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QUESTION ONE (30 marks ). 

a) Consider a non-empty set Ω. Define the following: 

i. A measurable space,(Ω, Π) 

ii. A measure on (Ω, Π), say , µ 

iii. A measure µ whichis such that it is finite µ-a.e. 

(12 marks). 

 b) State: 

i. The Lebesgue Monotone Convergence Theorem. 

ii. Fatou’s  Lemma                                                               ( 6 marks ) 

 

c) Prove any one of the results stated in Part (c ).                  ( 4 marks) 

 

d) Let P be a Probability measure. If  A and B are some two events,  



i. Define the conditional probability  ofA given B. 

ii. Show that the conditional Probabilityof A given B is a Probability 

measure. 

                                                                                                                          (8 marks) 

QUESTION TWO(20marks). 

 

a) 

i. State the axioms of a  measure, µ. 

ii. Show that the function , m, defined on the theBorel algebra, Β , by: 

. m : (ℜ, Β ) →  (ℜ, Β ) 

    .such thatm {(ai,bi]} =bi-ai  ,  with ai, bi in ℜ, ai≤ bi, for i=1,2,…. , is a measure. 

.                                                                                                 (10 marks). 

b) Explain,  for a given measure space(Ω, Π, μ ), 

i. Completion of the measure space 

ii. μ -a.e 

iii. the  Lebesgue-Stieltjes measure space 

.                                                                                                       (10 marks). 

 

 

QUESTION THREE. (20marks). 

a) Show that for a non-empty set Ω: 

i. The set  {Ф, Ω} is a σ-field 

ii. The set {Ф, A, Ac, Ω}for A Ω,is aσ-field 

(10marks). 

⊂



b) Show that if Π is a σ-field then Ai Π for all  Ai Π, i = 1, 2, 3,_ 

(10marks). 

 

QUESTION  FOUR(20marks). 

 

a) Consider a non-empty set Ω. Define the following: 

iv. A measurable space,(Ω, Π) 

v. A measure on (Ω, Π), say , µ 

vi. A measure µ whichis such that it is finite µ-a.e. 

(12 marks). 

b) Consider a function, f,  which is given by: 

f : (Ω1,Π1) →(Ω2,Π2) 

i. when is the function f said to be a measurable function? (4 marks ) 

ii. SupposeΩ1 = Ω2 =ℜU {-∞, ∞} andΠ1  = Π 2 = Borel opensubsetsin ℜU{-

∞, ∞} .  Show that the constant function , for some c in ℜ;f(x)=c, is a 

measurable  function. 

.                                                                                      ( 8 marks ) 

QUESTION FIVE. (20 marks) 

a) State the Chebychev’s inequality. (5marks). 

b) Prove the Chebychev’s inequality. ( 5 marks ) 

c) Let Xn: n ≥ 1 be a sequence of  random variables with E(Xn) = µ,  

for all  Xn: n ≥ 1   . Show that the sample mean 
n
 converges to μ in probability.              

.                                                                                     (10 marks ). 
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