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INSTRUCTIONS: Answer Question One and any other two questions 

QUESTION ONE (COMPULSORY) (30 MARKS) 

a) Explain the meaning of the following terms: 

(i) an zero divisor in a ring 𝑅,                         (3 marks) 

(ii) a invertible element in a ring 𝑅.              (3 marks) 

b) Suppose that 𝑅 is a ring and let 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑅 be elements of 𝑅. 

(i) State the distibutivity axioms in a ring 𝑅.                        (4 marks) 

(ii) Using part (i) above or otherwise, prove that 

(𝑎 + 𝑏)(𝑐 + 𝑑) = 𝑎𝑐 + 𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑. 

(iii) Justify each step in your solution.                        (4 marks) 

c) Let ℚ denote the ring of rational numbers and consider the subset 

𝑆 = {
𝑎

3
∣ 𝑎 ∈ ℤ}. 

i.e. 𝑆 contain all the rational numbers that can be written in the form 
𝑎

3
 for some 𝑎 ∈ ℤ. 

Determine whether 𝑆 a subring of ℚ.              (5 marks) 
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d) Let (ℤ24,⊕,⊗) denote the ring of integers modulo 24 under addition and multiplication 

modulo 24. Let 𝐼 be the principal ideal of ℤ24 generated by 4. 

(i) Determine all elements of 𝐼.                          (4 marks) 

(ii) Construct all the elements of the quotient ring ℤ24/𝐼.            (4 marks) 

e) Suppose that 𝐴 and 𝐵 are rings and that 𝑓: 𝐴 → 𝐵 be a surjective ring homomorphism. 

Prove if 𝐵 is commutative then 𝐴 is also a commutative ring.                      (4 marks) 

QUESTION TWO (20 MARKS) 

a) Distinguish between a division ring and a field.             (5 marks) 

b) Suppose that 𝑅 is a commutative ring and that 𝑎 ∈ 𝑅 is an invertible element. Prove that if 

𝑎𝑏 = 1 and that 𝑎𝑐 = 1 then 𝑏 = 𝑐.               (5 marks) 

c) Let ℤ[𝑖] = {𝑥 + 𝑖𝑦 ∣ 𝑥, 𝑦 ∈ ℤ} ⊂ ℂ be the set of Gaussian integers. Determine all the units 

in ℤ[𝑖].                   (6 marks) 

d) Suppose that 𝜑: 𝐴 → 𝐵 is a surjective ring homomorphism. Prove that 

(i) if 𝐼 ⊂ 𝐴 is a prime ideal then the image 𝜑(𝐼) is a prime ideal of 𝐵,          (3 marks) 

(ii) if 𝐽 ⊂ 𝐵 is a prime ideal then 𝜑−1(𝐽) = {𝑎 ∈ 𝐴 ∣ 𝜑(𝑎) ∈ 𝐽} is also a prime ideal. 

                  (3 marks) 

QUESTION THREE (20 MARKS) 

a) Explain the meaning of the following terms. 

(i) an ideal 𝐼 in a ring 𝑅,                (2 marks) 

(ii) a quotient of a ring 𝑅 by an ideal 𝐼.              (2 marks) 

b) Let 𝑀2(ℤ) be the ring of all 2 × 2 matrices with integer entries. Consider the sub 𝐿 ⊂
𝑀2(ℤ)set given by 

𝐿 = {(
𝑎 0
𝑏 𝑐

) : 𝑎, 𝑏, 𝑐 ∈ ℂ} 

i.e. 𝐿 is the subset containing lower triangular matrices. Determine whether 𝑇 is a subring of 

𝑀2(ℤ).                   (5 marks) 

c) Suppose that 𝐴 and 𝐵 are rings. Prove that if 𝜑: 𝐴 → 𝐵 is a ring homomorphism then 

(i) 𝜑(𝐴) is a subring of 𝐵,                (4 marks) 

(ii) Ker 𝜑 is an ideal of 𝐴,                (4 marks) 

(iii) if 𝐴 is a commutative ring then 𝜑(𝐴) is commutative.            (3 marks) 
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QUESTION FOUR (20 MARKS) 

a) Explain the meaning of the following terms              (4 marks) 

(i) a prime ideal in a ring 𝑅, 

(ii) a maximal ideal in a ring 𝑅. 

b) Suppose that 𝑆1 and 𝑆2 are subrings of a ring 𝑅. Prove that 𝑈 ∩ 𝑉 is also a subring of 𝑅.  

                   (4 marks) 

c) Let 𝑛 be a fixed positive integer. Use an example to distinguish between a ring of 

characteristic 𝑛 and a ring of characteristic 0.              (4 marks) 

d) Suppose that 𝜑: 𝐴 → 𝐵 is a ring homomorphism and let 𝑎 ∈ 𝐴. 

(i) Show that 𝜑(𝑎𝑛) = 𝜑(𝑎)𝑛.              (4 marks) 

(ii) Show that if 𝑎 is a unit in 𝐴 then 𝜑(𝑎) is a unit in 𝐵 and 𝜑(𝑎)−1 = 𝜑(𝑎−1).    

                  (4 marks) 

QUESTION FIVE  (20 MARKS) 

a) Explain the meaning of the following terms 

i) a ring homomorphism 𝜑: 𝐴 → 𝐵,             (2 marks) 

ii) a kernel of a ring homomorphism 𝜑: 𝐴 → 𝐵.            (2 marks) 

b) Let 𝑅 be a commutative ring. 

(i) Prove that {0} and 𝑅 are the only ideals of 𝑅 if and only if 𝑅 is a field.        (3 marks) 

(ii) Using (𝑖) above or otherwise, prove that the ideal {0} is maximal if and only if 𝑅 is 

a field.                  (3 marks) 

c) Let ℚ[√2] denote the set {𝑥 + 𝑦√2: 𝑥, 𝑦 ∈ ℚ}. Define the binary operations + and ⋅ on 

ℚ[√2] as follows 

(𝑥 + 𝑦√2) + (𝑧 + 𝑤√2) = (𝑥 + 𝑦) + (𝑦 + 𝑤)√2

(𝑥 + 𝑦√2) ⋅ (𝑧 + 𝑤√2) = (𝑥𝑧 + 2𝑦𝑤) + (𝑥𝑤 + 𝑦𝑧)√2
 

(i) Prove that ℚ[√2] is a subring of ℝ.             (4 marks) 

(ii) Determine whether ℚ[√2] is an integral domain.            (6 marks) 


