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INSTRUCTIONS:
Answer question ONE (Compulsory) and any other TWO questions

QUESTION ONE (COMPULSORY) (30 MARKS)

(a) Let , be fields. Explain the meaning of the following terms:

(i) afield extension [ (3 Marks)
(i1) an algebraic field extension [ . (4 Marks)
(b) Distinguish between a field a of characteristic and characteristic 0. (5 Marks)

(c) Consider the polynomials ( )=2 5+4 2+2and ()=45+22+4in 4[ ].

(i) Compute the difference ( )— ( )in g[ ]. (3 MarKks)

(i) Determine the degree of the product ( ) (). (4 Marks)
(d) Identify the minimal polynomial and determine the basis of the algebraic extension

(i/z + \/E) over the field . (6 Marks)
(e) Construct the splitting fieldof ( )= ?—2over . (5 Marks)
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QUESTION TWO (20 MARKS)

(a)

(b)

(©)

Let [ ] be apolynomial ring over a field . Prove that [ ]is invertible if and only
if is a non-zero element of . (5 Marks)
Suppose that ;, ,and 3 are subfields of a field . (5 Marks)
(i) Provethat ;n ,n 3isasubfield of
(i) Describe the meaning of the prime subfield of a field
Suppose that / and / are field extensions such that[ : |= and[ : |= .

Prove that / isan extensionsuchthat| : |= . (10 Marks)

QUESTION THREE (20 MARKS)

(a)

(b)
(©)

(d)

(e)

Distinguish between the term algebraically closed field and that algebraic closure  of
a field . (3 Marks)

Determine the root of 4 +1in 5[ |. (2 Marks)

Determine whether the following statements are true or false. Justify your answers.

(1) [\/i] is an algebraically closed field.

(i) s an algebraically closed field. (4 Marks)
Let be a square free rational number (e.g. a prime integer). Describe the field
extension (y/ )/ . (6 Marks)
Prove that the number ¥/3 + 1 is algebraic over . (5 Marks)

QUESTION FOUR (20 MARKS)

(a)

(b)
(©)

(d)

(e)

Let () [ ] be a non-constant polynomial. Explain the meaning of the splitting field

of ( )over . (3 Marks)
Determine whether the polynomial 2 +2 + 4 is irreduciblein 5[ ]. (4 Marks)
Let be fields. Show that if is algebraic over then is algebraic over
(5 Marks)
Let =+v3+3 . Determine the minimal polynomial of over hence or otherwise
construct a basis for the field extension ( )/ . (4 Marks)
Suppose that / is an extension satisfying [ : ] = where is a prime number. Prove
that / contains no proper intermediate field (i.e. there is no field such that

). (4 Marks)
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QUESTION FIVE (20 MARKS)

(a) Explain the meaning of the term irreducible polynomial. (3 Marks)
(b) Let be any field. Prove that any polynomial ( ) [ ] of degree 2 or 3 is irreducible
if and only if () has no roots in . (5 Marks)
(¢) Let be any field. Prove that forany > Othen ( ) = —1lisadivisorof ( )=
— 1 in the polynomial ring [ ]. (5 Marks)
(d) Suppose that is a field extension of and is algebraic over . Let [ ]bea

non-zero polynomial of the least degree such that ( ) = 0. Prove that
(i) () isirreducible over . (3 Marks)

@) if () [ ]is a polynomial such that ( ) =O0then ( )| ( ). (4 Marks)
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