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Answer Question One and any other two questions

QUESTION ONE (COMPULSORY) (30 MARKS)

a) LetX be anon-empty set. Explain the meaning of the following terms:

(i) ametricd on X, (3 marks)
(ii) open ball centered at a point x € X, (2 marks)
(iii) a convergent sequence in a metric space (X, d). (2 marks)

b) LetX = Randletd: X — X be a function defined by
d(x,y) = |x? —y?|forallx,y € X.
Show that d is NOT a metric on X. (3 marks)

c) Letd be the usual metric on R and let A be the interval (2,5) € R. Show that every
point of A is an interior point of A. (5 marks)

d) Letd be the usual metric on R and consider the function f: (R,d) = (R, d) defined by
f(x) =5x+3.

Show that f is uniformly continuous on R. (5 marks)
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e) Let(X,d)and (Y, p) be metric spaces and suppose that f: (X,d) = (Y,p) isa
continuous function. Prove that if C € X is a compact subset then f(C) is compactin Y.

(5 marks)

f) Let(X,d)and (Y, p) be metric spaces and suppose that f: (X,d) = (Y,p) isa
continuous function. Prove that if U C Y is an open subset then f~1(U) is open in X.

(5 marks)
QUESTION TWO (20 MARKS)
a) Explain the meaning of the following terms
(i) asequentially compact subset A of a metric space (X, d), (2 marks)
(ii) compact subset A of a metric space (X, d). (2 marks)
b) Letd:R X R — Rbe a function defined by
d(x,y) = |e* —¢e”].
Show that d is a metric on R. (4 marks)
c) Using the Cauchy-Schwartz inequality or otherwise, show that the function
d: R3 x R3 - R defined by
3
dxy) = | ) (= y)?
i=1
where x = (x4, x5,x3) and y = (y4,Y,,¥3) is a metric. (10 marks)

d) Let(X,d)and (Y, p) be metric spaces and suppose that f: (X,d) = (Y, p) is a constant
function. Prove that f is continuous on X. (2 marks)

QUESTION THREE (20 MARKS)

a) Let (X, d) beametric space. Explain the meaning of the following terms

(i) limit point of a subset A c X, (2 marks)
(ii) opensubsetA c X, and (2 marks)
(iii) closure of a subset A c X. (2 marks)

b) Suppose that X is a non-empty set and let d: X X X = R be the discrete metric on X i.e.
the metric defined by
0 ifx=y
d(x,y) =
() {1 otherwise.

Let a € X be a point. Describe the elements of the set B(a, 2) and B(a, 0.5). (6 marks)
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c) Let(X,d) beametric space and suppose that U;, U,, ..., U, is a finite sequence of open
sets. Let U be the set

n
U= ﬂ Ui'
i=1
Prove that U is an open set in X. (4 marks)
d) Let(X,d)beametricspace and let x, y, z be points in X. Show that (4 marks)

ld(x,y) —d(x,2)| < d(y,2).
QUESTION FOUR (20 MARKS)
a) Explain the meaning the following terms:
(i) aCauchy sequence in a metric space (X, d), (2 marks)
(i) uniformly equivalent metrics on a set X. (2 marks)

b) Letds:R? X R? - R be the function defined by do, (x,y) = max{|x; — y1|, |2 — ¥}
where x = (x1,x,) € R and y = (v1,y,) € R%

(i) Show that d,, is a metric on R2, (4 marks)
(ii) Let a be the point (2,2). Sketch the open ball B(a, 3). (2 marks)

c) Letd be the Euclidean metric on R?. Show that d is uniformly equivalent to the metric
d as defined in question 4 (b) above. (4 marks)

d) Let(X,d) beametric space. Prove that every convergent sequence {x,} in X is a
Cauchy sequence. Use an example to show that not every Cauchy sequence is
convergent. (6 marks)

QUESTION FIVE (20 MARKS)

a) Let (X, d) beametric space. Explain the meaning of the following terms

(i) Uniformly equivalent metrics on X. (2 marks)
(ii) The closed ball of radius r and centered at x. (2 marks)
(iii) Complete metric space (2 marks)

b) Let (X, d) be a metric space and let {x, } be a sequence. Show that if {x, } is convergent
the {x,} is a Cauchy sequence. (3 marks)
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c) Let(X,d)and (Y, p) be metric spaces and suppose that f: (X,d) = (Y, p) is a function.
(i) What does it mean to say that f is uniformly continuous on X. (3 marks)

(ii) Letd be the usual metric on R. Show that the function f: (R,d) = (R, d)
defined by

fx)=3x+1
is uniformly continuous on R. (5 marks)

d) Letd be the standard metric on R and let A = Q be the subset consisting of the
rational numbers. Show that A is not a complete subset of (R, d). (3 marks)
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