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INSTRUCTIONS:
Answer question ONE (Compulsory) and any other TWO questions

QUESTION ONE (COMPULSORY) (30 MARKS)

a) Show that if X is a Hilbert space, then

Lo, () (c+ )= + [3marks]
i, ()() = [2marks]

b) Show that the mapping : [, ] -~ givenby = (%) for all [, ]isa
linear transformation [3marks]

c) Let( )  beaweakly convergent sequence in a normed space X, then prove that the

weak limitx of ()  is unique [3marks]
1
d) Showthat ((, D=7l + IP=Il — [Mand ((, D= (, N
[Smarks]
e) Explain what is a norm and give two examples of normed spaces [Smarks]
f) Show that the function space [ , ]is a vector space [4marks]

g) Let X be anormed space and let ¢ #0 be any element of X, then prove that there

exists a bounded linear functional on X suchthat || ||=1,1] || =1 oll [Smarks]
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QUESTION TWO (20 MARKS)
a) Theset ( , ) ofbounded linear operators from normed spaces X and Y with addition
and scalar multiplication defined by

(+) = + :
() = , : is a vector space. Prove that the mapping - || || is a norm on

this space [7marks]

b) Let Xbean —dimensional vector space, then prove that any proper subspace Y of X
has dimension less than . [4marks]

c) Let( )  beasequence in a normed space X, then prove that strong convergence

implies weak convergence with the same limit [4marks]
d) Define the term linear independence [2marks]
e) Explain the continuity of functions between normed spaces [3marks]

QUESTION THREE (20 MARKS)

a) Let X be anormed space, andlet ( ) be aconvergent sequence in X with limit

Prove that (]| ||)  is a convergent sequence in [Smarks]
b) Prove that if X is an inner product space, then for all JC, 2 <(, X, ) and

(. Y2={(, X, )ifxandy are linearly dependent. [6marks]
¢) Show that if X is a Hilbert space then , ()( ) = [3marks]
d) Differentiate between orthogonal and orthonormal sets [2marks]

e) Prove that for a bounded linear operator, || 7x [|< M || x ||, Vx € X, there that of all

sup

constant M, there is a smallest one, given by || T ||= x|k
x|I<

|| Tx || [4marks]
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QUESTION FOUR (20 MARKS)

a) Prove that the spaces are Banach spaces for1 < < oo [8 marks]
b) Prove thatif is a bounded linear functional on a subspace of a normed space then
there exists a bounded linear functional on which is an extension of f to X and
N1 =1l || where]| || = and| || = , Il I =0 inthe trivial case
| 11=1 II1I=1
={0} [8 marks]
c) Explain what is a Cauchy sequence and show that every convergent sequence is a Cauchy

sequence [4marks]

QUESTION FIVE (20 MARKS)

a) State the Generalized Hann Banach theorem and prove it. [10marks]
b) If ( ) isasequenceinaBanachspaceand = ;+...+ . Prove thatif
“_ Il ]l <oothentheseries “_;, convergesand if we denote by .
then || *L; = "L I [Smarks]
c) Let X and Y be normed spaces over ( ).Let : - be linear transformation.

Prove that T is continuous at 0 and there exists a number m such that for all

AL = 1 [Smarks]
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