078239 .0820236 1525764
Iwloc —.4336541 —.1774064 —.2562477 .293554
Ipctymle .0095115 .0326912 —.0231796 .0999404
Ipctmin .2285766 .2245975 .0039792 .0159902
west —.0952899 —.087998 —.0072919 .0384885
central —.1792662 —.1771378 —.0021284 .0187016
urban —.1139416 —.0896129 —.0243287 .0405192

b = consistent under Ho and Ha; obtained from ivreg
B = inconsistent under Ha, efficient under Ho; obtained from regress
Test: Ho: difference in coefficients not systematic
chi2(20) = (b—B)’[(V_b—V_B)"(-1)](b—B)
= 0.87
Prob > chi2 = 1.0000

in the hiring of more police. The higher the density of the population the higher the crime rate.
The estimated elasticity is 0.31 and it is significant. Returns to legal activity are insignificant
except for wages in the service sector. This has a negative and significant effect on crime with
an estimated elasticity of —0.27. Percent young male is insignificant, while percent minority
is positive and significant with an estimated elasticity of 0.22. The central dummy variable is
negative and significant while the western dummy variable is not significant. Also, the urban
dummy variable is insignificant. Cornwell and Trumbull (1994) worried about the endogeneity
of police per capita and the probability of arrest. They used as instruments two additional vari-
ables. Offense mix which is the ratio of crimes involving face to face contact (such as robbery,
assault and rape) to those that do not. The rationale for using this variable is that arrest is
facilitated by positive identification of the offender. The second instrument is per capita tax
revenue. This is justified on the basis that counties with preferences for law enforcement will
vote for higher taxes to fund a larger police force.
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The 2SLS estimates are reported in Table 11.3. The probability of arrest has an estimated
elasticity of —0.44 but now with a p-value of 0.057. The probability of conviction given arrest
has an estimated elasticity of —0.27 still significant. The probability of imprisonment given
conviction is still insignificant while the sentence severity is now negative and significant with
an estimated elasticity of —0.28. Police per capita has a higher elasticity of 0.51 still signif-
icant. The remaining estimates are slightly affected. In fact, the Hausman test based on the
difference between the OLS and 2SLS estimates is shown in Table 11.4. This is computed us-
ing Stata and it contrasts 20 slope coefficient estimates. The Hausman test statistic is 0.87
and is asymptotically distributed as x3,. This is insignificant, and shows that the 2SLS and
OLS estimates are not significantly different given this model specification and the specific
choice of instruments. Note that this is a just-identified equation and one cannot test for over-
identification.

Note that the 2sls estimates and the Hausman test are not robust to heteroskedasticity.
Table 11.5 gives the 2sls estimates by running ivregress in Stata with the robust variance-
covariance matrix option.

Note that the estimates remain the same as Table 11.3 but the standard errors for the right
hand side endogenous variables Y] are now larger. The option (estat endogenous) generates the
Hausman test which tests whether 2sls is different from OLS based now on the robust variance-
covariance estimate. The F(2,67) statistic observed is 0.455 and has a p-value 0.636 which is
not significant. This F-statistic could have been generated by an artificial regression as follows:
Obtain the residuals from the first stage regressions, see Tables 11.6 and 11.7 below. Call these
residuals v1hat and vZhat. Include them as additional variables in the original equation and run
robust least squares. The robust Hausman test is equivalent to testing that the coefficients of
these two residuals are jointly zero. The Stata commands (without showing the output of this
artificial regression) and the resulting test statistic are shown below:

. quietly regress lcrmrte lprbarr lprbconv lprbpris lavgsen lpolpc ldensity
lwcon lwtuc lwtrd lwfir lwser lwmfg lwfed lwsta lwloc lpctymle lpctmin west
central urban vihat v2hat if year==87, vce(robust)

. test vihat v2hat

(1) vihat =0

(2) v2hat = 0
F(2,67) = 0.46
Prob > F = 0.6361

This is the same statistic obtained above with estat endogenous.

Tables 11.6 and 11.7 give the first-stage regressions for the probability of arrest and police
per capita. The R? of these regressions are 0.47 and 0.56, respectively. The F-statistics for the
significance of all slope coefficients are 3.11 and 4.42, respectively. The additional instruments
(offense mix and per capita tax revenue) are jointly significant in both regressions yielding F-
statistics of 5.78 and 10.56 with p-values of 0.0048 and 0.0001, respectively. Although there are
two right hand side endogenous regressors in the crime equation rather than one, the Stock and
Watson ‘rule of thumb’ suggest that these instruments may be weak.
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Table 11.5 Robust Variance Covariance (2SLS) Regression: Crime in North Carolina

Instrumental variables (2SLS) regression Number of obs = 90
Wald chi2(20) = 1094.07
Prob > chi2 = 0.0000
R-squared = 0.8446
Root MSE = .21511
Robust

lermrte Coef. Std. Err. z P > |z [95% Conf. Interval]
Iprbarr —.4393081 .311466 -1.41 0.158 —-1.04977 1711541
Ipolpc .5136133 .2483426 -2.07 0.039 0268707 1.000356
Iprbconv —-.2713278 .1138502 -2.38 0.017 —.4944701 —.0481855
Iprbpris —-.0278416 .1339361 -0.21 0.835 —-.2903516 .2346685
lavgsen —.280122 1204801 -2.33 0.020 —-.5162587 —.0439852
ldensity 3273521 .0983388 3.33 0.001 1346116 .5200926
lwcon .3456183 1961291 1.76 0.078 —.0387877 .7300243
lwtuc 1773533 .1942597 0.91 0.361 —.2033887 .5580952
lwtrd 212578 .2297782 0.93 0.355 —.2377789 6629349
lwfir —.3540903 .2299624 -1.54 0.124 —.8048082 .0966276
lwser —.2911556 .0865243 -3.37 0.001 —-.4607401 —-.121571
lwmfg .0642196 .1459929 0.44 0.660 -.2219213 .3503605
lwfed .2974661 .3089013 0.96 0.336 —.3079692 9029015
lwsta .0037846 .2861629 0.01 0.989 —.5570843 .5646535
lwloc —.4336541 .4840087 -0.90 0.370 -1.382294 .5149856
Ipctymle .0095115 .2232672 0.04 0.966 —.4280842 4471073
Ipctmin .2285766 .0531983 4.30 0.000 .1243099 .3328434
west —.0952899 1293715 —0.74 0.461 —.3488534 1582736
central —.1792662 .0651109 —2.75 0.006 —.3068813 —.0516512
urban —-.1139416 1065919 -1.07 0.285 —.3228579 .0949747
_cons -1.159015 3.791608 -0.31 0.760 -8.59043 6.2724

Instrumented: Iprbarr Ipolpc

Instruments: Iprbeconv lprbpris lavgsen ldensity lwcon lwtuc lwtrd Iwfir lwser lwmfg lwfed lwsta

lwloc Ipctymle Ipctmin west central urban Itaxpc Imix

One could obtain a lot of diagnostics on weak instruments after (ivregress 2sls) in Stata by
issuing the command (estat firststage). This is done in Table 11.8. The option forcenonrobust
is forcing these diagnostics to be done for a robust regression where the econometric theory
behind their derivation need not apply.

This is a just-identified equation, so we cannot test over-identification. We have already seen
the R-squared of the first stage regressions (0.47 and 0.56). These are not low enough to flag
possible weak instruments. But these R-squared measures may be due mostly to the inclusion
of the right hand side exogenous variables X;. We want to know the additional contribution
of the instruments Xy = (ltaxpc lmix) over and above X;. The partial R-squared provide such
measures and yield lower numbers. For lprbarr, this is 0.32. This is the correlation between
Iprbarr and the instruments Xo = (ltaxpc lmix) after including the right hand side exogenous
variables X;. The F(2,69) statistic tests the joint significance of the excluded instruments Xo
in the first stage regressions. These F-statistics of 6.58 and 6.68 are certainly less than 10.
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Table 11.6 First Stage Regression: Probability of Arrest

Source SS df MS Number of obs = 90

F(20,69) - 3.11
Model 6.84874028 20 0.342437014 Prob > F = 0.0002
Residual 7.59345096 69 0.110050014 R-squared = 0.4742

Adj R-squared = 0.3218
Total 14.4421912 89 0.162271812 Root MSE = 0.33174
Iprbarr Coef. Std. Err. t P> |t [95% Conf. Interval]
Iprbconv —.1946392 0877581 -2.22 0.030 —-.3697119 —.0195665
Iprbpris —-.0240173 1732583 -0.14 0.890 —.3696581 .3216236
lavgsen 1565061 1527134 1.02 0.309 —.1481488 4611611
ldensity —.2211654 .0941026 -2.35 0.022 —.408895 —.0334357
lwcon —.2024569 .3020226 -0.67 0.505 —.8049755 .4000616
lwtuc —-.0461931 .230479 -0.20 0.842 —.5059861 .4135999
lwtrd .0494793 4105612 0.12 0.904 —.769568 .8685266
lwfir .050559 .3507405 0.14 0.886 —.6491492 7502671
lwser .0551851 .1500094 0.37 0.714 —.2440754 .3544456
lwmfg .0550689 .2138375 0.26 0.798 —-.3715252 .481663
lwfed .2622408 .4454479 0.59 0.558 —.6264035 1.150885
lwsta —.4843599 3749414 -1.29 0.201 —1.232347 2636277
lwloc 7739819 .5511607 1.40 0.165 —.3255536 1.873517
Ipctymle —.3373594 2203286 -1.53 -0.130 776903 1021842
Ipctmin —.0096724 0729716 -0.13 -0.895 1552467 1359019
west, .0701236 1756211 0.40 0.691 —.280231 4204782
central .0112086 .1034557 0.11 0.914 —.1951798 217597
urban —.0150372 2026425 -0.07 0.941 —.4192979 .3892234
ltaxpc —.1938134 1755345 -1.10 0.273 —.5439952 1563684
Imix .2682143 .0864373 3.10 0.003 .0957766 4406519
_cons -4.319234 3.797113 -1.14 0.259 —11.89427 3.255799

This is the rule of thumb suggested by Stock and Watson for the case of one right hand side
endogenous variable. Note that we computed these statistics above but without the robust
variance-covariance matrix option. Shea’s partial R-squared of 0.135 for Iprbarr is the R-squared
from running a regression of residuals on residuals. The first residuals come from regressing
Iprbarr on the right hand side included exogenous variables X;. The second set of residuals come
from regressing the right hand side included exogenous variables X7 on the set of instruments
X2 = (Itaxpc lmix).

Because we have more than one right hand side endogenous variable, Stock and Yogo (2005)
suggest using the minimum eigenvalue of a matrix analog of the F-statistic originally proposed
by Cragg and Donald (1993) to test for identification. A low minimum eigenvalue statistic
indicate weak instruments. If there is only one right hand side endogenous variable, this reverts
back to the F-statistic which is compared to 10 by the ad hoc rule of Stock and Watson. The
critical values for this minimum eigenvalue statistic are dependent on how much relative bias
we are willing to tolerate relative to OLS in case of weak instruments. This is available only
when the degree of over-identification is two or more. This is why Stata does not report it in
this just-identified example. However, Stata does report a second test which applies even for the
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Table 11.7 First Stage Regression: Police per Capita

Source SS df MS Number of obs = 90

F(20,69) - 4.42
Model 6.99830344 20 0.349915172 Prob > F = 0.0000
Residual 5.46683312 69 0.079229465 R-squared = 0.5614

Adj R-squared = 0.4343
Total 12.4651366 89 0.140057714 Root MSE = 0.28148
Ipolpc Coef. Std. Err. t P> |t [95% Conf. Interval]
Iprbconv .0037744 0744622 0.05 0.960 —.1447736 1523223
Iprbpris —.0487064 .1470085 -0.33 0.741 —.3419802 .2445675
lavgsen .3958972 1295763 3.06 0.003 1373996 .6543948
ldensity .0201292 .0798454 0.25 0.802 —.1391581 1794165
lwcon —.5368469 .2562641 -2.09 0.040 -1.04808 —.025614
lwtuc —.0216638 1955598 -0.11 0.912 —.411795 .3684674
lwtrd —.4207274 .3483584 -1.21 0.231 —1.115683 2742286
Iwfir .0001257 .2976009 0.00 1.000 —.5935718 5938232
lwser .0973089 1272819 0.76 0.447 —.1566116 3512293
lwmfg 1710295 .1814396 0.94 0.349 —-.1909327 .5329916
lwfed .8555422 .3779595 2.26 0.027 1015338 1.609551
lwsta —.1118764 .3181352 -0.35 0.726 —.7465387 .5227859
lwloc 1.375102 4676561 2.94 0.004 4421535 2.30805
Ipctymle 4186939 1869473 2.24 0.028 0457442 7916436
Ipctmin —.0517966 .0619159 —0.84 0.406 —.1753154 0717222
west .1458865 .1490133 0.98 0.331 —-.151387 .4431599
central 0477227 .0877814 0.54 0.588 —.1273964 .2228419
urban —.1192027 1719407 -0.69 0.490 —.4622151 .2238097
ltaxpc .5601989 1489398 3.76 0.000 .2630721 .8573258
Imix 2177256 .0733414 2.97 0.004 .0714135 .3640378
_cons -16.33148 3.221824 -5.07 0.000 —22.75884 -9.904113

just-identified case. This is based on size distortions of the Wald test for the joint significance of
the right hand side endogenous variables Y7 at the 5% level. The observed minimum eigenvalue
statistic of 5.31 is between the critical values of 7.03 and 4.58 and indicates a 2SLS relative bias
of more than 10% and less than 15% when it should be 5%.

Example 2: Growth and Inequality Reconsidered. Lundberg and Squire (2003) estimate a two
equation model of growth and inequality using 3SLS, see section 10.5 for the SUR specification
where all the explanatory variables were assumed to be exogenous. The first equation relates
Growth (dly) to education (adult years schooling: yrt), the share of government consumption in
GDP (gov), M2/GDP (m2y), Inflation (inf), Sachs-Warner measure of openness (swo), changes
in the terms of trade (dtot), initial income (f_pcy), dummy for 1980s (d80) and dummy for
1990s (d90). The second equation relates the Gini coefficient (gih) to education, M2/GDP,
civil liberties index (civ), mean land Gini (mlg), mean land Gini interacted with a dummy for
developing countries (mlgldc). The data contains 119 observations for 38 countries over the
period 1965-1990, and can be obtained from

http://www.res.org.uk/economic/datasets/datasetlist.asp.
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Table 11.8 Weak IV Diagnostics: The Crime Example

. estat firststage, forcenonrobust all
First-stage regression summary statistics

Adjusted Partial Robust
Variable R-sq. R-sq. R-sq. F(2,69) Prob > F
Iprbarr 0.4742 0.3218 0.1435 6.57801 0.0024
Ipolpc 0.5614 0.4343 0.2344 6.68168 0.0022
Shea’s partial R-squared
Shea’s Shea’s
Variable Partial R-sq. Adj. Partial R-sq.
Iprbarr 0.1352 —-0.0996
Ipolpc 0.2208 0.0093
Minimum eigenvalue statistic = 5.31166
Critical Values # of endogenous regressors: 2
Ho: Instruments are weak # of excluded instruments: 2
5% 10% 20% 30%
2SLS relative bias (not available)
10% 15% 20% 25%
2SLS Size of nominal 5% Wald test 7.03 4.58 3.95 3.63
LIML Size of nominal 5% Wald test 7.03 4.58 3.95 3.63

Education, government, M2/GDP, inflation, Sachs-Warner measure of openness, civil liberties
index, mean land Gini, mean land Gini interacted with a dummy for developing countries(ldc)
are assumed to be endogenous. Instruments include initial values of all variables (except land
Gini and income), population, urban share, life expectancy, fertility, initial female literacy and
democracy, arable area, dummies for oil and non-oil commodity exporters, and legal origin.
Table 11.9 reports the 3SLS estimates of these two equations using the reg3 command in Stata.
The results replicate those reported in Table 1 of Lundberg and Squire (2003, p. 334). Allowing
for endogeneity, these results still show that openness enhances growth and education reduces
inequality.

Notes

1. A heteroskedasticity-robust statistic is recommended especially if yo has discrete characteristics.
2. Why 107 See the proof in Appendix 10.4 of Stock and Watson (2003).

3. This test is also known as the Durbin-Wu-Hausman test, following the work of Durbin (1954), Wu
(1973) and Hausman (1978).
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Table 11.9 Growth and Inequality: 3SLS Estimates

reg3 (Growth: dly = yrt gov m2y inf swo dtot f_pcy d80 d90) (Inequality: gih = yrt m2y civ mlg
mlgldc), exog(commod f_civ f_dem f_dtot fflit f_gov f_inf f m2y f swo f_yrt pop urb lex lfr marea oil

legor_fr legor_ge legor_mx legor_sc legor_uk) endog(yrt gov m2y inf swo civ mlg mlgldc)

Three-stage least-squares regression

Equation Obs Parms RMSE “R-sq” chi2 P
Growth 119 9 2.34138 0.3905 65.55 0.0000
Inequality 119 5 7.032975 0.4368 94.28 0.0000
Coef. Std. Err. z P> |z [95% Conf. Interval]
Growth

yrt —.0280625 1827206 -0.15 0.878 —.3861882 .3300632
gov —-.0533221 0447711 -1.19 0.234 -.1410718 .0344276
m2y .0085368 .0199759 0.43 0.669 —-.0306152 .0476889
inf —.0008174 .0025729 —0.32 0.751 —.0058602 .0042254
SWO 4.162776 .9499015 4.38 0.000 2.301003 6.024548
dtot 26.03736 23.05123 1.13 0.259 -19.14221 71.21694
f pcy -1.38017 .5488437 -2.51 0.012 —2.455884 —.3044564
d80 -1.560392 545112 -2.86 0.004 ~2.628792 —.4919922
dao -3.413661 .6539689 -5.22 0.000 —4.695417 —2.131906
_cons 13.00837 3.968276 3.28 0.001 5.230693 20.78605

Inequality
yrt —1.244464 4153602 -3.00 0.003 —2.058555 —.4303731
m2y —-.120124 .0581515 —-2.07 0.039 —.2340989 —-.0061492
civ .2531189 7277433 0.35 0.728 -1.173232 1.67947
mlg .292672 .0873336 3.35 0.001 1215012 .4638428
mlglde —.0547843 0576727 -0.95 0.342 -.1678207 .0582522
_cons 33.13231 5.517136 6.01 0.000 22.31893 43.9457

Endogenous variables:
Exogenous variables:

dly gih yrt gov m2y inf swo civ mlg mlgldc
dtot f_pcy d80 d90 commod f_civ f_dem f_dtot fflit f_gov f_inf f m2y f_swo

f_yrt pop urb lex lfr marea oil legor_fr legor_ge legor_mx legor_sc legor_uk

Problems

1. The Inconsistency of OLS. Show that the OLS estimator of § in (11.14), which can be written as

n T T
dors = thl tht/thl P?

is not consistent for §. Hint: Write dor5 = 6 + ZtT:M?t(UQt — )/ Zthlpf, and use (11.18) to
show that

plim 605 = 6 + (012 — 022)(6 — B)/[o11 + T2z — 2012).

2. When Is the IV Estimator Consistent? Consider equation (11.30) and let X5 and X, be the only
two other exogenous variables in this system.

(a) Show that a two-stage estimator which regresses yo on X3, Xo and X3 to get yo = 92 + 02,
and y3 on X7, Xo and X, to get y3 = g3 + 03, and then regresses y; on 92, 93 and X; and
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X5 does not necessarily yield consistent estimators. Hint: Show that the composite error is
€1 = (u1 + 1202 + a1303) and Zle €112t # 0, because Zle 92103 # 0. The latter does not
hold because Zle X3:03; # 0. (This shows that if both y’s are not regressed on the same
set of X’s, the resulting two stage regression estimates are not consistent).

(b) Show that the two-stage estimator which regresses yo and ys3 on X5, X3 and X4 to get
Y2 = Y2 + U2 and y3 = y3 + U3 and then regresses y; on ¢s, y3 and X; and X, is not
necessarily consistent. Hint: Show that the composite error term ¢; = uy + a1202 + 1303
does not satisfy Zthl €1:X1¢ = 0, since Zthl 09; X1 # 0 and Z?:l 03¢ X1+ # 0. (This shows
that if one of the included X'’s is not included in the first stage regression, then the resulting
two-stage regression estimates are not consistent).

3. Just-Identification and Simple IV. If equation (11.34) is just-identified, then Xs is of the same
dimension as Y7, i.e., both are T x g;. Hence, Z; is of the same dimension as X, both of dimension
T x (g1 + k1). Therefore, X’Z; is a square nonsingular matrix of dimension (g1 + k1). Hence,
(Z;X)~" exists. Using this fact, show that 612575 given by (11.36) reduces to (X’Z;)'X'y;.
This is exactly the IV estimator with W = X, given in (11.41). Note that this is only feasible if
X'Z; is square and nonsingular.

4. 25LS Can Be Obtained as GLS. Premultiply equation (11.34) by X’ and show that the transformed
disturbances X'uy ~ (0,011

(X’X)). Perform GLS on the resulting transformed equation and show that 31,GLS is 61,2515,
given by (11.36).

5. The Equivalence of 3SLS and 2SLS.

(a) Show that 83515 given in (11.46) reduces to 82515, when (i) X is diagonal, or (ii) every equa-
tion in the system is just-identified. Hint: For (i); show that 51 ® Py is block-diagonal with
the i-th block consisting of Px /7;;. Also, Z is block-diagonal, therefore, {Z’ [i’l ® Px]Z}~1
is block-diagonal with the i-th block consisting of &;;(Z/PxZ;)~!. Similarly, computing
Z’[EAI_1 ® Pxly, one can show that the i-th element of Oass is (ZIPx 7)) ' Z! Pxy; =
3135 rs. For (ii); show that Z/X is square and nonsingular under just-identification. There-
fore, /(S\Z"2SLS = (X'Z;)"1X'y; from problem 3. Also, from (11.44), we get

S3s0s = {diag[Z/X](S7' ® (X'X) V)diag[X'Z;]} "
{diag[Z/X](X7' @ (X'X) ") (Ie ® X")y}.

Using the fact that Z/X is square, one can show that /51‘,35[13 = (X'Z) 1 X"y;.

(b) Premultiply the system of equations in (11.43) by (I ® Px) and let y* = (I¢ ® Px)y,
7Z* = (Ig ® Px)Z and u* = (Ig ® Px)u, then y* = Z*6 4+ u*.Show that OLS on this
transformed model yields 2SLS on each equation in (11.43). Show that GLS on this model
yields 3SLS (knowing the true ¥) given in (11.45). Note that var(u*) = ¥ ® Px and its
generalized inverse is ¥~ ® Px. Use the Milliken and Albohali condition for the equivalence
of OLS and GLS given in equation (9.7) of Chapter 9 to deduce that 3SLS is equivalent
to 2SLS if Z*'(X~! ® Px)Pz- = 0. Show that this reduces to the following necessary and
sufficient condition Uijzfpgj =0 for ¢ # j, see Baltagi (1989). Hint: Use the fact that

7* = diag[Px Z;] = diag|Z;] and Py = diag[if’z].

Verify that the two sufficient conditions given in part (a) satisfy this necessary and sufficient
condition.
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Consider the following demand and supply equations:

Q a—bP +u
Q = c+dP+eW+ fL+us

where W denotes weather conditions affecting supply, and L denotes the supply of immigrant
workers available at harvest time.

(a) Write this system in the matrix form given by equation (A.1) in the Appendix.

(b) What does the order-condition for identification say about these two equations?

(c) Premultiply this system by a nonsingular matrix F' = [f;;], for 4, j = 1,2. What restrictions
must the matrix F satisfy if the transformed model is to satisfy the same restrictions of the
original model? Show that the first row of F'is in fact the first row of an identity matrix, but
the second row of F' is not the second row of an identity matrix. What do you conclude?

Answer the same questions in problem 6 for the following model:

Q = a—-bP+cY+dA+u
Q = e+ fP+gW+hL+us

where Y is real income and A is real assets.

Consider example (A.1) in the Appendix. Recall, that system of equations (A.3) and (A.4) are
just-identified.

(a) Construct ¢ for the demand equation (A.3) and show that A¢ = (0, —f)’ which is of rank
1 as long as f # 0. Similarly, construct ¢ for the supply equation (A.4) and show that
A¢p = (—c¢,0)" which is of rank 1 as long as ¢ # 0.

(b) Using equation (A.17), show how the structural parameters can be retrieved from the reduced
form parameters. Derive the reduced form equations for this system and verify the above
relationships relating the reduced form and structural form parameters.

. Derive the reduced form equations for the model given in problem 6, and show that the structural

parameters of the second equation cannot be derived from the reduced form parameters. Also, show
that there are more than one way of expressing the structural parameters of the first equation in
terms of the reduced form parameters.

Just-Identified Model. Consider the just-identified equation
y1 = Z161 + w1

with W, the matrix of instruments for this equation of dimension 7" x ¢ where ¢ = g1 + k; the
dimension of Z;. In this case, W’Z; is square and nonsingular.

(a) Show that the generalized instrumental variable estimator given below (11.41) reduces to the
simple instrumental variable estimator given in (11.38).

(b) Show that the minimized value of the criterion function for this just-identified model is zero,
i.e., show that (y; — Zlglylv)’PW(yl — Zlguv) =0.

(¢) Conclude that the residual sum of squares of the second stage regression of this just-identified
model is the same as that obtained by regressing y; on the matrix of instruments W, i.e.,

show that (y; 2151 av) (n Z151 1v) = vy Pwy: where 21 = PwZ;. Hint: Show that
P21 = Pp,, z, = Pw, under just-identification.
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The More Valid Instruments the Better. Let W1 and W5 be two sets of instrumental variables for
the first structural equation given in (11.34). Suppose that Wj is spanned by the space of Ws.
Verify that the resulting IV estimator of §; based on W5 is at least as efficient as that based
on Wj. Hint: Show that Py,W; = W, and that Py, — Pw, is idempotent. Conclude that the
difference in the corresponding asymptotic covariances of these IV estimators is positive semi-
definite. (This shows that increasing the number of legitimate instruments should improve the
asymptotic efficiency of an IV estimator).

Testing for Quver-Identification. In testing H,; v = 0 versus Hy; 7 # 0 in section 11.4, equation
(11.47):

(a) Show that the second stage regression of 2SLS on the unrestricted model y; = 7161 +W*y+uy
with the matrix of instruments W yields the following residual sum of squares:

URSS* = yi Pwyi = viy1 — ¥, Pwin

Hint: Use the results of problem 10 for the just-identified case.

(b) Show that the second stage regression of 2SLS on the restricted model y; = Z161 + u; with
the matrix of instruments W yields the following residual sum of squares:

RRSS™ = y1 Pz yi = yiyn — 1 Pz i
where Z1 = PwZ1 and Py = Py Zi(Z{PwZ)~" Z; Py. Conclude that RRSS*— URSS*

yields (11.49).

(¢) Consider the test statistic (RRSS*— URSS*)/d11 where 711 is given by (11.50) as the usual
2SLS residual sum of squares under H, divided by 7. Show that it can be written as Haus-
man’s (1983) test statistic, i.e., TR2 where R2 is the uncentered R? of the regression of 2SLS
residuals (y; — Z151,2S Ls) on the matrix of all pre-determined variables W. Hint: Show that
the regression sum of squares (y; — 2151725L5)lpw(y1 - ZlSLQSLS) = (RRSS*— URSS™*)
given in (11.49).

(d) Verity that the test for H, based on the GNR for the model given in part (a) yields the same
TR? test statistic described in part (c).

Hausman’s Specification Test: OLS versus 2SLS. This is based on Maddala (1992, page 511). For
the simple regression

yt:ﬁxt—i—ut tzl,Z,T

where 3 is scalar and u; ~ IIN(0,02). Let w; be an instrumental variable for x;. Run z; on w;
and get x; = Tw; + Uy or xy = Iy + Uy where I; = Tw;.

(a) Show that in the augmented regression y; = Bxy + v&y + € a test for v = 0 based on OLS
from this regression yields Hausman’s test-statistic. Hint: Show that 35,4 = /(1 — r2,)
where

2
T T T
2, = (Shiew) /S wf S
Next, show that var(7o.g) = var(BpLg)/r2, (1 — r2,,). Conclude that

~2 ~ P -
Yors/var(Vors) = QQT:?:w/[VaT(ﬁOLS)(l - T:%’w)]

is the Hausman (1978) test statistic m given in section 11.5.
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(b) Show that the same result in part (a) could have been obtained from the augmented regression
Yr = By + Ve + 1y
where 7, is the residual from the regression of x; on wy.

14. Consider the following structural equation: y1 = a12ys + a13ys + 811 X1 + P12 X2 + u1 where yo
and y3 are endogenous and X; and X, are exogenous. Also, suppose that the excluded exogenous
variables include X3 and X4.

(a) Show that Hausman’s test statistic can be obtained from the augmented regression:
Y1 = a2y + a13yz + 811 X1 + B1oXo + vole + V303 + €1

where » and g3 are predicted values from regressing y, and y3 on X = [X1, X0, X3, Xy].
Hausman’s test is equivalent to testing H,; 75 = 75 = 0. See equation (11.54).

(b) Show that the same results in part (a) hold if we had used the following augmented regression:

Y1 = Qiaye + a13ys + S11 X1 + B1oXo + 92 + y3Us + 1y

where Uy and 73 are the residuals from running yo and y3 on X = [X1, Xo, X3, X4]. See
equation (11.55). Hint: Show that the regressions in (a) and (b) have the same residual sum
of squares.

15. For the artificial regression given in (11.55):

(a) Show that OLS on this model yields & o5 = d1.7v = (Z} Pw Z1) ™ Z| Pywy,. Hint: Y, —Y; =
Py Y. Use the FWL Theorem to residual out these variables in (11.55) and use the fact that
PwZy = [PwY1,0].

(b) Show that the Var(gl’OLS) = 511(ZPwZ;)~! where 311 is the mean squared error of the
OLS regression in (11.55). Note that when n # 0 in (11.55), IV estimation is necessary and
$11 underestimates 011 and will have to be replaced by (y; — Zlgl,IV)’(yl - Zlglyn/)/T.

16. Recursive Systems. A recursive system has two crucial features: B is a triangular matrix and
3 is a diagonal matrix. For this special case of the simultaneous equations model, OLS is still
consistent, and under normality of the disturbances still maximum likelihood. Let us consider a
specific example:

Y1t T Y111 F Y122t = Uit
Boryie + Yor + Vo3T3e = Uz

In this case, B = bo is triangular and ) = o 0 is assumed diagonal.
621 1 O 0929

(a) Check the identifiability conditions of this recursive system.

(b) Solve for the reduced form and show that y; is only a function of the x;’s and w14, while yo;
is a function of the x;’s and a linear combination of u; and wuo;.

(¢) Show that OLS on the first structural equation yields consistent estimates. Hint: There are
no right hand side y’s for the first equation. Show that despite the presence of y; in the second
equation, OLS of y on y; and z3 yields consistent estimates. Note that y; is a function of
uy only and u; and us are not correlated.
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(d) Under the normality assumption on the disturbances, the likelihood function conditional on
the z’s is given by

_ _ 1 _
L(B,T,5) = (2n) 2|BII ST exp(—3 T, 45 w)

where in this two equation case u; = (uy¢,u9t). Since B is triangular, |B| = 1. Show that
maximizing L with respect to B and IT' is equivalent to minimizing @ = E;‘F:l up S Ly,
Conclude that when ¥ is diagonal, ¥~ ! is diagonal and Q = Zle u?, /o1 + Zthl u3,/oaa.
Hence, maximizing the likelihood with respect to B and I' is equivalent to running OLS on
each equation separately.

17. Hausman’s Specification Test: 2SLS Versus 3SLS. This is based on Holly (1988). Consider the
two-equations model,

Y1 = ayz+ fir1 + Foze +wy
Yo = YY1+ B3x3tusg
where y; and yo are endogenous; z1, xo and x3 are exogenous (the y’s and the z’s are n x 1

vectors). The standard assumptions are made on the disturbance vectors u; and ug. With the
usual notation, the model can also be written as

Y1 = Z161+w
Yo = Zaba+up

The following notation will be used: 5 =2SLS , 5 =3SLS , and the corresponding residuals will
be denoted as u and wu, respectively.

(a) Assume that a7y # 1. Show that the 3SLS estimating equations reduce to

X" 452X Uy = 0
G2 ZLPxtiy 4+ 672 Z5 Pxiis = 0
where X = (z1,72,23), ¥ = [045] is the structural form covariance matrix, and X! = [o%/]
fori,j =1,2.
(b) Deduce that 52 = 52 and 51 = 51 — (12/022)(Z Px Z1) 1 Z{ Pxtia. This proves that the
3SLS estimator of the over-identified second equation is equal to its 2SLS counterpart. Also,
the 3SLS estimator of the just-identified first equation differs from its 2SLS (or indirect

least squares) counterpart by a linear combination of the 2SLS (or 3SLS) residuals of the
over-identified equation, see Theil (1971).

(¢) How would you interpret a Hausman-type test where you compare 51 and 61?7 Show that it
is nR? where R? is the R-squared of the regression of uy on the set of second stage regressors
of both equations Z; and Z5. Hint: See the solution by Baltagi (1989).

18. For the two-equation simultaneous model

Y1t = BroYor + Y1101t + Ue
Yor = Bo1Y1t + Voo Tat + YogT3e + Ut

With
20 0 0 5 10 3 4
X'X=]0 20 0 |[XY=|40 20 |YV'Y = { 48 ]
0 0 10 20 30
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(a) Determine the identifiability of each equation with the aid of the order and rank conditions
for identification.

(b) Obtain the OLS normal equations for both equations. Solve for the OLS estimates.
(¢) Obtain the 2SLS normal equations for both equations. Solve for the 2SLS estimates.

(d) Can you estimate these equations using Indirect Least Squares? Explain.

19. Laffer (1970) considered the following supply and demand equations for Traded Money:

log(TM/P) = «,+ ajlog(RM/P) + aslog i+ uq
log(TM/P) = 3,4+ B1log(Y/P) + Bylog i + (5log(S1) + 5,log(S2) + us
where
TM = Nominal total trade money
RM = Nominal effective reserve money
Y = GNP in current dollars
52 = Degree of market utilization
it = short-term rate of interest
S1 = Mean real size of the representative economic unit (1939 = 100)
P = GNP price deflator (1958 = 100)

The basic idea is that trade credit is a line of credit and the unused portion represents purchasing
power which can be used as a medium of exchange for goods and services. Hence, Laffer (1970)
suggests that trade credit should be counted as part of the money supply. Besides real income and
the short-term interest rate, the demand for real traded money includes log(S1) and log(52). S1
is included to capture economies of scale. As S1 increases, holding everything else constant, the
presence of economies of scale would mean that the demand for traded money would decrease.
Also, the larger S2, the larger the degree of market utilization and the more money is needed for
transaction purposes.

The data are provided on the Springer web site as LAFFER.ASC. This data covers 21 annual
observations over the period 1946-1966. This was obtained from Lott and Ray (1992). Assume
that (T'M/P) and i are endogenous and the rest of the variables in this model are exogenous.

(a) Using the order condition for identification, determine whether the demand and supply equa-
tions are identified? What happens if you used the rank condition of identification?

(b) Estimate this model using OLS.

(¢) Estimate this model using 2SLS.

(d) Estimate this model using 3SLS. Compare the estimates and their standard errors for parts
(b), (c) and (d).

(e) Test the over-identification restriction of each equation.

(f) Run Hausman’s specification test on each equation basing it on OLS and 2SLS.

(g) Run Hausman’s specification test on each equation basing it on 2SLS and 3SLS.
20. The market for a certain good is expressed by the following equations:
D, = ap— a1 P+ as Xy 4+ uyg (O[l,OéQ >O)

St - ﬁo"’ﬂlpt_"th (61 > O)
Dt = St = Qt
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where D, is the quantity demanded, S; is the quantity supplied, X; is an exogenous demand shift
variable. (u1;,u9;) is an IID random vector with zero mean and covariance matrix ¥ = [O’ij] for
1,j=1,2.

(a) Examine the identifiability of the model under the assumptions given above using the order
and rank conditions of identification.

(b) Assuming the moment matrix of exogenous variables converge to a finite non-zero matrix,
derive the simultaneous equation bias in the OLS estimator of 3;.

(¢) If 012 = 0 would you expect this bias to be positive or negative? Explain.

Consider the following three equations simultaneous model

y1 = a1+ PBaya + 71 X1 +ws (1)
y2 = a2+ Byy1 + Bayz + 7. X2 + u2 (2)
ys = a3+ 73X3+7,Xa +75X5 +us (3)

where the X’s are exogenous and the y’s are endogenous.

(a) Examine the identifiability of this system using the order and rank conditions.
(b) How would you estimate equation (2) by 2SLS? Describe your procedure step by step.

(¢) Suppose that equation (1) was estimated by running y» on a constant X, and X3 and the
resulting predicted g, was substituted in (1), and OLS performed on the resulting model.
Would this estimating procedure yield consistent estimates of vy, 35 and ;7 Explain your
answer.

(d) How would you test for the over-identification restrictions in equation (1)7

Equivariance of Instrumental Variables Estimators. This is based on Sapra (1997). For the struc-
tural equation given in (11.34), let the matrix of instruments W be of dimension T x ¢ where
£ > g1 + k1 as described below (11.41). Then the corresponding instrumental variable estimator
of 61 given below (11.41) is 81 v (y1) = (Z} Pw Z1) "' Z| Pwy,.

(a) Show that this IV estimator is an equivariant estimator of 81, i.e., show that for any linear
transformation y; = ay; + Z1b where a is a positive scalar and b is an (¢ x 1) real vector, the
following relationship holds:

Sl,IV(yT) = agl,]\/(yl) +b.

(b) Show that the variance estimator

5% (y1) = (1 — Z1br.1v (1)) (w1 — Z1b1av (1)) /T
is equivariant for o2, i.e., show that 6°(y) = a6 (y1).

Identification and Estimation of a Simple Two-FEquation Model. This is based on Holly (1987).
Consider the following two equation model

Y = o+ Py +un
Y2 = 7+ Ya +u

where the y’s are endogenous variables and the w’s are serially independent disturbances that
are identically distributed with zero means and nonsingular covariance matrix ¥ = [o;;] where
E(ugug;) = o045 fori,j =1,2, and all t = 1,2,...,T. The reduced form equations are given by

Yoo =T+ v and Yy = T + Vg

with Q = [w;;] where E(vyvyj) =w;j fori,j=1,2and allt =1,2,...,T.
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(a) Examine the identification of this system of two equations when no further information is
available.

(b) Repeat part (a) when o152 = 0.
(¢) Assuming 012 = 0, show that BOLS, the OLS estimator of 8 in the first equation is not
consistent.

(d) Assuming 012 = 0, show that an alternative consistent estimator of § is an IV estimator
using z; = [(yr2 — ¥2) — (y¢1 — 71)] as an instrument for yo.

(e) Show that the IV estimator of 3 obtained from part (d) is also an indirect least squares
estimator of 5. Hint: See the solution by Singh and Bhat (1988).

Errors in Measurement and the Wald (1940) Estimator. This is based on Farebrother (1985). Let
y; be permanent consumption and X* be permanent income, both are measured with error:

y; = Px; where y;=vy; +¢ and z;, =z +u; for i=1,2,... n

Let 27, ¢; and u; be independent normal random variables with zero means and variances o2, o2

and o2, respectively. Wald (1940) suggested the following estimator of 8: Order the sample by
the z;’s and split the sample into two. Let (g1, &1) be the sample mean of the first half of the
sample and (g2, Z2) be the sample mean of the second half of this sample. Wald’s estimator of 3 is

Bw = (F2 — 1)/ (T2 — Z1). Tt is the slope of the line joining these two sample mean observations.
(a) Show that BW can be interpreted as a simple IV estimator with instrument
zi = 1 for z; > median(x)
= —1 for =z; < median(z)
where median(z) is the sample median of a1, s, ..., 2.

(b) Define w; = p?x} — 72u; where p? = 02 /(02 + 02) and 72 = 02/(02 + 02). Show that
E(x;w;) = 0 and that w; ~ N(0,0202 /(02 + 02)).

(c) Show that z} = 72x; + w; and use it to show that
EBy /21, 10) = EBops/t1,- .. x0) = BT
Conclude that the exact small sample bias of ﬁo g and BW are the same.
Comparison of t-ratios. This is based on Holly (1990). Consider the two equations model
y1=ay + XB+ur and yo =7y + X0+ us

where « and ~ are scalars, y; and yo are 7' x 1 and X is a T x (K — 1) matrix of exogenous
variables. Assume that u; ~ N(0,02I7) for i = 1,2. Show that the t-ratios for H%; a = 0 and H?;
~v = 0 using @pors and Yo g are the same. Comment on this result. Hint: See the solution by
Farebrother (1991).

Degeneration of Feasible GLS to 25LS in a Limited Information Simultaneous Equations Model.
This is based on Gao and Lahiri (2000). Consider a simple limited information simultaneous
equations model,

Y1 = Y2+, (1)
Y2 = Xﬂ+va (2)

where y1, yo are N x 1 vectors of observations on two endogenous variables. X is N x K matrix
of predetermined variables of the system, and K > 1 such that (1) is identified. Each row of
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(u,v) is assumed to be i.i.d. (0,%), and ¥ is p.d. In this case, Joq,5 = (Y5 Pxy2) 'y Pxy1, where

Px = X(X'X)71X'. The residuals U = y; —Yo57,5y2 and © = Mys, where M = Iy — Px are used
to generate a consistent estimate for X
$_ 1 [ﬂ’@ ﬂ’ﬁ].

e g~

N | vu vv
Show that a feasible GLS estimate of v using & degenerates to YasLS-

Equality of Two IV Estimators. This is based on Qian (1999). Consider the following linear re-
gression model:

yz:z;ﬂ+€:$/11ﬂ1+1’/2162+617 'L:17277N7 (1)

where the dimensions of «}, ], and x5, are Ix K, 1 x K and 1x K>, respectively, with K = K;+ K.
x; may be correlated with €;, but we have instruments z; such that E(e;|2}) = 0 and E(€?|2]) = o2.
Partition the instruments into two subsets: z; = (21;, 25;), where the dimensions of z;, z1;, and z;
are L, Ly and Lo, with L = Ly + Lo. Assume that E(zy;2}) has full column rank (so L; > K); this
ensures that § can be estimated consistently using the subset of instruments z1; only or using the
entire set z] = (2;, #5;). We also assume that (y;, 2}, z}) is covariance stationary.

Define Py = A(A’A)~tA" and M4 = I — P4 for any matrix A with full column rank. Let X =
(z1,...,zn), and similarly for X, X, y, Z1, Zo and Z. Define X = Piz,)X and B = ()?’X)’l)?’y,
so that 3 is the instrumental variables (IV) estimator of (1) using Z; as instruments. Similarly,
define X = Pz X and 3 = (X'X)~'1 X'y, so that 3 is the IV estimator of (1) using Z as instruments.

Show that ﬁl = 51 if Z§Miz,) [ X1 — Xo(X4P1Xo) 1 X5P1 X4] = 0.
For the crime in North Carolina example given in section 11.6, replicate the results in Tables

11.2-11.6 using the data for 1987. Do the same using the data for 1981. Are there any notable
differences in the results as we compare 1981 to 19877

Spatial Lag Test with Equal Weights. This is based on Baltagi and Liu (2009). Consider the spatial
lag dependence model described in Section 11.2.1, with the N x N spatial weight matrix W having
zero elements across the diagonal and equal elements 1/ (N — 1) off the diagonal. The LM test for
zero spatial lag, i.e., Hy: p =0 versus H; : p # 0, is given in Anselin (1988). This takes the form

[@'Wy/ (@'a/N))*

LM = — / .
(WXﬁ) PxWXB/6% + tr (W2 + W'W)

where Py = I — X (X'X)"" X/, B is the restricted mle, which in this case is the least squares
estimator of 3. Similarly, 62 is the corresponding restricted mle of o2, which in this case is the least
squares residual sums of squares divided by N, i.e., (@/u/N), where @ denotes the least squares
residuals. Show that for the equal weight spatial matrix, this LM test statistic will always equal
N/2(N — 1) no matter what p is.

Growth and Inequality Reconsidered. For the Lundberg and Squire (2003) Growth and Inequality
example considered in section 11.6.

(a) Estimate these equations using 3SLS and verify the results reported in Table 1 of Lundberg
and Squire (2003, p. 334). These results show that openness enhances growth and education
reduces inequality, see Table 11.9. How do these 3SLS results compare with 2SLS? Are the
over-identification restrictions rejected by the data?
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(b) Lundberg and Squire (2003) allow growth to enter the inequality equation, and inequality to
enter the growth equation. Estimate these respecified equations using 3SLS and verify the
results reported in Table 2 of Lundberg and Squire (2003, p. 336). How do these 3SLS results
compare with 2SLS? Are the over-identification restrictions rejected by the data?

31. Married Women Labor Supply. Mroz (1987) questions the exogeneity assumption of the wife’s
wage rate in a simple specification of married women labor supply. Using the PSID for 1975, his
sample consists of 753 married white women between the ages of 30 and 60 in 1975, with 428
working at some time during the year. The wife’s annual hours of work (hours) is regressed on the
logarithm of her wage rate (Iwage); the nonwife income (nwifeinc); the wife’s age (age), her years
of schooling (educ), the number of children less than six years old in the household (kidslt6), and
the number of children between the ages of five and nineteen (kidsge6). The data set was obtained
from the data web site of Wooldridge (2009).

(a) Replicate Table III of Mroz (1987, p. 769) which gives the descriptive statistics of the data.

(b) Replicate Table IV of Mroz (1987, p. 770) which runs OLS and 2SLS using a variety of
instrumental variables for Iwage. These instrumental variables are described in Table V of
Mroz (1987, p. 771).

(¢) Run the over-identification test for each 2sls regression in (b), as well as the diagnostics for
the first stage regression.
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Appendix: The ldentification Problem Revisited: The Rank
Condition of ldentification

In section 11.1.2, we developed a mecessary but not sufficient condition for identification. In
this section we emphasize that model identification is crucial because only then can we get
meaningful estimates of the parameters. For an under-identified model, different sets of param-
eter values agree well with the statistical evidence. As Bekker and Wansbeek (2001, p. 144)
put it, preference for one set of parameter values over other ones becomes arbitrary. Therefore,
“Scientific conclusions drawn on the basis of such arbitrariness are in the best case void and in
the worst case dangerous.” Manski (1995, p. 6) also warns that “negative identification findings
imply that statistical inference is fruitless. It makes no sense to try to use a sample of finite size
to infer something that could not be learned even if a sample of infinite size were available.”
Consider the simultaneous equation model

Byt—l—Fxt:ut t:1,2,...,T. (Al)
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which displays the whole set of equations at time t. Bis G x G, 'is G x K and u; is G x 1. B is
square and nonsingular indicating that the system is complete, i.e., there are as many equations
as there are endogenous variables. Premultiplying (A.1) by B~! and solving for y; in terms of
the exogenous variables and the vector of errors, we get

ye = oy +v, t=1,2,...,T. (A.2)

where I = —B~'T", is G x K, and v; = B~ 'u;. Note that if we premultiply the structural
model in (A.1) by an arbitrary nonsingular G x G matrix F, then the new structural model
has the same reduced form given in (A.2). In this case, each new structural equation is a
linear combination of the original structural equations, but the reduced form equations are the
same. One idea for identification, explored by Fisher (1966), is to note that (A.1) is completely
defined by B, I" and the probability density function of the disturbances p(u;). The specification
of the structural model which comes from economic theory, imposes a lot of zero restrictions
on the B and I' coefficients. In addition, there may be cross-equations or within equation
restrictions. For example, constant returns to scale of the production function, or homogeneity
of a demand equation, or symmetry conditions. In addition, the probability density function of
the disturbances may itself contain some zero covariance restrictions. The structural model given
in (A.1) is identified if these restrictions are enough to distinguish it from any other structural
model. This is operationalized by proving that the only nonsingular matrix /' which results in
a new structural model that satisfies the same restrictions on the original model is the identity
matrix. If after imposing the restrictions, only certain rows of F' resemble the corresponding
rows of an identity matrix, up to a scalar of normalization, then the corresponding equations of
the system are identified. The remaining equations are not identified. This is the same concept
of taking a linear combination of the demand and supply equations and seeing if the linear
combination is different from demand or supply. If it is, then both equations are identified. If
it looks like demand but not supply, then supply is identified and demand is not identified. Let
us look at an example.

Example (A.1): Consider a demand and supply equations with

Qt = a—bP+cY+uy (A.3)
Qr = d+eP+ fWi+uy (A.4)
where Y is income and W is weather. Writing (A.3) and (A.4) in matrix form (A.1), we get
- 1 b | —a —c 0 [ @
B = [1 —e} F_[—d 0 —f} yt—(Pt> (A.5)
ry = (LY, Wi uy = (g, uz)

There are two zero restrictions on I'. The first is that income does not appear in the supply
equation and the second is that weather does not appear in the demand equation. Therefore, the
order condition of identification is satisfied for both equations. In fact, for each equation, there
is one excluded exogenous variable and only one right hand side included endogenous variable.
Therefore, both equations are just-identified. Let F' = [f;;] for 4,5 = 1,2, be a nonsingular
matrix. Premultiply this system by F. The new matrix B is now F'B and the new matrix I’
is now FT. In order for the transformed system to satisfy the same restrictions as the original
model, F'B must satisfy the following normalization restrictions:

Juu+ fiz=1 Jo1+ fa2 =1 (A.6)
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Also, FT" should satisfy the following zero restrictions
—fac+ f20=0  fu0— fi2af =0 (A7)

Since ¢ # 0, and f # 0, then (A.7) implies that fo; = fi2 = 0. Using (A.6), we get f11 = fo2 = 1.
Hence, the only nonsingular F' that satisfies the same restrictions on the original model is the
identity matrix, provided ¢ # 0 and f # 0. Therefore, both equations are identified.

Example (A.2): If income does not appear in the demand equation (A.3), i.e., ¢ = 0, the model

looks like
Q: = a—bP +uy (A.8)
Qt = d+eP;+ th =+ U9t (AQ)

In this case, only the second restriction given in (A.7) holds. Therefore, f # 0 implies f12 = 0,
however fo1 is not necessarily zero without additional restrictions. Using (A.6), we get f1; =1
and f21 + foo = 1. This means that only the first row of F' looks like the first row of an identity
matrix, and only the demand equation is identified. In fact, the order condition for identification
is not met for the supply equation since there are no excluded exogenous variables from that
equation but there is one right hand side included endogenous variable. See problems 6 and 7
for more examples of this method of identification.

Example (A.3): Suppose that u ~ (0,€) where Q = ¥ ® I, and ¥ = [044] for ¢,j = 1,2. This
example shows how a variance-covariance restriction can help identify an equation. Let us take
the model defined in (A.8), (A.9) and add the restriction that 012 = o2; = 0. In this case, the
transformed model disturbances will be F'u ~ (0, Q*), where Q* = ¥* ® I, and X* = FXF’. In
fact, since ¥ is diagonal, FXF’ should also be diagonal. This imposes the following restriction
on the elements of F":

fiionifa1 + fi2022f22 = 0 (A.10)

But, fi1 = 1 and fio2 = 0 from the zero restrictions imposed on the demand equation, see
example 4. Hence, (A.10) reduces to o11f21 = 0. Since o117 # 0, this implies that fo; = 0,
and the normalization restriction given in (A.6), implies that fas = 1. Therefore, the second
equation is also identified.

Example (A.4): In this example, we demonstrate how cross-equation restrictions can help iden-
tify equations. Consider the following simultaneous model

1= atbyterit+w (A.11)
y2 = d+eyr+ fr1+ gro +u (A.12)

and add the restriction ¢ = f. It can be easily shown that the first equation is identified with
fi1 = 1, and fi1o = 0. The second equation has no zero restrictions, but the cross-equation
restriction ¢ = f implies:

—cfi1 — ffiz = —cfo1 — ffa

Using ¢ = f, we get

fin+ fi2 = far + fa2 (A.13)
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But, the first equation is identified with f1; = 1 and f12 = 0. Hence, (A.13) reduces to fo1+ fo2 =
1, which together with the normalization condition —fo1b + foo = 1, gives fo1(b+ 1) = 0. If
b # —1, then fo;1 = 0 and fo2 = 1. The second equation is also identified provided b # —1.

Alternatively, one can look at the problem of identification by asking whether the structural
parameters in B and I' can be obtained from the reduced form parameters. It will be clear
from the following discussion that this task is impossible if there are no restrictions on this
simultaneous model. In this case, the model is hopelessly unidentified. However, in the usual
case where there are a lot of zeros in B and I', we may be able to retrieve the remaining non-zero
coefficients from II. More rigorously, II = —B~!T", which implies that

BII+TI =0 (A.14)
or

AW =0 where A=[B,T] and W' =[ll Ik] (A.15)
For the first equation, this implies that

o)W =0 where ¢ is the first row of A. (A.16)

W is known (or can be estimated) and is of rank K. If the first equation has no restrictions on its
structural parameters, then o} contains (G + K') unknown coefficients. These coefficients satisfy
K homogeneous equations given in (A.16). Without further restrictions, we cannot solve for
(G + K) coeflicients (o) with only K equations. Let ¢ denote the matrix of R zero restrictions
on the first equation, i.e., ¢ = 0. This together with (A.16) implies that

ay[W, 6] =0 (A.17)
and we can solve uniquely for o} (up to a scalar of normalization) provided the
rank W, ¢] =G+ K —1 (A.18)

Economists specify each structural equation with the left hand side endogenous variable having
the coefficient one. This normalization identifies one coefficient of o}, therefore, we require only
(G + K — 1) more restrictions to uniquely identify the remaining coefficients of ;. [W, ¢] is a
(G + K) x (K 4+ R) matrix. Its rank is less than any of its two dimensions, i.e., (K + R) >
(G 4+ K — 1), which results in R > G — 1, or the order condition of identification. Note that
this is a necessary but not sufficient condition for (A.18) to hold. It states that the number
of restrictions on the first equation must be greater than the number of endogenous variables
minus one. If all R restrictions are zero restrictions, then it means that the number of excluded
exogenous plus the number of excluded endogenous variables should be greater than (G — 1).
But the G endogenous variables are made up of the left hand side endogenous variable y;, the
g1 right hand side included endogenous variables Y7, and (G — g1 — 1) excluded endogenous
variables. Therefore, R > (G — 1) can be written as ko + (G — g1 — 1) > (G — 1) which reduces
to ko > g1, which was discussed earlier in this chapter.

The necessary and sufficient condition for identification can now be obtained as follows: Using
(A.1) one can write

Az =uy where =z, = (y,7}) (A.19)
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and from the first definition of identification we make the transformation F'Az; = Fu;, where
F is a G x G nonsingular matrix. The first equation satisfies the restrictions oj¢ = 0, which
can be rewritten as /A¢ = 0, where // is the first row of an identity matrix I. F' must satisfy
the restriction that (first row of FA)¢ = 0. But the first row of F'A is the first row of F, say
f1, times A. This means that f{(A¢) = 0. For the first equation to be identified, this condition
on the transformed first equation must be equivalent to t/A¢ = 0, up to a scalar constant. This
holds if and only if f] is a scalar multiple of ¢/, and the latter condition holds if and only if the
rank (A¢) = G — 1. The latter is known as the rank condition for identification.

Example (A.5): Consider the simple Keynesian model given in example 1. The second equation
is an identity and the first equation satisfies the order condition of identification, since I; is the
excluded exogenous variable from that equation, and there is only one right hand side included
endogenous variable Y;. In fact, the first equation is just-identified. Note that

11 B2 Y11 M2 ] [ 1 -8 —a 0
A=[B1T]= = A.20
[ ] Ba1 Baa Ya1 Va2 -1 1 0 -1 ( )

and ¢ for the first equation consists of only one restriction, namely that I; is not in that
equation, or v;5 = 0. This makes ¢' = (0,0,0,1), since oj¢ = 0 gives ;5 = 0. From (A.20),
Ap = (712,722) = (0,—1)" and the rank (A¢) = 1 = G — 1. Hence, the rank condition holds
for the first equation and it is identified. Problem 8 reconsiders example (A.1l), where both
equations are just-identified by the order condition of identification and asks the reader to show
that both satisfy the rank condition of identification as long as ¢ # 0 and f # 0.

The reduced form of the simple Keynesian model is given in equations (11.4) and (11.5). In
fact,

| i1 T2 | | @ B .

a0 )
Note that

7T11/7T22 = « and 7T21/7T22=Oz (A.22)

mi2/m2 = [ and (mee—1)/ma =0

Therefore, the structural parameters of the consumption equation can be retrieved from the
reduced form coefficients. However, what happens if we replace II by its OLS estimate ﬁo Ls?
Would the solution in (A.22) lead to two estimates of (a, 3) or would this solution lead to a
unique estimate? In this case, the consumption equation is just-identified and the solution in
(A.22) is unique. To show this, recall that

Ti2 = Mei/My;  and  Tag = My, /my; (A.23)
Solving for 3, using (A.22), one gets

G = T12/Ta2 = Mei/Myi (A.24)
and

B = (Raz —1)/Faz = (me; — my;) [y (A.25)
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(A.24) and (A.25) lead to a unique solution because equation (11.2) gives

In general, we would not be able to solve for the structural parameters of an unidentified
equation in terms of the reduced form parameters. However, when this equation is identified,
replacing the reduced form parameters by their OLS estimates would lead to a unique estimate
of the structural parameters, only if this equation is just-identified, and to more than one
estimate depending upon the degree of over-identification. Problem 8 gives another example of
the just-identified case, while problem 9 considers a model with one unidentified and another
over-identified equation.

Example (A.6): Equations (11.13) and (11.14) give an unidentified demand and supply model
with

|1 -p |
B_[l —6] and F—[_Py] (A.27)
The reduced form equations given by (11.16) and (11.17) yield
. 5 —~p
M=-B7'T= ”“}:[a K } 5 — A.28
=0 e (A.29)

Note that one cannot solve for (a, ) nor (v,8) in terms of (w11, 721) without further restric-
tions.



CHAPTER 12
Pooling Time-Series of Cross-Section Data

12.1 Introduction

In this chapter, we will consider pooling time-series of cross-sections. This may be a panel
of households or firms or simply countries or states followed over time. Two well known ex-
amples of panel data in the U.S. are the Panel Study of Income Dynamics (PSID) and the
National Longitudinal Survey (NLS). The PSID began in 1968 with 4802 families, including
an over-sampling of poor households. Annual interviews were conducted and socioeconomic
characteristics of each of the families and of roughly 31000 individuals who have been in these
or derivative families were recorded. The list of variables collected is over 5000. The NLS, fol-
lowed five distinct segments of the labor force. The original samples include 5020 older men,
5225 young men, 5083 mature women, 5159 young women and 12686 youths. There was an
over-sampling of blacks, hispanics, poor whites and military in the youths survey. The list of
variables collected runs into the thousands. An inventory of national studies using panel data is
given at http://www.isr.umich.edu/src/psid /panelstudies.html. Pooling this data gives a richer
source of variation which allows for more efficient estimation of the parameters. With additional,
more informative data, one can get more reliable estimates and test more sophisticated behav-
ioral models with less restrictive assumptions. Another advantage of panel data sets are their
ability to control for individual heterogeneity. Not controlling for these unobserved individual
specific effects leads to bias in the resulting estimates. Panel data sets are also better able to
identify and estimate effects that are simply not detectable in pure cross-sections or pure time-
series data. In particular, panel data sets are better able to study complex issues of dynamic
behavior. For example, with a cross-section data set one can estimate the rate of unemployment
at a particular point in time. Repeated cross-sections can show how this proportion changes
over time. Only panel data sets can estimate what proportion of those who are unemployed in
one period remain unemployed in another period. Some of the benefits and limitations of using
panel data sets are listed in Hsiao (2003) and Baltagi (2008). Section 12.2 studies the error com-
ponents model focusing on fixed effects, random effects and maximum likelihood estimation.
Section 12.3 considers the question of prediction in a random effects model, while Section 12.4
illustrates the estimation methods using an empirical example. Section 12.5 considers testing
the poolability assumption, the existence of random individual effects and the consistency of
the random effects estimator using a Hausman test. Section 12.6 studies the dynamic panel
data model and illustrates the methods used with an empirical example. Section 12.7 concludes
with a short presentation of program evaluation and the difference-in-differences estimator.

12.2 The Error Components Model

The regression model is still the same, but it now has double subscripts

vir = a + X1,8 + ui (12.1)
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where 7 denotes cross-sections and ¢t denotes time-periods with ¢ = 1,2,..., N, and t = 1,2,
..., . ais a scalar, # is K x 1 and Xj; is the it-th observation on K explanatory variables.
The observations are usually stacked with ¢ being the slower index, i.e., the T" observations on
the first household followed by the T observations on the second household, and so on, until we
get to the N-th household. Under the error components specification, the disturbances take the
form

Uit = My + Vit (122)

where the p,;’s are cross-section specific components and v;; are remainder effects. For example,
u; may denote individual ability in an earnings equation, or managerial skill in a production
function or simply a country specific effect. These effects are time-invariant.

In vector form, (12.1) can be written as

y=ount+XB+u=20+u (12.3)

where y is NT x 1, X is NT x K, Z = [in7, X], & = (¢, ), and ty7 is a vector of ones of
dimension NT'. Also, (12.2) can be written as

u=Zuu+v (12.4)

where v = (U,u, e UTT ULy e e e s UDTy v v e s UNTy - - - ,UNT) and ZM = Iy ® vp. Iy is an identity
matrix of dimension IV, ¢y is a vector of ones of dimension 7', and ® denotes Kronecker product
defined in the Appendix to Chapter 7. Z, is a selector matrix of ones and zeros, or simply the ma-
trix of individual dummies that one may include in the regression to estimate the p,’s if they are
assumed to be fixed parameters. p/ = (py,...,uyx) and V' = (V11,..., V1T, -, UN1y- - -, UNT)-
Note that ZMZL = In®Jr where Jp is a matrix of ones of dimension 7', and P = Z#(ZLZM)_lZZL,
the projection matrix on Z,,, reduces to P = In®Jr where Jp = Jp/T. P is a matrix which aver-
ages the observation across time for each individual, and @) = Iy — P is a matrix which obtains
the deviations from individual means. For example, Pu has a typical element u; = Zthl wit/T
repeated T' times for each individual and Qu has a typical element (u; — u;.). P and @ are (i)
symmetric idempotent matrices, i.e., P’ = P and P? = P. This means that the rank (P) =
tr(P) = N and rank (Q) = tr(Q) = N(T — 1). This uses the result that rank of an idempotent
matrix is equal to its trace, see Graybill (1961, Theorem 1.63) and the Appendix to Chapter
7. Also, (ii) P and @ are orthogonal, i.e., PQ = 0 and (iii) they sum to the identity matriz
P+ @ = Inp. In fact, any two of these properties imply the third, see Graybill (1961, Theorem
1.68).

12.2.1 The Fixed Effects Model
If the u;’s are thought of as fized parameters to be estimated, then equation (12.1) becomes

yir = a+ X0+ Z,]il i Di + vy (12.5)

where D; is a dummy variable for the i-th household. Not all the dummies are included so as
not to fall in the dummy variable trap. One is usually dropped or equivalently, we can say that
there is a restriction on the p’s given by Zfi 1 t; = 0. The v4’s are the usual classical IID ran-
dom variables with 0 mean and variance o2. OLS on equation (12.5) is BLUE, but we have two
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problems, the first is the loss of degrees of freedom since in this case, we are estimating N + K
parameters. Also, with a lot of dummies we could be running into multicollinearity problems
and a large X’X matrix to invert. For example, if N = 50 states, T' = 10 years and we have
two explanatory variables, then with 500 observations we are estimating 52 parameters. Alter-
natively, we can think of this in an analysis of variance context and rearrange our observations,
say, on y in an (N x T') matrix where rows denote firms and columns denote time periods.

t
1 2 .. T
Iy vz - wyir | Y1
2 | Yy Y2 . Yor | Yo
N |ynt yn2 - YNT | YUN.

where y;. = Zthl yir and ;. = y;. /T. For the simple regression with one regressor, the model
given in (12.1) becomes

Yit =+ Brir + p; + vit (12.6)
averaging over time gives

Yi. = a+ BT + py + v (12.7)
and averaging over all observations gives

y.=a+pr. +uv. (12.8)

where §.. = Efil Zthl yit/NT. Equation (12.8) follows because the p;’s sum to zero. Defining
Uit = (yit — yi.) and T and v similarly, we get

Vit — Yi. = B(xie — i) + (Vir — 1)
or
Yit = BTit + Vit (12.9)

Running OLS on equation (12.9) leads to the same estimator of 3 as that obtained from equation
(12.5). This is called the least squares dummy variable estimator (LSDV) or g in our notation.
It is also known as the Within estimator since Zfil Zle T3 is the within sum of squares in an
analysis of variance framework. One can then retrieve an estimate of a from equation (12.8) as
& =y — [z.. Similarly, if we are interested in the y;’s, those can also be retrieved from (12.7)
and (12.8) as follows:

;= (Y. —y.) — B(x —T.) (12.10)
In matrix form, one can substitute the disturbances given by (12.4) into (12.3) to get
y=ount+XB+Zyp+v=2+Z,p+v (12.11)

and then perform OLS on (12.11) to get estimates of «, § and p. Note that Z is NT x (K +1)
and Z,,, the matrix of individual dummies is NT' x N. If N is large, (12.11) will include too



308 CHAPTER 12: Pooling Time-Series of Cross-Section Data

many individual dummies, and the matrix to be inverted by OLS is large and of dimension
(N 4+ K). In fact, since o and 3 are the parameters of interest, one can obtain the least squares
dummy variables (LSDV) estimator from (12.11), by residualing out the Z, variables, i.e., by
premultiplying the model by @, the orthogonal projection of Z,,, and performing OLS

Qy=QXB+ Qu (12.12)

This uses the fact that QZ, = Quyr = 0, since PZ,, = Z,. In other words, the  matrix
wipes out the individual effects. Recall, the FWL Theorem in Chapter 7. This is a regression
of y = Qy with typical element (y; — ;) on X = QX with typical element (X;;x — X;_ ) for
the k-th regressor, k = 1,2,..., K. This involves the inversion of a (K x K) matrix rather than
(N+ K) x (N + K) as in (12.11). The resulting OLS estimator is

B=(X'QX)"'X'Qy (12.13)

with var(8) = o2(X'QX) ™! = o2(X' X)L,

Note that this fixed effects (FE) estimator cannot estimate the effect of any time-invariant
variable like sex, race, religion, schooling, or union participation. These time-invariant variables
are wiped out by the @) transformation, the deviations from means transformation. Alterna-
tively, one can see that these time-invariant variables are spanned by the individual dummies
in (12.5) and therefore any regression package attempting (12.5) will fail, signaling perfect mul-
ticollinearity. If (12.5) is the true model, LSDV is BLUE as long as v;; is the standard classical
disturbance with mean 0 and variance covariance matrix O'%I ~7. Note that as T" — oo, the FE
estimator is consistent. However, if T is fixed and N — oo as typical in short labor panels, then
only the FE estimator of 3 is consistent, the FE estimators of the individual effects (a + ;)
are not consistent since the number of these parameters increase as N increases.

Testing for Fixed Effects: One could test the joint significance of these dummies, i.e., Ho;
Uy = piy = .. = piy—q = 0, by performing an F-test. This is a simple Chow test given in (4.17)
with the restricted residual sums of squares (RRSS) being that of OLS on the pooled model
and the unrestricted residual sums of squares (URSS) being that of the LSDV regression. If N
is large, one can perform the within transformation and use that residual sum of squares as the
URSS. In this case

(RRSS — URSS)/(N —1) &,
URSS/(NT — N — K) Fy_inr-1)-K (12.14)

Fo=

Computational Warning: One computational caution for those using the Within regression given
by (12.12). The s? of this regression as obtained from a typical regression package divides the
residual sums of squares by NT' — K since the intercept and the dummies are not included.
The proper s2, say s*2 from the LSDV regression in (12.5) would divide the same residual sums
of squares by N(T — 1) — K. Therefore, one has to adjust the variances obtained from the
within regression (12.12) by multiplying the variance-covariance matrix by (s*2/s?) or simply
by multiplying by [NT — K]/[N(T — 1) — K].

12.2.2 The Random Effects Model

There are too many parameters in the fixed effects model and the loss of degrees of freedom
can be avoided if the p;’s can be assumed random. In this case p; ~ IID(0, ai), vy ~ 1ID(0, 02)
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and the p;’s are independent of the v;’s. In addition, the X;;’s are independent of the p,’s and
vi’s for all ¢ and t. The random effects model is an appropriate specification if we are drawing
N individuals randomly from a large population.

This specification implies a homoskedastic variance var(u;;) = O'Z + 02 for all i and ¢, and
an equi-correlated block-diagonal covariance matrix which exhibits serial correlation over time
only between the disturbances of the same individual. In fact,

cov(ui, ujs) = O'Z +02 for i=j t=s (12.15)
= 0'/% for i=j,t#s
and zero otherwise. This also means that the correlation coefficient between wu;; and u;s is
p = correl(uy,u;s) =1 for i=j,t=s (12.16)
= Uz/(ai—i—a?,) for i=7j,t#s

and zero otherwise. From (12.4), one can compute the variance-covariance matrix
Q= FE(w') = Z,E(u)Z, + Ew/) = oIy ® Jr) + 0o (In ® It) (12.17)

In order to obtain the GLS estimator of the regression coefficients, we need Q~!. This is a huge
matrix for typical panels and is of dimension (NT x NT'). No brute force inversion should be
attempted even if the researcher’s application has a small N and T. For example, if we observe
N = 20 firms over T' = 5 time periods, 2 will be 100 by 100. We will follow a simple trick devised
by Wansbeek and Kapteyn (1982) that allows the deviation of Q! and Q~1/2. Essentially, one
replaces Jr by T'Jr, and It by (Er + Jr) where Ep is by definition (It — Jr). In this case:

Q= TUZ(IN ® jT) + O'E(IN ® ET) + 012,([]\7 & jT)
collecting terms with the same matrices, we get

Q= (TO‘Z + 03Iy ® Jr) + 0%(Iy ® BEr) = 03P 4 02Q (12.18)

where 07 = Tai + 02. (12.18) is the spectral decomposition representation of Q, with o2

being the first unique characteristic root of € of multiplicity N and o2 is the second unique
characteristic root of Q of multiplicity N (7 — 1). It is easy to verify, using the properties of P
and @, that

1 1
—1
and

1 1

In fact, Q" = (02)"P + (02)"Q where r is an arbitrary scalar. Now we can obtain GLS as
a weighted least squares. Fuller and Battese (1974) suggested premultiplying the regression
equation given in (12.3) by 6,272 = Q + (0,/01)P and performing OLS on the resulting
transformed regression. In this case, y* = 0,9 Y2y has a typical element y;; — 07;. where
0 =1— (0,/01). This transformed regression inverts a matrix of dimension (K + 1) and can be
easily implemented using any regression package.
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The Best Quadratic Unbiased (BQU) estimators of the variance components arise naturally
from the spectral decomposition of €. In fact, Pu ~ (0,02P) and Qu ~ (0,02Q) and

5, uP

52 = Z(P“) 7N @?/N (12.21)
and

7 = g = T S0 (= /N (T = 1) (12.22)

provide the BQU estimators of o7 and o2, respectively, see Balestra (1973).

These are analysis of variance type estimators of the variance components and are MVU under
normality of the disturbances, see Graybill (1961). The true disturbances are not known and
therefore (12.21) and (12.22) are not feasible. Wallace and Hussain (1969) suggest substituting
OLS residuals uprs instead of the true u’s. After all, the OLS estimates are still unbiased and
consistent, but no longer efficient. Amemiya (1971) shows that these estimators of the variance
components have a different asymptotic distribution from that knowing the true disturbances.
He suggests using the LSDV residuals instead of the OLS residuals. In this case u = y — auyr —
X ﬂ where @ = g — X' B and X’ is a 1 x K vector of averages of all regressors. Substituting these
w’s for win (12.21) and (12.22) we get the Amemiya-type estimators of the variance components.
The resulting estimates of the variance components have the same asymptotic distribution as
that knowing the true disturbances.

Swamy and Arora (1972) suggest running two regressions to get estimates of the variance
components from the corresponding mean square errors of these regressions. The first regression
is the Within regression, given in (12.12), which yields the following s2:

= [y'Qy — y'QX(X'QX) "' X'Qy]/[N(T ~ 1) — K] (12.23)

The second regression is the Between regression which runs the regression of averages across
time, i.e.,

y=a+ X/ B+u. i=1,...,N (12.24)

This is equivalent to premultiplying the model in (12.11) by P and running OLS. The only
caution is that the latter regression has N'T" observations because it repeats the averages T" times
for each individual, while the cross-section regression in (12.24) is based on N observations. To
remedy this, one can run the cross-section regression

yi,/NT = a(VT) + (X! )VT)B + ui /NT (12.25)
where one can easily verify that var(u; /v/T) = o2. This regression will yield an s? given by
5 = (y'Py—yPZ(Z'PZ)"'Z'Py)/(N — K — 1) (12.26)

Note that stacking the following two transformed regressions we just performed yields

(8)-(%)+(%)
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and the transformed error has mean 0 and variance-covariance matrix given by

a2Q 0
0 2P

Problem 6 asks the reader to verify that OLS on this system of 2NT' observations yields OLS
on the pooled model (12.3). Also, GLS on this system yields GLS on (12.3). Alternatively, one
could get rid of the constant a by running the following stacked regressions:

( 85_ INT)Y ) B ( ?PX— InT)X )BJF ( ?]g_ Tnr)u ) (12.28)

This follows from the fact the Quyy = 0 and (P — J, ~7)tnT = 0. The transformed error has
zero mean and variance-covariance matrix

a2Q 0
( 0 ot (P — JInr) > (1229)
OLS on this system, yields OLS on (12.3) and GLS on (12.28) yields GLS on (12.3). In fact,
Bors = [(X'QX/o0)+ X'(P = Inr)X /o] [(X'Qy/o7) + (X'(P = Jnr)y/o?)]
= [Wxx +¢°Bxx]| ' [Wxy + ¢°Bxy) (12.30)

with Var(,BGLS) = 02[Wxx + ¢°Bxx] ' Note that Wxx = X'QX, BXX = X'(P — Jn7)X
and ¢? = =0y 2 /02, Also, the Within estimator of ﬁ is ﬁwzthm Wy XWXy and the Between
estimator ﬁ Between = Bx XB xy- This shows that ﬁG s 1s a matrix weighted average of ﬁwmhm
and B Between Weighing each estimate by the inverse of its corresponding variance. In fact

BGLS = WlﬂW’ithin + WQﬁBetween (1231)

where W7 = [WXX + ¢2BXX]71WXX and Wy = [WXX —|— ¢QBxx] ((2523)()() = I W7. This
was demonstrated by Maddala (1971). Note that (i) if a = 0, then ¢? = 1 and 56‘ 1.5 reduces
to BOLS. (ii) If " — oo, then $* — 0 and BGLS tends to Byyipin- (i) If ¢> — oo, then BGLS
tends to Bpeppeen- 10 other words, the Within estimator ignores the between variation, and
the Between estimator ignores the within variation. The OLS estimator gives equal weight to
the between and within variations. From (12.30), it is clear that var(Byy i) — var(EG Ls) is a
positive semi-definite matrix, since ¢? is positive. However as T — oo for any fixed N, ¢* — 0
and both ﬁG g and Ewﬁhm have the same asymptotic variance.

Another estimator of the variance components was suggested by Nerlove (1971). His sugges-
tion is to estimate Ei = Zf\;l(ﬁl —1)2/(N — 1) where fi; are the dummy coefficients estimates
from the LSDV regression. 312, is estimated from the within residual sums of squares divided by
NT without correction for degrees of freedom.

Note that, except for Nerlove’s (1971) method, one has to retrieve Ei as (61 —02)/T. In this

case, there is no guarantee that the estimate of EZ would be non-negative. Searle (1971) has
an extensive discussion of the problem of negative estimates of the variance components in the
biometrics literature. One solution is to replace these negative estimates by zero. This in fact is
the suggestion of the Monte Carlo study by Maddala and Mount (1973). This study finds that

negative estimates occurred only when the true O'i was small and close to zero. In these cases
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OLS is still a viable estimator. Therefore, replacing negative Ei by zero is not a bad sin after
all, and the problem is dismissed as not being serious.

Under the random effects model, GLS based on the true variance components is BLUE, and
all the feasible GLS estimators considered are asymptotically efficient as either N or T" — oo.
Maddala and Mount (1973) compared OLS, Within, Between, feasible GLS methods, true GLS
and MLE using their Monte Carlo study. They found little to choose among the various feasible
GLS estimators in small samples and argued in favor of methods that were easier to compute.

Taylor (1980) derived exact finite sample results for the one-way error components model. He
compared the Within estimator with the Swamy-Arora feasible GLS estimator. He found the
following important results: (1) Feasible GLS is more efficient than FE for all but the fewest
degrees of freedom. (2) The variance of feasible GLS is never more than 17% above the Cramér-
Rao lower bound. (3) More efficient estimators of the variance components do not necessarily
yield more efficient feasible GLS estimators. These finite sample results are confirmed by the
Monte Carlo experiments carried out by Maddala and Mount (1973) and Baltagi (1981).

12.2.3 Maximum Likelihood Estimation

Under normality of the disturbances, one can write the log-likelihood function as

NT N 1
L(a, B, ¢, 0%) = constant — TIOgaz + 5logd>2 - 2—2u’2_1u (12.32)
o

v

where Q = 023, ¢* = 02/0? and ¥ = Q + ¢ >P from (12.18). This uses the fact that |Q] =
product of its characteristic roots = (¢2)NT=1(63)N = (62)NT(¢?)~N. Note that there is a
one-to-one correspondence between ¢? and 03. In fact, 0 < Ji < oo translates into 0 < ¢? < 1.
Brute force maximization of (12.32) leads to nonlinear first-order conditions, see Amemiya
(1971) Instead, Breusch (1987) Concentrates the likelihood with respect to a and o2. In this
case, ayrp = 9. — X/ ﬂMLE and 52 MLE = U 'S 12/NT where 4 and 5 are based on MLE’s of

B, ¢* and . Let d = y—XﬁMLE then anrp = Uypd/NT and @ = d — inra = d — Jnrd. This
implies that 83, MLE can be rewritten as

Gy vne =d[Q+ ¢*(P — Jnr)|d/NT (12.33)

and the concentrated log-likelihood becomes
NT - N
Le(B, $*) = constant — TIOg{d’[Q + ¢*(P — Jnr))d} + ?logb2 (12.34)

Maximizing (12.34), over ¢* given 3, yields

22 d'Qd _ Zz 1 Zt ((dig — d;)?

” = (T —1)d'(P—Jxr)d  T(T—1)N,(d;. — d.)? (12.35)
Maximizing (12.34) over (3, given ¢, yields

Bure = {X'[Q+ ¢*(P - jNT)]X}_l X'[Q+ ¢*(P — Jnp)ly (12.36)

One can iterate between 3 and ¢? until convergence. Breusch (1987) shows that provided T > 1,
any i-th iteration f, call it 3;, gives 0 < ¢? 11 < 00 in the (i+1)th iteration. More importantly,
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Breusch (1987) shows that these ¢?’s have a remarkable property of forming a monotonic se-
quence. In fact, starting from the Within estimator of 3, for ¢? = 0, the next ¢ is finite and
positive and starts a monotonically increasing sequence of ¢*’s. Similarly, starting from the
Between estimator of 3, for (gf)z — 00) the next $? is finite and positive and starts a monotoni-
cally decreasing sequence of ¢*’s. Hence, to guard against the possibility of a local maximum,
Breusch (1987) suggests starting with By inin and B perween a01d iterating. If these two sequences
converge to the same maximum, then this is the global maximum. If one starts with BO g for
#? = 1, and the next iteration obtains a larger ¢2, then we have a local maximum at the bound-
ary ¢* = 1. Maddala (1971) finds that there are at most two maxima for the likelihood L($?)
for 0 < ¢? < 1. Hence, we have to guard against one local maximum.

12.3 Prediction

Suppose we want to predict S periods ahead for the i-th individual. For the random effects
model, the BLU estimator is GLS. Using the results in Chapter 9 on GLS, Goldberger’s (1962)
Best Linear Unbiased Predictor (BLUP) of y; 745 is

Ui r+S = Zz{,TJrngLS +w'Q Y agrs for S >1 (12.37)
where Ugrs =y — ZEGLS and w = E(u; 74+su). Note that

Ui T+8 = My T ViT+58 (12.38)

and w = ai(& ® tv7) where ¢; is the i-th column of Iy, i.e., ¢; is a vector that has 1 in the i-th
position and zero elsewhere. In this case

1 1 o
W =20 i) | P+ 50| = T ) (12:39)
1 v 1

since (¢} ®p)P = (£, ® ) and (¢} ® )Q = 0. The typical element of w'Q 'ugLs is
(To'i/o'%)ﬁi.,GLS where aiGLS = Zthl Uit ars/T. Therefore, in (12.37), the BLUP for y; 745
corrects the GLS prediction by a fraction of the mean of the GLS residuals corresponding to
that ¢-th individual. This predictor was considered by Wansbeek and Kapteyn (1978) and Taub
(1979).

12.4 Empirical Example

Baltagi and Griffin (1983) considered the following gasoline demand equation:

Pya

C
+ Balog o 4y (12.40)
Pepp

N

Gas Y
log% =a+ ﬁﬂogﬁ + Bylog

where Gas/Car is motor gasoline consumption per auto, Y /N is real income per capita, Py/a/
Papp is real motor gasoline price and Car/N denotes the stock of cars per capita. This panel
consists of annual observations across eighteen OECD countries, covering the period 1960-1978.
The data for this example are provided on the Springer web site as GASOLINE.DAT. Table 12.1
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gives the Stata output for the Within estimator using xtreg, fe. This is the regression described

in (12.5) and computed as in (12.9).

The Within estimator gives a low price elasticity for

gasoline demand of -.322. The F-statistic for the significance of the country effects described in
(12.14) yields an observed value of 83.96. This is distributed under the null as an F(17,321)
and is statistically significant. This F-statistic is printed by Stata below the fixed effects output.
In EViews, one invokes the test for redundant effects after running the fixed effects regression.

Table 12.1 Fixed Effects Estimator — Gasoline Demand Data

Coef. Std. Err. T P> |t [95% Conf. Interval]

log(Y/N) 0.6622498 0.073386 9.02 0.000 0.5178715 0.8066282
log(Pya/Papp)|  —0.3217025 0.0440992 ~7.29 0.000 -0.4084626 —0.2349425
log(Car/N) —0.6404829 0.0296788 —21.58 0.000 —0.6988725 —0.5820933
Constant 2.40267 0.2253094 10.66 0.000 1.959401 2.84594
sigma_u 0.34841289

sigma_e 0.09233034

Rho 0.93438173 (fraction of variance due to u.i)

Table 12.2 gives the Stata output for the Between estimator using xtreg, be.This is based on
the regression given in (12.24). The Between estimator yields a high price elasticity of gasoline
demand of -.964. These results were also verified using TSP.

Table 12.2 Between Estimator — Gasoline Demand Data

Coef. Std. Err. T P> |t [95% Conf. Interval]
log(Y/N) 0.9675763 0.1556662 6.22 0.000 0.6337055 1.301447
log(Pye/Popp)|  ~0.9635503  0.1329214  -7.25 0.000 S1.248638  —0.6784622
log(Car/N) —0.795299 0.0824742 -9.64 0.000 —0.9721887 —0.6184094
Constant 2.54163 0.5267845 4.82 0.000 1.411789 3.67147
Table 12.3 gives the Stata output for the random effect model using ztreg,re. This is the

Swamy and Arora (1972) estimator which yields a price elasticity of -.420. This is closer to the

Within estimator than the Between estimator.

Table 12.3 Random Effects Estimator — Gasoline Demand Data

Coef. Std. Err. T P> |t [95% Conf. Interval]

log(Y/N) 0.5549858 0.0591282 9.39 0.000 0.4390967 0.6708749
log(Pya/Peapp)| —0.4203893 0.0399781 -10.52 0.000 —0.498745 —-0.3420336
log(Car/N) -0.6068402 0.025515 -23.78 0.000 —0.6568487 —-0.5568316
Constant 1.996699 0.184326 10.83 0.000 1.635427 2.357971
sigma_u 0.19554468

sigma_e 0.09233034

Rho 0.81769 (fraction of variance due to u.i)




12.4  Empirical Example 315
Table 12.4 Gasoline Demand Data. One-way Error Component Results
B1 B B3 P
OLS 0.890 —0.892 —0.763 0
(0.036)* (0.030)* (0.019)*
WALHUS 0.545 —0.447 —0.605 0.75
(0.066) (0.046) (0.029)
AMEMIYA 0.602 —0.366 —0.621 0.93
(0.066) (0.042) (0.029)
SWAR 0.555 —0.402 —0.607 0.82
(0.059) (0.042) (0.026)
IMLE 0.588 —0.378 —0.616 0.91
(0.066) (0.046) (0.029)
* These are biased standard errors when the true model has error component disturbances (see Moulton, 1986).
Source: Baltagi and Griffin (1983). Reproduced by permission of Elsevier Science Publishers B.V. (North-Holland).
Table 12.5 Gasoline Demand Data. Wallace and Hussain (1969) Estimator
Dependent Variable: GAS
Method: Panel EGLS (Cross-section random effects)
Sample: 1960 1978
Periods included: 19
Cross-sections included: 18
Total panel (balanced) observations: 342
Wallace and Hussain estimator of component variances
Coefficient Std. Error t-Statistic Prob.
C 1.938318 0.201817 9.604333 0.0000
log(Y/N) 0.545202 0.065555 8.316682 0.0000
log(Pyvc/Papp) —0.447490 0.045763 —9.778438 0.0000
log(Car/N) —0.605086 0.028838 —20.98191 0.0000
Effects Specification
S.D. Rho
Cross-section random 0.196715 0.7508
Idiosyncratic random 0.113320 0.2492

Table 12.4 gives the parameter estimates for OLS and three feasible GLS estimates of the slope
coefficients along with their standard errors, and the corresponding estimate of p defined in
(12.16). These were obtained using EViews by invoking the random effects estimation on the
individual effects and choosing the estimation method from the options menu. Breusch’s (1987)

iterative maximum likelihood was computed using Stata(ztreg, mle) and TSP.

Table 12.5 gives the EViews output for the Wallace and Hussain (1969) random effects estima-
tor, while Table 12.6 gives the EViews output for the Amemiya (1971) random effects estimator.
Note that EViews calls the Amemiya estimator Wansbeek and Kapteyn (1989) since the latter
paper generalizes this method to deal with unbalanced panels with missing observations, see
Baltagi (2008) for details. Table 12.6 gives the Stata maximum likelihood output.
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Table 12.6 Gasoline Demand Data. Wansbeek and Kapteyn (1989) Estimator

Dependent Variable: GAS

Method: Panel EGLS (Cross-section random effects)

Sample: 1960 1978

Periods included: 19

Cross-sections included: 18

Total panel (balanced) observations: 342

Wallace and Hussain estimator of component variances

Coefficient Std. Error t-Statistic Prob.

C 2.188322 0.216372 10.11372 0.0000
log(Y/N) 0.601969 0.065876 9.137941 0.0000
log(Pyve/Papp) —0.365500 0.041620 —8.781832 0.0000
log(Car/N) —0.620725 0.027356 —22.69053 0.0000

Effects Specification

S.D. Rho

Cross-section random 0.343826 0.9327
Idiosyncratic random 0.092330 0.0673

Table 12.7 Gasoline Demand Data. Random Effects Maximum Likelihood Estimator

. xtreg ¢ y p car,mle

Random-effects ML regression
Group variable (i): coun

Random effects u_i ~ Gaussian

Log likelihood = 282.47697

Number of obs = 342
Number of groups = 18
Obs per group: min = 19

avg = 19.0

max = 19
LR chi2(3) = 609.75
Prob > chi2 = 0.0000

c Coef. Std. Err. z P> |z [95% Conf. Intervall
log(Y/N) 0881334 .0659581 8.92 0.000 4588578 717409
log(Pyc/Pepp) | —.3780466 0440663  —8.58 0.000  —.464415  —.2016782
log(Car/N) —.6163722 .0272054 —22.66 0.000 —.6696938 —.5630506
_cons 2.136168 .2156039 9.91 0.000 1.713593 2.558744
sigma_u .2922939 .0545496 2027512 4213821
sigma_e .0922537 .0036482 .0853734 .0996885
rho 9094086 .0317608 .8303747 9571561

Likelihood-ratio test of sigma_u = 0: chibar2(01)= 463.97 Prob >= chibar2 = 0.000
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12.5 Testing in a Pooled Model

(1) The Chow-Test

Before pooling the data one may be concerned whether the data is poolable. This hypothesis
is also known as the stability of the regression equation across firms or across time. It can be
formulated in terms of an unrestricted model which involves a separate regression equation for
each firm

yi = Z;i6; +u; fori=1,2,... N (1241)

where v} = (vi1, ..., vir), Zi = v, Xi] and X; is (T'x K). &, is 1 x (K + 1) and u; is T x 1.
The important thing to notice is that ¢; is different for every regional equation. We want to
test the hypothesis Hy; 6;=0 for all i, versus Hy; 6; # 6 for some i. Under Hy we can write the
restricted model given in (12.41) as:

y=2Z6+u (12.42)
where Z' = (Z1,Z},...,Z%) and v/ = (u],u),...,uy). The unrestricted model can also be
written as

Zi 0 ... 0 01
0 Zy ... 0 )

Y= . : . +u=2"6"+u (12.43)
0o 0 ... Zn ON

where 6" = (8},685,...,8%) and Z = Z*I* with I* = (uy ® Ig/), an NK' x K’ matrix, with
K’ = K + 1. Hence the variables in Z are all linear combinations of the variables in Z*. Under
the assumption that u ~ N(0,0%In7), the MVU estimator for § in equation (12.42) is

bors = dure = (2'2)71 2y (12.44)
and therefore
y = Zbors + e (12.45)

implying that e = (Iny — Z(Z2'Z)1Z")y = My = M(Z6 + u) = Mu since MZ = 0. Similarly,
under the alternative, the MVU for ¢; is given by

bions = oimre = (Z12:) " Zly; (12.46)
and therefore
Yi = Zigi,OLS + € (12.47)

implying that €; = (IT - ZZ(Z{Zz)*lZZ’)yz = szz = M1<Zzéz + uz) = Mzuz since MZZZ = 0, and
this is true for i = 1,2,...,N. Also, let
My O ... 0
1 0 My ... O
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One can easily deduce that y = Z*§" + e* with e* = M*y = M*u and § = (2% Z*) "L z¥y.
Note that both M and M* are symmetric and idempotent with M M* = M*. This easily follows
since

Z(z/z)flzlz*(z*lz*)flz*/ — Z(Z/Z)ilj*/Z*/Z*(Z*/Z*>71Z*/ — Z(Z,Z)ilz/

This uses the fact that Z = Z*I*. Now, €'e — e¥e* = u/(M — M*)u and e¥e* = u'M*u are
independent since (M — M*)M* = 0. Also, both quadratic forms when divided by o2 are
distributed as y? since (M — M*) and M* are idempotent, see Judge et al. (1985). Dividing
these quadratic forms by their respective degrees of freedom, and taking their ratio leads to the
following test statistic:

(e'e —e*e*) /(tr(M) — tr(M*))

Fops = 12.4
’ e*'e* [tr(M*) (12.48)

(e —eler —ehea — .. —elyen) /(N — 1)K’
(ehe1 + ehea + ..+ eyen)/N(T — K')

Under Hy, Fys is distributed as an F((N — 1)K', N(T — K')), see lemma 2.2 of Fisher (1970).
This is exactly the Chow’s (1960) test extended to the case of N linear regressions.

The URSS in this case is the sum of the N residual sum of squares obtained by applying
OLS to (12.41), i.e., on each firm equation separately. The RRSS is simply the RSS from OLS
performed on the pooled regression given by (12.42). In this case, there are (N —1) K’ restrictions
and the URSS has N(T — K') degrees of freedom. Similarly, one can test the stability of the
regression across time. In this case, the degrees of freedom are (T' — 1)K’ and N(T — K')
respectively. Both tests target the whole set of regression coefficients including the constant. If
the LSDV model is suspected to be the proper specification, then the intercepts are allowed to
vary but the slopes remain the same. To test the stability of the slopes only, the same Chow-
test can be utilized, however the RRSS is now that of the LSDV regression with firm (or time)
dummies only. The number of restrictions becomes (N — 1)K for testing the stability of the
slopes across firms and (7' — 1)K for testing their stability across time.

The Chow-test however is proper under spherical disturbances, and if that hypothesis is not
correct it will lead to improper inference. Baltagi (1981) showed that if the true specification of
the disturbances is an error components structure then the Chow-test tend to reject poolability
too often when in fact it is true. However, a generalization of the Chow-test which takes care
of the general variance-covariance matrix is available in Zellner (1962). This is exactly the test
of the null hypothesis Hy; RS = r when 2 is that of the error components specification, see
Chapter 9. Baltagi (1981) shows that this test performs well in Monte Carlo experiments. In this
case, all we need to do is transform our model (under both the null and alternative hypotheses)
such that the transformed disturbances have a variance of o2y, then apply the Chow-test on
the transformed model. The later step is legitimate because the transformed disturbances have
homoskedastic variances and the usual Chow-test is legitimate. Given Q = 0?%, we premultiply
the restricted model given in (12.42) by ¥~1/2 and we call =12y = ¢, ¥7/2Z = Z and
»~1/2y = 4. Hence

§=Z6+1 (12.49)

with E(ut/) = 27V 2E(ud/ )21 = o2Iyy. Similarly, we premultiply the unrestricted model
given in (12.43) by ¥~Y/2 and we call ©~1/22* = Z*. Therefore
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y=Z"6"+1 (12.50)

with E(ut/) = o%Iyr.

At this stage, we can test Hy; 6; = 6 for every ¢ = 1,2,..., N, simply by using the Chow-
statistic, only now on the transformed models (12.49) and (12.50) since they satisfy @ ~
N(0,0%Iy7). Note that Z = Z*I* which is simply obtained from Z = Z*I* by premulti-
plying by ©~1/2, Defining M = Inr—Z(Z'Z)"'Z', and M* = In7— Z'*(Z.*'Z'*)’lZ'*’7 it is easy
to show that M and M* are both symmetric, idempotent and such that MM* = M*. Once
again the conditions for lemma 2.2 of Fisher (1970) are satisfied, and the test-statistic

(¢'é — e¥é*)/ (tr(M) — tr(M™))

Fops = :
obs &x1é* [tr( M)

~ F((N —1)K', N(T — K')) (12.51)

where é = y - Z(SOLS and 5OLS = (Z2'Z)"'Z'"y implying that ¢ = My = Mi. Similarly,

=g—Z* 50Ls and 50Ls = (Z¥7*)~1Z*y implying that é¢* = M*j = M*u. This is the
Chow test after premultiplying the model by ¥~1/2 or simply applying the Fuller and Battese
(1974) transformation. See Baltagi (2008) for details.

For the gasoline data in Baltagi and Griffin (1983), Chow’s test for poolability across countries
yields an observed F-statistic of 129.38 and is distributed as F'(68,270) under Hy; 6; = ¢ for
i =1,...,N. This tests the stability of four time-series regression coeflicients across 18 countries.
The unrestricted SSE is based upon 18 OLS time-series regressions, one for each country. For
the stability of the slope coefficients only, Hyp; 8, = (3, an observed F-value of 27.33 is obtained
which is distributed as F'(51, 270) under the null. Chow’s test for poolability across time yields an
F-value of 0.276 which is distributed as F'(72,266) under Hy; 6; = 6 for t = 1,...,T. This tests
the stability of four cross-section regression coefficients across 19 time periods. The unrestricted
SSE is based upon 19 OLS cross-section regressions, one for each year. This does not reject
poolability across time-periods. The test for poolability across countries, allowing for a one-way
error components model yields an F-value of 21.64 which is distributed as F'(68,270) under Hy;
6; =6 for i =1,...,N. The test for poolability across time yields an F-value of 1.66 which is
distributed as F'(72,266) under Hy; 6; = 6 for t = 1,...,T. This rejects Hy at the 5% level.

(2) The Breusch-Pagan Test

Next, we look at a Lagrange Multiplier test developed by Breusch and Pagan (1980), which
tests whether Hy; ai = 0. The test statistic is given by

LM = (NT/2T - 1) (S, &/ SN, S ) 1] (12,5

where e;; denotes the OLS residuals on the pooled model, e; denote their sum over ¢, respec-
tively. Under the null hypothesis Hy this LM statistic is distributed as a x3. For the gasoline
data in Baltagi and Griffin (1983), the Breusch and Pagan LM test yields an LM statistic of
1465.6. This is obtained using the Stata command xtest0 after estimating the model with ran-
dom effects. This is significant and rejects the null hypothesis. The corresponding likelihood
ratio test assuming Normal disturbances is also reported by Stata maximum likelihood output
for the random effects model. This yields an LR statistic of 463.97 which is asymptotically
distributed as x? under the null hypothesis Hy and is also significant.
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One problem with the Breusch-Pagan test is that it assumes that the alternative hypothesis
is two-sided when we know that Ui > 0. A one-sided version of this test is given by Honda
(1985):

—1| % N(0,1) (12.53)

/
HO — NT |:6(IN®JT)6

2T — 1)

ee

where e denotes the vector of OLS residuals. Note that the square of this N (0, 1) statistic is
the Breusch and Pagan (1980) LM test-statistic. Honda (1985) finds that this test statistic is
uniformly most powerful and robust to non-normality. However, Moulton and Randolph (1989)
showed that the asymptotic N (0, 1) approximation for this one-sided LM statistic can be poor
even in large samples. They suggest an alternative Standardized Lagrange Multiplier (SLM)
test whose asymptotic critical values are generally closer to the exact critical values than those
of the LM test. This SLM test statistic centers and scales the one-sided LM statistic so that its
mean is zero and its variance is one.

HO— E(HO) _ d— E(d)

SLM = =
var(HO) var(d)

(12.54)

where d = ¢'De/e’e and D = (Iy ® Jr). Using the results on moments of quadratic forms in
regression residuals, see for e.g., Evans and King (1985), we get

E(d) = tr(DPyz)/p
and
var(d) = 2{p tr(DP7)? — [tr(DP,)2}p(p +2) (12.55)

where p = n — (K + 1) and Py = I,, — Z(Z'Z)~'Z'. Under the null hypothesis, SLM has an
asymptotic N (0, 1) distribution.

(3) The Hausman-Test

A critical assumption in the error components regression model is that E(u;;/X;;) = 0. This is
important given that the disturbances contain individual effects (the p,;’s) which are unobserved
and may be correlated with the X;;’s. For example, in an earnings equation these p,;’s may denote
unobservable ability of the individual and this may be correlated with the schooling variable
included on the right hand side of this equation. In this case, E(u;/Xit) # 0 and the GLS
estimator ;¢ becomes biased and inconsistent for 3. However, the within transformation
wipes out these p;’s and leaves the Within estimator By, unbiased and consistent for [.
Hausman (1978) suggests comparing ﬂG s and ﬂwlthm, both of which are consistent under the
null hypothesis Hy; E(ui/Xi) = 0, but which will have different Qrobablllty limits if Hy is not
true. In fact, By is consistent whether Hy is true or not, while 34 ¢ is BLUE, consistent and
asymptotically efficient under Hy, but is inconsistent when Hy is false. A natural test statistic
would be based on § = Bz — Byianin: Under Ho, plim 7= 0, and cov(d frs) = 0.

Using the fact that Bgre — 8 = (X'Q1X)"1X’'Q ' and Byinin — 8 = (X'QX)"1X'Qu,
one gets F(q) = 0 and

cov(Bars.@) = var(Bars) — cov(Bars Bwithin)
= (X'0'X) - (X X)X QO E(ud) QX (X'QX) T =0
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Using the fact that BWithin = EG s — g, one gets

A~
)

Var(BWithin) = Vaf(BGLS) + var(q)

since COV@G s, q) = 0. Therefore,

var(@) = var(Bynin) — var(Bars) = o2(X'QX) ™! — (X' X)) (12.56)
Hence, the Hausman test statistic is given by

m = g lvar(@)]'q (12.57)

and under Hj is asymptotically distributed as x%(, where K denotes the dimension of slope
vector (. In order to make this test operational, ) is replaced by a consistent estimator ﬁ, and
GLS by its corresponding FGLS. An alternative asymptotically equivalent test can be obtained
from the augmented regression

Y =X+ Xy +w (12.58)

where y* = 0,012y, X* = ¢,071/2X and X = @X. Hausman’s test is now equivalent to
testing whether v = 0. This is a standard Wald test for the omission of the variables X from
(12.58).

This test was generalized by Arellano (1993) to make it robust to heteroskedasticity and
autocorrelation of arbitrary forms. In fact, if either heteroskedasticity or serial correlation is
present, the variances of the Within and GLS estimators are not valid and the corresponding
Hausman test statistic is inappropriate. For the Baltagi and Griffin (1983) gasoline data, the
Hausman test statistic based on the difference between the Within estimator and that of feasible
GLS based on Swamy and Arora (1972) yields a X% value of m = 306.1 which rejects the null
hypothesis. This is obtained using the Stata command hausman.

12.6 Dynamic Panel Data Models

The dynamic error components regression is characterized by the presence of a lagged dependent
variable among the regressors, i.e.,

Yit = 0Yir—1 + B4+ p; +vi, i=1,...,N; t=1,....T (12.59)

where ¢ is a scalar, 2/, is 1 x K and  is K x 1. This model has been extensively studied by
Anderson and Hsiao (1982). Since y;; is a function of j;, y; +—1 is also a function of p;. Therefore,
Yit—1, a right hand regressor in (12.59), is correlated with the error term. This renders the
OLS estimator biased and inconsistent even if the v;;’s are not serially correlated. For the FE
estimator, the within transformation wipes out the p;’s, but g;;—1 will still be correlated with
Ui even if the v;’s are not serially correlated. In fact, the Within estimator will be biased of
O(1/T) and its consistency will depend upon T being large, see Nickell (1981). An alternative
transformation that wipes out the individual effects, yet does not create the above problem
is the first difference (FD) transformation. In fact, Anderson and Hsiao (1982) suggested first
differencing the model to get rid of the p;’s and then using Ay;;—2 = (Yit—2 — Yit—3) or
simply y; ;2 as an instrument for Ay;s—1 = (yi+—1 — ¥i+—2). These instruments will not be
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correlated with Av; = v; —v; 41, as long as the v;;’s themselves are not serially correlated. This
instrumental variable (IV) estimation method leads to consistent but not necessarily efficient
estimates of the parameters in the model. This is because it does not make use of all the
available moment conditions, see Ahn and Schmidt (1995), and it does not take into account the
differenced structure on the residual disturbances (Av;;). Arellano (1989) finds that for simple
dynamic error components models the estimator that uses differences Ay; ;o rather than levels
Yit—2 for instruments has a singularity point and very large variances over a significant range of
parameter values. In contrast, the estimator that uses instruments in levels, i.e., y; -2, has no
singularities and much smaller variances and is therefore recommended. Additional instruments
can be obtained in a dynamic panel data model if one utilizes the orthogonality conditions that
exist between lagged values of y;; and the disturbances v;;.
Let us illustrate this with the simple autoregressive model with no regressors:

it = 6Yis 1 +uy i=1,...,N t=1,...,T (12.60)

where u; = p; + v with p; ~ IID(0, ai) and vy ~ 1ID(0, 02), independent of each other and
among themselves. In order to get a consistent estimate of 6 as N — oo with T fixed, we first
difference (12.60) to eliminate the individual effects

Yit — Yiti—1 = O(Yijt—1 — Yig—2) + (Wit — Vig—1) (12.61)

and note that (vj — v;;—1) is MA(1) with unit root. For the first period we observe this
relationship, i.e., t = 3, we have

Yis — Yiz = 0(Yi2 — Yi1) + (Viz — vi2)

In this case, y;; is a valid instrument, since it is highly correlated with (y;2 — y;1) and not
correlated with (v;3 — v;2) as long as the v;; are not serially correlated. But note what happens
for t = 4, the second period we observe (12.61):

Yia — Yiz = 0(Yiz — vi2) + (Via — v43)

In this case, y;2 as well as y;; are valid instruments for (y;3 — y;2), since both y;o and y;;
are not correlated with (4 — v43). One can continue in this fashion, adding an extra valid
instrument with each forward period, so that for period T, the set of valid instruments becomes
(i1, Yizs - - - ayi,T—Z)'

This instrumental variable procedure still does not account for the differenced error term in
(12.61). In fact,

E(Av; AV = 02G (12.62)
where Av, = (vi3 — vig, ..., vi7 — Vir—1) and
2 -1 0o --- 0 0 0
-1 2 -1 .- 0 0 0
G = :
0 0 0 -1 2 -1
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is (T'—2) x (T —2), since Av; is MA(1) with unit root. Define

[yi] 0
W; = i, v N (12.63)
0 [Yit, - - YiT—2]
Then, the matrix of instruments is W = [W{,...,W}]" and the moment equations described

above are given by E(W/Av;) = 0. Premultiplying the differenced equation (12.61) in vector
form by W', one gets

W'Ay =W (Ay_1)6 + W Av (12.64)

Performing GLS on (12.64) one gets the Arellano and Bond (1991) preliminary one-step con-
sistent estimator

B = Ay WOV Iy © CYW) W (Ay_y)] (12.65)
< [(Ay—1) W(W'(Iy ® G)W) ™' W'(Ay)]
The optimal generalized method of moments (GMM) estimator of §; & la Hansen (1982) for

N — oo and T fixed using only the above moment restrictions yields the same expression as in
(12.65) except that

N
W (Iy @ G)W =Y W/GW;
=1

is replaced by

N
VN = Z WiI(AI/i)(AI/i)/Wi
i=1
This GMM estimator requires no knowledge concerning the initial conditions or the distributions
of v; and p;. To operationalize this estimator, Av is replaced by differenced residuals obtained

from the preliminary consistent estimator 6;. The resulting estimator is the two-step Arellano
and Bond (1991) GMM estimator:

82 = [(Ay—) WU W (Ay-)) " [(Ay1) WV W (Ay) (12.66)
A consistent estimate of the asymptotic Var(gg) is given by the first term in (12.66),
Var(82) = [(Ay_1) WV W (Ay_1)] ™! (12.67)

Note that 51 and 32 are asymptotically equivalent if the vy are IID(0, 02).

If there are additional strictly exogenous regressors x; as in (12.59) with E(x;v;s) = 0 for
all t,s = 1,2,...,T, but where all the x;; are correlated with p,;, then all the x; are valid
instruments for the first differenced equation of (12.59). Therefore, [z}, x,, ..., 2} should be
added to each diagonal element of W; in (12.63). In this case, (12.64) becomes

WAy = W'(Ay-1)6 + W'(AX)B + W'Av
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where AX is the stacked N(T — 2) x K matrix of observations on Az;;. One- and two-step
estimators of (8, 3")can be obtained from

( g ) = ([Ay_1, AXVWVSIW Ay, AX]) " ([Ay_1, AXI WV W' Ay) (12.68)

as in (12.65) and (12.66).
Arellano and Bond (1991) suggest Sargan’s (1958) test of over-identifying restrictions given
by

N —1
m = (AD)'W [Z W/ (AD;)(AD;) Wi | W(AD) ~ X2 gy
=1

where p refers to the number of columns of W and A7 denote the residuals from a two-step
estimation given in (12.68).

To summarize, dynamic panel data estimation of equation (12.59) with individual fixed effects
suffers from the Nickell (1981) bias. This disappears only if T tends to infinity. Alternatively,
a GMM estimator was suggested by Arellano and Bond (1991) which basically differences the
model to get rid of the individual specific effects and along with it any time invariant regressor.
This also gets rid of any endogeneity that may be due to the correlation of these individual effects
and the right hand side regressors. The moment conditions utilize the orthogonality conditions
between the differenced errors and lagged values of the dependent variable. This assumes that
the original disturbances are serially uncorrelated. In fact, two diagnostics are computed using
the Arellano and Bond GMM procedure to test for first order and second order serial correlation
in the disturbances. One should reject the null of the absence of first order serial correlation
and not reject the absence of second order serial correlation. A special feature of dynamic panel
data GMM estimation is that the number of moment conditions increase with T. Therefore, a
Sargan test is performed to test the over-identification restrictions. There is convincing evidence
that too many moment conditions introduce bias while increasing efficiency. It is even suggested
that a subset of these moment conditions be used to take advantage of the trade-off between
the reduction in bias and the loss in efficiency, see Baltagi (2008) for details.

Arellano and Bond (1991) apply their GMM estimation and testing methods to a model of
employment using a panel of 140 quoted UK companies for the period 1979-84. This is the
benchmark data set used in Stata to obtain the one-step and two-step estimators described
in (12.65) and (12.66) as well as the Sargan test for over-identification using the command
(xtabond,twostep).The reader is asked to replicate their results in problem 22.

12.6.1 Empirical lllustration

Baltagi, Griffin and Xiong (2000) estimate a dynamic demand model for cigarettes based on
panel data from 46 American states over 30 years 1963-1992. The estimated equation is

InCy=a+ 6 InCiji—1+ By In Py + B3InYy + 5,1In Prg + uyy (12.69)

where the subscript ¢ denotes the ith state (i = 1,...,46), and the subscript ¢ denotes the tth
year (t = 1,...,30). Cy is real per capita sales of cigarettes by persons of smoking age (14
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years and older). This is measured in packs of cigarettes per head. Py is the average retail price
of a pack of cigarettes measured in real terms. Yj; is real per capita disposable income. Pn;
denotes the minimum real price of cigarettes in any neighboring state. This last variable is a
proxy for the casual smuggling effect across state borders. It acts as a substitute price attracting
consumers from high-tax states like Massachusetts to cross over to New Hampshire where the
tax is low. The disturbance term is specified as a two-way error component model:

Uip =i+ N +vi i=1,...,46 t=1,...,30 (12.70)

where p; denotes a state-specific effect, and \; denotes a year-specific effect. The time-period
effects (the )\;) are assumed fixed parameters to be estimated as coefficients of time dummies
for each year in the sample. This can be justified given the numerous policy interventions as
well as health warnings and Surgeon General’s reports. For example:

(1) the imposition of warning labels by the Federal Trade Commission effective January 1965;

(2) the application of the Fairness Doctrine Act to cigarette advertising in June 1967, which
subsidized antismoking messages from 1968 to 1970;

(3) the Congressional ban on broadcast advertising of cigarettes effective January 1971.

The p; are state-specific effects which can represent any state-specific characteristic including
the following:

(1) States with Indian reservations like Montana, New Mexico and Arizona are among the
biggest losers in tax revenues from non-Indians purchasing tax-exempt cigarettes from the
reservations.

(2) Florida, Texas, Washington and Georgia are among the biggest losers of revenues due to
the purchasing of cigarettes from tax-exempt military bases in these states.

(3) Utah, which has a high percentage of Mormon population (a religion which forbids smok-
ing), has a per capita sales of cigarettes in 1988 of 55 packs, a little less than half the
national average of 113 packs.

(4) Nevada, which is a highly touristic state, has a per capita sales of cigarettes of 142 packs
in 1988, 29 more packs than the national average.

These state-specific effects may be assumed fixed, in which case one includes state dummy
variables in equation (12.69). The resulting estimator is the Within estimator reported in Table
12.8. Comparing these estimates with OLS without state or time dummies, one can see that
the coefficient of lagged consumption drops from 0.97 to 0.83 and the price elasticity goes up
in absolute value from —0.09 to —0.30. The income elasticity switches sign from negative to
positive going from —0.03 to 0.10.

The OLS and Within estimators do not take into account the endogeneity of the lagged de-
pendent variable, and therefore 2SLS and Within-2SLS are performed. The instruments used
are one lag on price, neighboring price and income. These give lower estimates of lagged con-
sumption and higher own price elasticities in absolute value. The Arellano and Bond (1991)
two-step estimator yields an estimate of lagged consumption of 0.70 and a price elasticity of
—0.40, both of which are significant. Sargan’s test for over-identification yields an observed
value of 32.3. This is asymptotically distributed as x3- and is not significant. This was ob-
tained using the Stata command (xtabond2,twostep) with the collapse option to reduce the
number of moment conditions used for estimation.
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Table 12.8 Dynamic Demand for Cigarettes: 1963-92*

InC; 41 InPy InY;; InPn;
OLS 0.97 —0.090 —0.03 0.024
(157.7) (6.2) (5.1) (1.8)
Within 0.83 —0.299 0.10 0.034
(66.3) (12.7) (4.2) (1.2)
2SLS 0.85 —0.205 —0.02 0.052
(25.3) (5.8) (2.2) (3.1)

Within-2SLS 0.60 —0.496 0.19 —0.016
(17.0) (13.0) (6.4) (0.5)

Arellano and Bond (two-step) 0.70 —0.396 0.13 —0.003
(10.2) (6.0) (3.5) (0.1)

* Numbers in parentheses are t-statistics.

Source: Some of the results in this Table are reported in Baltagi, Griffin and Xiong (2000).

12.7 Program Evaluation and Difference-in-Differences Estimator

Suppose we want to study the effect of job training programs on earnings. An ideal experiment
would assign individuals randomly, by a flip of a coin, to training and non-training camps, and
then compare their earnings, holding other factors constant. This is a necessary experiment
before the approval of any drug. Patients are randomly assigned to receive the drug or a
placebo and the drug is approved or disapproved depending on the difference in the outcome
between these two groups. In this case, the FDA is concerned with the drug’s safety and its
effectiveness. However, we run into problems in setting this experiment. How can we hold other
factors constant? Even twins which have been used in economic studies are not identical and
may have different life experiences.

The individual’s prior work experience will affect one’s chances in getting a job after training.
But as long as the individuals are randomly assigned, the distribution of work experience is the
same in the treatment and control group, i.e., participation in the job training is independent
of prior work experience. In this case, omitting previous work experience from the analysis will
not cause omitted variable bias in the estimator of the effect of the training program on future
employment. Stock and Watson (2003) discuss threats to the internal and external validity of
such experiments. The former include: (i) failure to randomize, or (ii) to follow the treatment
protocol. These failures can cause bias in estimating the effect of the treatment. The first
can happen when individuals are assigned non-randomly to the treatment and non-treatment
groups. The second can happen, for example, when some people in the training program do
not show up for all training sessions; or when some people who are not supposed to be in the
training program are allowed to attend some of these training sessions. Attrition caused by
people dropping out of the experiment in either group can cause bias especially if the cause
of attrition is related to their acquiring or not acquiring training. In addition, small samples,
usually associated with expensive experiments, can affect the precision of the estimates. There
can also be experimental effects, brought about by people trying harder simply because the
worker being trained feels noticed or because the trainer has a stake in the success of the
program. Stock and Watson (2003, p. 380) argue that “threats to external validity compromise
the ability to generalize the results of the experiment to other populations and settings. Two
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such threats are when the experimental sample is not representative of the population of interest
and when the treatment being studied is not representative of the treatment that would be
implemented more broadly.”

They also warn about “general equilibrium effects” where, for example, turning a small, tem-
porary experimental program into a widespread, permanent program might change the economic
environment sufficiently that the results of the experiment cannot be generalized. For example,
it could displace employer-provided training, thereby reducing the net benefits of the program.

12.7.1 The Difference-in-Differences Estimator

With panel data, observations on the same subjects before and after the training program allow
us to estimate the effect of this program on earnings. In simple regression form, assuming
the assignment to the training program is random, one regresses the change in earnings before
and after training is completed on a dummy variable which takes the value 1 if the individual
received training and zero if they did not. This regression computes the average change in
earnings for the treatment group before and after the training program and subtracts that from
the average change in earnings for the control group. Omne can include additional regressors
which measure the individual characteristics prior to training. Examples are gender, race,
education and age of the individual.

Card (1990) used a quasi-experiment to see whether immigration reduces wages. Taking
advantage of the “Mariel boatlift” where a large number of Cuban immigrants entered Miami.
Card (1990) used the difference-in-differences estimator, comparing the change in wages of low-
skilled workers in Miami to the change in wages of similar workers in other comparable U.S.
cities over the same period. Card concluded that the influx of Cuban immigrants had a negligible
effect on wages of less-skilled workers.

Problems
1. Fized Effects and the Within Transformation.

(a) Premultiply (12.11) by @ and verify that the transformed equation reduces to (12.12). Show
that the new disturbances Qv have zero mean and variance-covariance matrix o2(Q.
Hint: QZ,, = 0.

(b) Show that the GLS estimator is the same as the OLS estimator on this transformed regression
equation. Hint: Use one of the necessary and sufficient conditions for GLS to be equivalent
to OLS given in Chapter 9.

(¢) Using the Frisch-Waugh-Lovell Theorem given in Chapter 7, show that the estimator derived
in part (b) is the Within estimator and is given by 5 = (X’QX)~ 1 X'Qy.

2. Variance-Covariance Matriz of Random FEffects.

a) Show that  given in (12.17) can be written as (12.18).

(c) For Q7! given by (12.19), verify that QQ~! = Q71Q = Iy7.

(a)
(b) Show that P and @ are symmetric, idempotent, orthogonal and sum to the identity matrix.
)
(d) For Q712 given by (12.20), verify that Q~1/2Q~1/2 = Q-1
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10.

11.
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Fuller and Battese (1974) Transformation. Premultiply y by ¢,Q1/? where Q71/2 is defined in
(12.20) and show that the resulting y* has a typical element y}, = y;;, —07;., where the § = 1—0, /o1
and 0% = Toi +o2.

Unbiased Estimates of the Variance-Components. Using (12.21) and (12.22), show that E(53) = o2
and E(6%) = o2. Hint: E(u/Qu) = E{tr(v/Qu)} = E{tr(ut/Q)} = tr{E(uv/)Q} = tr(QQ).

. Swamy and Arora (1972) Estimates of the Variance-Components.

~2
(a) Show that &, given in (12.23) is unbiased for o.

2
~2
(b) Show that &, given in (12.26) is unbiased for o73.

. System Estimation.

(a) Perform OLS on the system of equations given in (12.27) and show that the resulting esti-
mator is dors = (2'2)"12'y.

(b) Perform GLS on this system of equations and show that the resulting estimator is /(S\GLS =
(Z'Q~1Z)71Z2'Q~ y where Q71 is given in (12.19).

Random Effects Is More Efficient than Fized Effects. Using the Var@GLS) expression below (12.30)
and var(Byyinin) = 02Wx x, show that

(var(Baps)) ™t — (var(Buyinin)) "t = 6*Bx x /02

which is positive semi-definite. Conclude that Var(BWithm)* var(BG 1.g) is positive semi-definite.

. Mazimum Likelihood Estimation of the Random FEffects Model.

(a) Using the concentrated likelihood function in (12.34), solve 9L./0¢* = 0 and verify (12.35).
(b) Solve OL./98 = 0 and verify (12.36).

. Prediction in the Random Effects Model.

(a) For the predictor of y; r+s given in (12.37), compute E(u; p4su;) for t = 1,2,...,T and
verify that w = E(u; r4su) = oi(& ® tr) where ¢; is the i-th column of In.

(b) Verify (12.39) by showing that (¢} ® ;)P = (€, ® i/).

Using the gasoline demand data of Baltagi and Griffin (1983), given on the Springer web site as
GASOLINE.DAT, reproduce Tables 12.1 through 12.7.

Bounds on s% in the Random Effects Model. For the random one-way error components model

given in (12.1) and (12.2), consider the OLS estimator of var(u;;) = o2, which is given by s* =
e'e/(n — K'), where e denotes the vector of OLS residuals, n = NT and K’ = K + 1.

(a) Show that E(s*) = 0® + 02 [K'— tr(Iy ® Jp)Px]/(n — K').

(b) Consider the inequalities given by Kiviet and Kramer (1992) which state that 0 < mean of
n — K’ smallest roots of Q < E(s?) < mean of n — K’ largest roots of Q < tr(Q)/(n — K')
where Q = F(uu’). Show that for the one-way error components model, these bounds are

0<os+(n—TK")o>/(n—K') < E(s*) <ol +no,/(n—K') <no®/(n— K').

As n — oo, both bounds tend to o2, and s? is asymptotically unbiased, irrespective of the
particular evolution of X, see Baltagi and Kramer (1994) for a proof of this result.
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Verify the relationship between M and M*, i.e., MM* = M*, given below (12.47). Hint: Use
the fact that Z = Z*I* with I* = (iy ® Ix).

Verify that M and M* defined below (12.50) are both symmetric, idempotent and satisfy MM* =
M*.

For the gasoline data used in problem 10, verify the Chow-test results given below equation (12.51).

For the gasoline data, compute the Breusch-Pagan, Honda and Standardized LM tests for Hy;
a2 =0.
I

If 3 denotes the LSDV estimator and BG g denotes the GLS estimator, then
(a) Show that § = Bupg — 3 satisfies cov(q, Bgrg) = 0.
(b) Verify equation (12.56).

For the gasoline data used in problem 10, replicate the Hausman test results given below equation
(12.58).

For the cigarette data given as CIGAR.TXT on the Springer web site, reproduce the results given
in Table 12.8. See also Baltagi, Griffin and Xiong (2000).

Heteroskedastic Fized Effects Models. This is based on Baltagi (1996). Consider the fixed effects
model

Yie =0 +uy 1=12,... N;yt=1,2,...,7T;

where y;; denotes output in industry ¢ at time ¢ and «; denotes the industry fixed effect. The
disturbances u;; are assumed to be independent with heteroskedastic variances J%. Note that the
data are unbalanced with different number of observations for each industry.

(a) Show that OLS and GLS estimates of «; are identical.

(b) Let 0% = Zi\; T;o?/n where n = Zi\; T;, be the average disturbance variance. Show that
the GLS estimator of o2 is unbiased, whereas the OLS estimator of o2 is biased. Also show
that this bias disappears if the data are balanced or the variances are homoskedastic.

(c) Define A} = ¢2/0? for i =1,2..., N. Show that for o/ = (a1, as,...,ax)

Elestimated var(dprs) — true var(aors)]
N
= o’l(n— Z XD/ (n = N)] diag (1/T;) — 0 diag (X;/T5)

This problem shows that in case there are no regressors in the unbalanced panel data model,
fixed effects with heteroskedastic disturbances can be estimated by OLS, but one has to
correct the standard errors.

The Relative Efficiency of the Between Estimator with Respect to the Within Estimator. This is
based on Baltagi (1999). Consider the simple panel data regression model

ye=oa+0ry+uy i=1,2,....,N; t=1,2,...,T (1)
where a and (3 are scalars. Subtract the mean equation to get rid of the constant

Yit — Y. =Bz — &) +uye — U, (2)
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where . = Zij\ilElexit/NT and g and . are similarly defined. Add and subtract Z; from the

regressor in parentheses and rearrange

Yit —§.. = Bz — Ti) + B(ZTi. — 2.) +ui — (3)
where z; = Ethlxit /T. Now run the unrestricted least squares regression

Yit =Y. = Bu(@it — i) + By(Ti. — T..) +uye — .. (4)
where (3, is not necessarily equal to 3.

(a) Show that the least squares estimator of 3,, from (4) is the Within estimator and that of 3,
is the Between estimator.

(b) Show that if uy; = p; + v where p; ~ 1ID(0,07) and v;; ~ IID(0,07) independent of each
other and among themselves, then ordinary least squares (OLS) is equivalent to generalized
least squares (GLS) on (4).

(c) Show that for model (1), the relative efficiency of the Between estimator with respect to
the Within estimator is equal to (Bxx/Wxx)[(1 — p)/(Tp + (1 — p))], where Wxx =
SN YT (zi — #;.)? denotes the Within variation and Byxx = TN | (Z;. — )% denotes

the Between variation. Also, p = O’i (oi + 02) denotes the equicorrelation coefficient.

(d) Show that the square of the ¢-statistic used to test Hy; 3, = 5 in (4) yields exactly Haus-
man’s (1978) specification test.

21. For the crime example of Cornwell and Trumbull (1994) studied in Chapter 11. Use the panel data
given as CRIME.DAT on the Springer web site to replicate the Between and Within estimates
given in Table 1 of Cornwell and Trumbull (1994). Compute 2SLS and Within-2SLS (2SLS with
county dummies) using offense mix and per capita tax revenue as instruments for the probability
of arrest and police per capita. Comment on the results.

22. Consider the Arellano and Bond (1991) dynamic employment equation for 140 UK companies over
the period 1979-1984. Replicate all the estimation results in Table 4 of Arellano and Bond (1991,
p- 290).
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