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INSTRUCTIONS: Attempt Question ONE and any other TWO questions.

QUESTION ONE (30 MARKS)

a. Define the set Q, outlining any three basic operations on subsets of Q.

(4 marks)
b. Prove the assertions:
i. limA OLimA, . (1 mark)
ii. (imA, ) =TimA,*. (3 marks)
c. Show that the class I of all intervals of LI is a semi-algebra. (6 marks)

d. Explain any three examples of measure. (3 marks)



. Let A be og—algebra of subsets of Q. Let m be an application from A to Ll ,.

Suppose that we have: For all sequences (A,),,, of pairwise disjoint elements of

A, the 0 -additivity formula holds m ( > An) = Zm(An). Show that the two

n=0 =0
assertions are equivalent:
e m(p=0.
* m isa proper application constantly equal to +o, that is

LAOA, m(A) <+oo.

Show why the results you obtain still holds if m is only finitely additive on an

algebra. (3 marks)

Let Q be a nonempty set and put A ={A 0 Q, A is countable or A° is countable} .

i. Show that A isa og-algebra. (4 marks)

ii. Let Q= [O, 1] . Show that [O,%} is not measurable in the measurable space

(Q, A) . (2 marks)
. Consider the Lebesque measure A on [] .
i. Show that for any xU[, A ({ x}) =0. (3 marks)
i Show that for countable A subset of [, A ({ A}) =0. (1 mark)

QUESTION TWO (20 MARKS)

. Generalize the formula 1,,, =1, +1, -1, , to any countable union. Precisely by

applying it to two sets and next to three sets, to obtain the general formula.

Ly 4= Z 1A/ +Zn:(_1)r+l Z 1AU...A,, . (9 marks)
=2

1sj<n I<j<n r 1<ij<.<t,<n

. Show that the class of rectangles S is a semi-algebra. Extend this result to a

product of k measurable spaces, k>2. (4 marks)



Let Q be a non-empty set and set A :{A OQ, Ais finite or A is finite}

i. Show that A is an algebra. (3 marks)
ii. Show that A isa o —algebra if Q is finite. (1 mark)
iii.  If Q isinfinite, consider an infinite subset C ={w0, W, wz....} and set

A, ={w, },n=0.Show that the A, are in A and their union is not.

(2 marks)
iv. Conclude that A isa o —algebra if and only if Q is finite. (1 mark)

QUESTION THREE (20 MARKS)

. Prove the assertions:

i. (UAn)\(UBn)D U(A,\B,) (4 marks)

n20 n20 n20

ii. (U AH)A( U Bn) O U(AAB,) (3 marks)

n20 n20 n20

. Let A,,n=0 be a sequence of subsets of Q. Set

B,=A), B =A/A, B, =AA’A,,..B, = A)A .. A_A for k=2.

i. Show that U A, =X B, . (7 marks)
n=0 k=0
ii. Interpret the meaning of k for wllB,, forany wO U 4, . (2 marks)

n=0

Let Q=0Q, xQ, be a non-empty product defined by

Q=Q xQ, ={(w,w,) 0Q,w, 0Q, and w, 1Q,}. Define a rectangle
AxB={(w,w,)0Q, w 0Aand w, 0B}, where ADQ,,BIQ,.

i. Show that the intersection of a rectangle is a rectang]le. (2 marks)
ii.  Let AxB be arectangle. Show that (AxB) = A“xB+AXB + A xB*.

(2 marks)



QUESTION FOUR (20 MARKS)

. Let (D ,B(U ),m) be a measure space. Show that if m is translation-invariant and

m (]0,1]) =1 then m is the Lebesque measure [I . (6 marks)

. Let (Q, A, m) be measure space. Show the following properties:

1. m is non-decreasing: if A B, then m(A) < m(B). Besides, show, if m(B) is
finite, then m(B\A)=m(B)—-m(An B). (2 marks)

ii. A measure m finite if and only if m(Q) is finite if and only if m is
bounded. (2 marks)

iii. A measure m is 0 —sub —additive . In a similar manner show that if

m(@) =0, and m is non-negative and additive, then it is sub-additive.

(2 marks)

iv.  Show that m is continuous in the following sense:

L Let (A, )n20 be a non-decreasing sequence of elements of A and set

A=U A,. Then m(A,) increases to m(A)as n — +o0. (6 marks)

n=0

II. Let (A,q)n20 be a non-increasing sequence of elements of A and set

A =[] A, such that m(A, ) for some n,20. Then m(A,) decreases

n=0

to m(A)as n - +oo. (2 marks)

QUESTION FIVE (20 MARKS)

. Prove the algebra generated by a semi-algebra S is the class of all finite sums of
its elements. a(S) :{Al +A+.+AAOS k2 1} . (7 marks)
. Let C be an algebra and a monotone class. Show that C is a sigma-algebra.

(5 marks)

Let D be a mm—class and a Dynkin system. Show that D isa o -algebra.
(4 marks)



h. Consider a Lebesque measure A, on [1 where F is a distribution function.
Show that for any x00 , A, ({ x}) =F(x)-F(x-0), where F (x—O) is the left-
hand limit of F at x. Deduce from this that A, ({ x}) if and only if F is

continuous at x.

(4 marks)



