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SMA 406: FUNCTIONAL ANALYSIS

NSTRUCTIONS TO CANDIDATES

(a) Answer ALL the questions in Section A and ANY TWO Questions in Section B

Question one 20 marks

a) Define a vector over a field K (5 marks)
b) Prove thatin the set of all real numbers define on by

(,H)=| — | , , d is a metric space. (5 marks)
c) Take =(0,1]asasequenceof .Show thatXisnotcomplete. (5 marks)

1
d) Showthat|l |[=( 7| | ) =0isanormin . (5 marks)
e) Showthat =2 — lisnotalinearoperator. (5 marks)
f) Find the fixed points of the mapping : - “definedby = ?2 (5 marks)
Question two 20 marks

a) Provethat = 1 is not uniformly continuous on the interval (0,1). (5 marks)
b) Showthat ( ) =] |isasemi-normon . (5 marks)

c) Provethatif : - ,definedby ( ) =3 ,thenTislinear. (5 marks)



d) Find the fixed points of the mapping : -  defined by =3 2—4. (5marks)
Question three 20 marks

a) LetT be a bounded linear operator, then

i) Show thatif - [where ( )lthenitimpliesthat : - |
(5 marks)
i) The kernel of T is closed. (5 marks)
b) Prove thatif Y is a banach space then ( , ) isabanach space. (5 marks)
c) Prove that a compact subset M of a metric space is closed and bounded. (5 marks)

Question four 20 marks

a) Show that (), [ , ]isalinear and bounded functionon [ , ]. (5 marks)
b) Provethatif : - ,where Xisanormed linear space is continuous at the origin, then
T is uniformly continuous. (5 marks)

c) LetE be aninner product space. Then show that for arbitrary |,
I+ 12+ = 12=2d 11>+ 1% (5 marks)
d) Provethatif Xand Y are Banachspacesand : : - , () - ,isaclosed linear
operator, where () .Then ( )isclosedin X, the operator T is bounded.

(5 marks)



