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INSTRUCTION:
Answer Question One and Any Other Two Questions

QUESTION ONE COMPULSORY (30 MARKS)

a) Define the following terms as used in measure and probability:

1. subset

il. universal set

1ii. power set (3 marks)
b) Differentiate between:

1. upper limit and lower limit of sequences of sets.

1i. bijective (one-one) function and one-many function (4 marks)
c) State:

1. Lebesgue measure. (2 marks)

1i. the convex function. (2 marks)
d) Show that E(X £ Y) = E(X) £ E(Y) (5 marks)
e) Give three properties of the characteristic functions. (3 marks)
f) Define:

i. a point function

1i. set function (2 marks)
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g) Determine whether the sequence {4,,n = 1,2, ... } is monotone increasing or decreasing and
find its limit, where
Anz{w:2+%<w<4—% (5 marks)
h) State the:
1. Borel-Cantelli lemma. (2 marks)
1i. the Central Limit Theorem (2 marks)
QUESTION TWO (20 MARKS)
a) Give the definition of an indicator function and state the four properties of an indicator
function. (6 marks)
b) Let A be a set. Show that the power set of A has 2™. (4 marks)
c) Given the set of arbitrary sets A4, 4,, ..., A,. Show that there exists a set of disjoint sets
B4, B, ..., Bysuch that Ul A; = Y- B;. (5 marks)
d) Show that f~1(x) for f(x) = 3x? does not exist, but f~1(x) for f(x) = {3x%|x = 0}
exists. (5 marks)

QUESTION THREE (20 MARKS)

a)

b)

d)

Define:

i. o — field

1i. Borel field (2 marks)
Differentiate between:

1. a partition and a monotone field. (2 marks)
il. finite field and o — field (2 marks)

A o-field is a monotone field, and conversely a monotone field is a o-field. Prove.

(6 marks)
Consider the measurable space ({2,F, ) and suppose f,g € F. Suppose 2 = R, and aeR.
Show that;
i. afef
1l. f+gerf (8 marks)
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QUESTION FOUR (20 MARKS)

a)

b)

c)
d)

a)
b)

Define:
1. an event
1i. random variable (2 marks)

Differentiate between:

1. a sample space and an experiment. (2 marks)
il. the classical concept and the axiomatic concept of probability. (2 marks)
State and prove Jensen’s inequality. (5 marks)
Show that E|X + Y|" < C,.E|X|" + C,E|Y|" where

C, = {1 1 .ifr =1 (9 marks)

2" if r=1
QUESTION FIVE (20 MARKYS)

Define convergence in probability. (2 marks)
State:
1 Minkowski’s inequality. (1 mark)
ii Chebychev’s inequality (2 marks)

d)

Let X be an arbitrary random variable and let g be an even non-decreasing non-negative Borel

function in the interval [0, o). Show that, for every a > 0

Eg(x)-g(a) Eg(x)
AN A Sl < 27
o) = P[|X]| > a] < @ (8 marks)
P
Show that X,, = 0 iff E (%) - 0asn — oo, (7 marks)
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