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INSTRUCTIONS

Answer Question 1 (compulsory) and any two questions

QUESTION ONE - (30 MARKS)

(2)

(b)

(©)

(d)

Explain the meaning of the following terms:

(1) anon-commutative ring, (2 marks)

(i) an integral domain, (2 marks)

(ii1) aright ideal inaring . (2 marks)
Show that if isaringand , , , then( + )( + )= + + +  Justify
your answer. (4 marks)
Let [2] denote theset [2]={ + +2: , }. Show that the binary operation
defined by

(+V2) (+ V2)=( +2 )+( + W2

is an associative binary operation. (4 marks)
Let bearingand ( ) ={ .= }ie. () isthe center of .
Prove that () is a subring of . (4 marks)
Let ( 18, , ) denote the ring of integers modulo 18 under addition and multiplication

modulo 18. Let be the principal ideal of 1g generated by 3.
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(1) Determine all elements of . (4 marks)

(i) Construct all the elements of the quotient ring 15/ . (4 marks)
(f) Let bearing withidentity : -  be a surjective ring homomorphism. Prove that  is
also a ring with identity. (4 marks)

QUESTION TWO - (20 MARKS)

(a) Distinguish between a zero divisor and a unit in an ring . (4 marks)
(b) Let be aring such that for any , . Show that is a commutative ring. (5 marks)
(c) Let []1={ + |, } be the set of Gaussian integers. Determine all the units in
[]. (5 marks)
uppose that © - 1S a surjective ring homomorphism. Prove that
d S h. i jective ring h hism. P h
(i) if is a prime ideal then the image () is a prime ideal of , (3 marks)
(i) if is a prime ideal then () ={ | () }isalso aprime ideal.
(3 marks)

QUESTION THREE (20 MARKS)
(a) Explain the meaning of the following terms.

(1) asubring inaring |, (2 marks)

(i) aprincipal ideal in aring . (2 marks)

(b) Let ,( ) be thering ofall 2 x 2 matrices with complex entries. Consider the subset

>( ) given by

= )

i.e. 1is the subset containing upper triangular matrices. Prove that is a subring of

2( ). (5 marks)
(¢) Supposethat and arerings. Prove thatif : - isaring homomorphism then
(i)  ( )isasubring of , (4 marks)
(1)) Ker 1isanideal of |, (4 marks)
(iii) if is a commutative ring then ( ) is commutative. (3 marks)

QUESTION FOUR (20 MARKS)

(a) Explain the meaning of the following terms (4 marks)
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(1) aprimeideal inaring

(i) amaximal ideal in a ring

(b) Supposethat and areideals of aring .Provethat n isalso anideal of .

(4 marks)
(c) Let ={ + V2, } . Determine whether is a subring of . (4 marks)
(d) Let bearingand : - , : - bering homomorphisms suchthat ( )= ( ) for
every .Provethat ( )= () forall . Hint: Every element of  can be written
as — for some with # 0. (8 marks)

QUESTION FIVE (20 MARKS)
(a) Consider the binary operations of addition and multiplication defined respectively on 2 by:

(1 2+(C1 22=01+ 1, 2+ 2) (12 (1 2=C11= 22 12% 2 1)

(i) Provethat ( 2, +, )isaring. (6 marks)
(ii) Considerthemap : 2 - definedby (, )= + .Determineif aring

homomorphism. (4 marks)

(b) Let [\/§] denote the set { + V3: | }. Define the binary operations and  on
[\/ﬂ as follows

(+ V3 (+ V3 ( +)+( + )3
(+ V3 (+ V3) ( +3 H)+( + )HV3

(1) Prove that [\/§] is a subring of . (4 marks)

(i) Determine if every non-zero elements of [\/§] is invertible. (6 marks)
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