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INSTRUCTIONS TO CANDIDATES

(a) Answer ALL the questions in Section A and ANY TWO Questions in Section B

QUESTION ONE (20 MARKYS)

a)

Prove that in the set R of all real numbers define d on RxR by
d(x,y) =|x—y| Vx,y € R, dis ametric space.

b) Take X = (0, 1] as a sequence of R. Then X is not complete.
1
c) Show that [|x|| = (X5°|x,[?)? = 0 is a norm in L,.
d) Show that Tx = 2x — 1 is not a linear operator.
QUESTION TWO (20 MARKS)
a) Prove that Tx = i is not uniformly continuous on the interval (0,1).
b) Show that p(x) = |x/| is a semi-norm on C.
9 Let T: X — Y, be defined by T(x) = 3x, then T is linear. Prove.
d) Find the fixed points of the mapping T: R — R defined by Tx = 3x? — 4.

(5 marks)
(5 marks)

(5 marks)
(5 marks)

(5 marks)

(5 marks)
(5 marks)
(5 marks)
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QUESTION THREE (20 MARKS)

a) Let T be a bounded linear operator, then
1) X, — x [where x,, x € D(T)] implies T: x,, = Tx, (5 marks)
1) The kernel of T is closed. (5 marks)
b) Prove that if Y is a banach space then B(X,Y) is a banach space. (5 marks)
c) A compact subset M of a metric space is closed and bounded. (5 marks)

QUESTION FOUR (20 MARKS)

a) Show that f; x(t)dt, x € c[a, b] is a linear and bounded function on c[a, b]. (5 marks)

b) Prove that if T: X — X, where X is a normed linear space is continuous at the origin, then
T is uniformly continuous. (5 marks)

c) Let E be an inner product space. Then for arbitrary x,y € E
llx + yII* + [lx = y1I> = 2(lIxlI* + llyll*) (5 marks)

d) Prove that if X and Y are Banach spacesand T:T: X = Y,D(T) = Y, is a closed linear
operator , where D (T)CX. Then D(T) is closed in X, the operator T is bounded.
(5 marks)
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