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Answer Question One and any other two questions 
 

QUESTION ONE (COMPULSORY) (30 MARKS) 

a) Explain the meaning of the following terms:              (6 marks) 

(i) a commutative ring, 

(ii) a zero divisor in a ring  , 

(iii) a left ideal in a ring  . 

b) Prove that if   is a ring and           then                          
                   (4 marks) 

c) Let      denote the set          √        . Show that the binary operation   
defined by 

    √       √                   √  

is an associative binary operation.               (5 marks) 
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d) Let       be the ring of all     matrices with real entries. Consider the subset 
        given by 

  {(
  
  

)       } 

i.e.   is the subset containing diagonal matrices. Prove that   is a subring of      .  
                   (5 marks) 

e) Let           denote the ring of integers modulo 12 under addition and 
multiplication modulo 12. Let   be the principal ideal of     generated by  . 

(i) List the all elements of  .               (4 marks) 

(ii) Identify all the elements of the quotient ring      .           (6 marks) 

QUESTION TWO (20 MARKS) 

a) Explain the meaning of the following terms              (4 marks) 

(i) a unit in a ring  , 

(ii) a division ring 

b) Let           be the ring of integers modulo    under addition and multiplication 
modulo 21. 

(i) Is        a unit. Justify your answer.            (2 marks) 

(ii) Is        a zero divisor? Justify your answer.           (2 marks) 

c) Let   be an integral domain. Prove that the characteristic of   is either   or a prime 
number  .                  (6 marks) 

d) Suppose that       is a surjective ring homomorphism. Prove that 

(i) if     is a prime ideal then the image      is a prime ideal of  ,          (3 marks) 

(ii) if     is a prime ideal then                     is also a prime ideal. 
                 (3 marks) 

QUESTION THREE (20 MARKS) 

a) Explain the meaning of the following terms              (4 marks) 

(i) a subring   in a ring  , 

(ii) a ring homomorphism      . 

b) Let   be a ring and                              i.e.      is the center of  . 
Prove that      is a subring of  .               (5 marks) 
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c) Suppose that   and   are rings. Prove that if       is a ring homomorphism then 

(i)      is a subring of  ,                (4 marks) 

(ii) Ker   is an ideal of  ,                (4 marks) 

(iii) if   is a commutative ring then      is commutative.           (3 marks) 

QUESTION FOUR (20 MARKS) 

a) Explain the meaning of the following terms              (4 marks) 

(i) a prime ideal in a ring  , 

(ii) a maximal ideal in a ring  . 

b) Suppose that   and   are ideals of a ring  . 

(i) prove that     is also an ideal of  ,             (4 marks) 

(ii) let                        . Prove that the set     is also an ideal 
of  .                  (4 marks) 

c) Suppose that       is a ring homomorphism and let    . 

(i) Show that            .              (4 marks) 

(ii) Show that if   is a unit in   then      is a unit in   and              .  
                  (4 marks) 

QUESTION FIVE (20 MARKS) 

a) Consider the map        defined by           . Determine if   a ring 
homomorphism. If so, determine the kernel of  . Justify your answer.          (4 marks) 

b) Let   be a commutative ring. 

(i) Prove that     and   are the only ideals of   if and only if   is a field.   (3 marks) 

(ii) Using     above or otherwise, prove that the ideal     is maximal if and only if   
is a field.                  (3 marks) 

c) Let   √   denote the set     √        . Define the binary operations   and   

on   √   as follows 

    √       √              √ 

    √       √                   √ 
 

(i) Prove that   √   is a subring of  .             (4 marks) 

(ii) Determine if every non-zero elements of   √   is invertible.          (6 marks) 


