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INSTRUCTIONS TO CANDIDATES
Answer Question One and any other two questions

QUESTION ONE (30 MARKS)

a)

b)

Explain the meaning of the following terms

(1) a commutative binary operation on a set (2 marks)
(i1) an associative binary operation on a set . (2 marks)
Let {0} be the set of all non-zero real numbers and let X be the usual multiplication of

real numbers. Prove that ({0}, %) is a group. (5 marks)
Define a relation  on the set as follows: ifand only if — is a multiple of three.
Determine if  is an equivalence relation. (5 marks)

Let  denote operation of addition modulo 5 on the set 5. Construct the Cayley table for
the operation  on s. (5 marks)
Consider 5o under multiplication modulo 20 (denoted by ).
(1) Is 5, a group? Justify your answer. (3 marks)
(i1))  Determine the elements of ,5 and construct the corresponding Cayley table.

(4 marks)
(i)  Let be the cyclic subgroup of g generated by 13 »0- Determine the elements

of . (4 marks)
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QUESTION TWO (20 MARKS)

a) Let be a binary operation defined on by = - -

(1) Show that  is a commutative binary operation. (2 marks)

(i1) Is  an associative binary operation? Justify your answer. (2 marks)
b) Let be the group of rational numbers under standard addition. Let ; be the subset of

given by

7= { | = b }

Determine whether 7 is a subgroup of . (5 marks)

C) Suppose that is a group and be an element such that 2= . Provethat = where
is the identity element in . (2 marks)

d) Let 5( ) denote the group of all 2 X 2 matrices with integer entries under matrix addition.

Let be the subset of ,( ) given by

:{[o |20 ! J

Show that is a subgroup of 5( ). (5 marks)

QUESTION THREE - (20 MARKYS)
a) State the Lagrange’s theorem. (2 marks)
b) Let = ,+ be the group of integers under the standard addition.

(1) Let be the subset consisting of all odd numbers in .Is a subgroup of ? Justify.

(2 marks)

(i1))  Let be the subset consisting of all even numbers in . Prove that is a subgroup
of . (3 marks)
(ii1))  Determine all the distinct left cosets of . (3 marks)

C) Let be a group

(1) Show that if | are elements suchthat 2 2= 4 then = 3. (3 marks)

(i1) Prove that if for all |, then is a commutative group. (3 marks)
d) Suppose that  is a group of order 105 and suppose that  is a non-trivial subgroup of

What are the possible values of ( )? Justify your answer. (4 marks)
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QUESTION FOUR (20 MARKS)

a) Explain the meaning of the following terms:
(1) a right coset of a subgroup, (2 marks)
(i)  the kernel of a group homomorphism. (2 marks)

b) Let 14 ={1,3,59,11,13} be the group of invertible elements in ;4 under multiplication
modulo 14. Let  be the cyclic subgroup of 14 generated by 13. Determine all the distinct

left cosets of . (6 marks)

C) Let ;= ,+ bethe group of real numbers under standard addition of real numbers and

o> = T be the group of all positive real numbers under standard multiplication. Show

that

(1) the function : ; - , defined by ()= () for any 1 1s a group
homomorphism. (Here, ( ) = is the usual exponential function). (5 marks)
(i)  the function : , - 4 defined by ( )= () for any > 1S a group
homomorphism. (Here () is the usual natural logarithm function). (5 marks)

QUESTION FIVE (20 MARKYS)

a) Explain the meaning of the following terms:
1. an integral domain, (2 marks)
il. the characteristic of a ring, (2 marks)
b) Suppose that  is a set endowed with an additive binary + and a multiplicative binary

operation denoted by <. What properties must the triple ( , +, %) satisfy in order for it to
be a ring? (8
marks)
C) Let denote the set of rational numbers. Define the set
(V3)={ + V3., }
If we define addition and multiplication on (\/§) as follows
(+V3) (+ V3)=(C+)+(+ M3
(+33) (+ @)=(+ B+ 3
Show that ( (\/§), : ) is a ring. 8

marks)
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