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MACHAKOS UNIVERSITY  
University Examinations 2021/2022 Academic Year 

SCHOOL OF PURE AND APPLIED SCIENCES 

DEPARTMENT OF MATHEMATICS AND STATISTICS  

THIRD YEAR SECOND SEMESTER EXAMINATION FOR  

BACHELOR OF SCIENCE (MATHEMATICS AND COMPUTER SCIENCE) 

BACHELOR OF SCIENCE (STATISTICS AND PROGRAMMING) 

BACHELOR OF SCIENCE (MATHEMATICS) 

BACHELOR OF EDUCATION (SCIENCE) 

SMA 303: RING THEORY 

DATE:  9/12/2021                              TIME: 2:00 – 4:00 PM 

INSTRUCTION:  

Answer Question One and Any Other Two Questions            

 

QUESTION ONE (COMPULSORY) (30 MARKS) 

a) Explain the meaning of the following terms: 

i. an integral domain,        (3 marks) 

ii. a right ideal in a ring �.       (3 marks) 

b) Suppose that � is a ring and let �, �, �, � ∈ � be elements of �. 

i. State the distibutivity axioms in a ring �.      (4 marks) 

ii. Prove that (� + �)(� + �) = �� + �� + �� + ��.    (4 marks) 

c) Let � be a ring and consider the subset 
(�) = {� ∈ �: �� = �� for all � ∈ �} i.e. 
(�) is 

the center of �. Prove that 
(�) is a subring of �.    (4 marks) 

d) Let (ℤ��,⊕,⊗) denote the ring of integers modulo 16 under addition and multiplication 

modulo 16. Let � be the principal ideal of ℤ�� generated by 4. 

i. Determine all elements of �.        (4 marks) 

ii. Construct all the elements of the quotient ring ℤ��/�.    (4 marks) 
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e) Let � be a ring with identity �: � → � be a surjective ring homomorphism. Prove that � is 

also a ring with identity.        (4 marks) 

 

QUESTION TWO  (20 MARKS) 

a) Distinguish between a zero divisor and a unit in an ring �.    (4 marks) 

b) Let � be a ring such that (� + �)� = �� + �� + 2�� for any �, � ∈ �. Show that � is a 

commutative ring.         (5 marks) 

c) Let ℤ[!] = {# + !� ∣ #, � ∈ ℤ} ⊂ ℂ be the set of Gaussian integers. Determine all the units in 

ℤ[!].            (5 marks) 

d) Suppose that ': � → � is a surjective ring homomorphism. Prove that 

i. if � ⊂ � is a prime ideal then the image '(�) is a prime ideal of �,   (3 marks) 

ii. if ( ⊂ � is a prime ideal then ')�(() = {� ∈ � ∣ '(�) ∈ (} is also a prime ideal. 

          (3 marks) 

QUESTION THREE (20 MARKS) 

a) Explain the meaning of the following terms. 

i. a subring * in a ring �,         (2 marks) 

ii. a principal ideal in a ring �.        (2 marks) 

b) Let +�(ℂ) be the ring of all 2 × 2 matrices with complex entries. Consider the subset - ⊂
+�(ℂ) given by 

. = /0� �
0 �2 : �, �, � ∈ ℂ3 

i.e. - is the subset containing upper triangular matrices. Prove that - is a subring of +�(ℂ). 

           (5 marks) 

c) Suppose that � and � are rings. Prove that if ': � → � is a ring homomorphism then 

i. '(�) is a subring of �,        (4 marks) 

ii. Ker ' is an ideal of �,        (4 marks) 

iii. if � is a commutative ring then '(�) is commutative.    (3 marks) 

 

QUESTION FOUR (20 MARKS) 

a) Explain the meaning of the following terms       (4 marks) 

i. a prime ideal in a ring �, 

ii. a maximal ideal in a ring �. 

b) Suppose that 4 and 5 are ideals of a ring �. Prove that 4 ∩ 5 is also an ideal of �. (4 marks) 
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c) Let * = {7 + 8 √2: : 7, 8 ∈ ℤ} ⊂ ℝ. Determine whether * is a subring of ℝ.  (4 marks) 

d) Let � be a ring and �: ℚ → �, =: ℚ → � be ring homomorphisms such that �(8) = =(8) for 

every 8 ∈ ℤ. Prove that �(#) = =(#) for all # ∈ ℚ. Hint: Every element of ℚ can be written as 

>
?  for some 7, 8 ∈ ℤ with 8 ≠ 0.                    (8 marks) 

 

QUESTION FIVE (20 MARKS) 

a) Consider the binary operations of addition and multiplication defined respectively on ℝ� by: 

       (#�, #�) + (��, ��) = (#� + ��, #� + ��) and (#�, #�) ⋅ (��, ��) = (#��� − #���, #��� + #���). 
i. Prove that (ℝ�, +,⋅) is a ring.       (6 marks) 

ii. Consider the map D: ℝ� → ℝ defined by D(#, �) = # + �. Determine if D a ring 

homomorphism.         (4 marks) 

b) Let ℚE√3G denote the set {# + �√3: #, � ∈ ℚ}. Define the binary operations ⊕ and ⊗ on 

ℚE√3G as follows 

(# + �√3) ⊕ (H + I√3) = (# + �) + (� + I)√3
(# + �√3) ⊗ (H + I√3) = (#H + 3�I) + (#I + �H)√3

 

i. Prove that ℚE√3G is a subring of ℝ.      (4 marks) 

ii. Determine if every non-zero elements of ℚE√3G is invertible.    (6 marks) 


