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INSTRUCTIONS

Answer question ONE (Compulsory) and any other TWO questions
QUESTION ONE (COMPULSORY) (30 MARKS)
a) The following are subsets of R:

(1) A=(-32,1] (i) B=(-1, o) (iii) C = {x:x? > 4}.

For each set examine boudedness and determine the following if they exist:

infimum , supremum, maximum and minimum values (6 marks)
b) Given that a and b are rational with b # 0 and S is an irrational number such that

a-bs =t.

i Define what is meant by a rational number . (1 mark)

ii Show that t is irrational. (3 marks)

1ii Using (ii) above show that g; 1 1s irrational (2 marks)

c) Define the following

i Neighborhood of a point (2 marks)

i1 Interior point of a set (2 marks)
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1ii Open set (2 marks)

v Real numbers (R) (1 mark)
d) Find the largest € such that S contains an &- neighborhood of xy in each case :

i) x=2 , S=[3,1) () x%=5,S5=(-1 ) (4 marks)
e) Show that n li;noo (31:1:12) =3 using any appropriate technique. (3 marks)
f) Let An=(1—%,2+%) , n>1. Find:

DUp=1 A (i)  Np=14, (4 marks)
QUESTION TWO (20 MARKS)
a) Define what is meant by a convergent sequence (2 marks)
b) Show from first principles that the sequence:

Xp,= 2+ (—n12)” vVn € N Convergesto?2in R (4 marks)
c) Show that a sequence {x,} of real numbers converges to x if and only if every

Subsequence of {x,} converges to x. (5 marks)
d i Show that V2 is irrational (4 marks)

i State the completeness axiom (3 marks)

iii Use a counter example to show the incompleteness of rational numbers. (2 marks)

QUESTION THREE (20 MARKS)

a)
b)

c)
d)

Show that the union of an arbitrary collection of open sets is an open set. (4 marks)
Show that a finite collection of open sets is an open set.

Exhibit an example to show that an arbitrary (infinitely many) collection of open sets is
not necessarily open. (4 marks)
Show that every convergent sequence of real numbers is bounded. (4 marks)

Suppose that x,, and 7y, are convergent sequences with

Lim x,, = x and Lim y,, =y show that:
i Lim (x, +y,) = x+y (4 marks)
il Lim (x,y,) = xy (4 marks)
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QUESTION FOUR (20 MARKS)

a)

b)

c)

d)

Give the definition of the concepts of limit superior and limit inferior of any sequence
(x,) of real numbers (4 marks)

Using (a) above determine the convergence or divergence of the following sequences:

i (xp) =(=D" [1 + i] (4 marks)
ii (x,) =7 — [(—n12)“] (4 marks)

Explain what is meant by countable and uncountable subsets of R giving relevant
examples of each. (4marks)
Show that the set Z of integers is countable, hence conclude that the set of rational is

also countable. (4 marks)

QUESTION FIVE (20 MARKS)

a)
b)

(©

(d)

Prove that the series Y- [nip] converges if p < 1 and divergesif p <1 (5 marks)

Determine whether each of the following series converges or diverges.

If it converges find the sum to infinity.

(i) Xn=o2 (COS g)n (4 marks)
(ii) Y=o 2°M317" (4 marks)

Apply integral test on the series :

1

» —1 (3 marks)
Apply the indicated test of convergence:
. Vn .
@ X =1 (comparison test) (2 marks)
G X nin (Root test) (2 marks)
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