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INSTRUCTIONS

1. Answer question one and any other two questions

2. Write the name of the unit and registration number on each page of your answer sheet.

QUESTION ONE (COMPULSORY) (30 MARKS)
a) Describe what is meant by statement “The set R of real numbers is complete”. Exhibit an

example to illustrate why the set Q of rational numbers is not complete. (3 marks)

b) Explain what is meant by upper bound, infimum of a set and a countable set. (3 marks)

1 . . .
c) Show that the sequence {2—} ;n € N is bounded and determine its supremum and

infimum. (4 marks)

d) Determine the convergence or divergence of

4n-1

Y-t (4 marks)
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Let A and B be neighborhoods of a pointx. Show that the intersection AN B is a

neighborhood ofx. (4 marks)
f) Prove that if a sequence converges then its limit is unique. (4 marks)
g LetA,=(Q2-5-,5+) n€EN. Find:
(1) Up=14y (i) NyH=1 A4, (4 marks)
h) Prove that convergence of a sequence implies boundedness. Use an example to show that
the converse need not be true. (4 marks)
QUESTION TWO (20 MARKS)
a) Let X = R. Describe what is meant by
1) Neighborhood of a point x € X. (2 marks)
1i) An open set O € X. (2 marks)
b) Given that A = (3,7) find the exterior of A. (2 marks)
c) Consider the set A = (1,10) U {11} .Show that 11 is the isolated point of A. (3 marks)
d) Prove that the set of rationalQ has no interior point (4 marks)
e) Use limit comparison test determine the convergence of
w 1
k=0 (_zk— 5) (4 marks)
) Show that the set Y = {sinx |0 < x < 2w, x € R} is bounded. Determine the supremum

and infimum. (3 marks)

QUESTION THREE (20 MARKS)

a)

b)

c)
d)

€)

Define what is meant by a convergent sequence hence show from first principles that the
="
n2
Determine the nth partial sum of the series below. Hence test for its convergence.

sequence: Y, = 3 + Converges to 3 in R. (4 marks)

3
m —

Yn=1 n2+3n_§2 (5 marks)

Show that lim(1 — z_n) =1 (2 marks)
n—-oo

Show that f(x) = 2x + 1 is Riemann integrable on [1,2] and hence find |. 12(2x + 1)dx,
(6 marks)
Show that a finite intersection of open sets is open. (3 marks)
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QUESTION FOUR (20 MARKS)

a)

b)

c)

d)

Explain the following terms
i) Monotonic increasing sequence. (1 mark)
ii) Cauchy sequence. (2 marks)

Test for convergence of the following series

10" R ST P Q1 ¢}
@ Z 42+t () Z (1 * 5) WD 2, 7
n=0 n=1 '
(9 marks)
Show that from the first principle that limit lmzl (x2 —4x+2)=-2 (4 marks)
X—
<
Determine whether the function f(x) = { x*+4xS3 is continuous atx = 3.
4x —8 x >3
Justify your answer. (4 marks)

QUESTION FIVE (20 MARKS)

a)

b)

Show that f(x) = x? + 1 is Riemann integrable on [0,1] and hence find [ Ol(x2 + 1)dx
(10 marks)

Prove that every convergent sequence is Cauchy. (4 marks)

Let Rbe the set of real numbers. Define a function d: R X R - R* by d(x,y) = |x —
y|Vx,y € R. Show that d is a metric space. (6 marks)
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